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The course aims to provide some basic topological notions and results needed to introduce per-
sistent homology, compute related topological invariants, and exploit it in application contexts.

Program of the course

Metric and topological spaces. Euclidean spaces, balls, cubes, simplexes and their boun-
dary. Metric spaces, isometries. Topological spaces, continuous maps, homeomorphisms, con-
nected components, compactness. Topological manifolds (with boundary), invariance of dimen-
sion. Topological equivalence of balls, cubes and simplexes (regular convexes). Deformations
and homotopical equivalence, contractible spaces.

Combinatorial topology. Abstract and topological graphs. Abstract and topological sim-
plicial complexes, cubical complexes, cellular complexes. Subdivisions, barycentric subdivision.
Simplicial maps, cellular maps, approximation of continuous maps, embedding theorem in Eucli-
dean spaces. Simplicial collapsings and cellular deformations. Smooth manifolds, smooth maps,
di↵eomorphisms. Simplicial decompositions, PL structures. Morse functions, handle decompo-
sitions, decompositions of spheres and tori. Discrete Morse theory.

Homology theory. Simplicial, cubical, cellular and singular homology with coe�cients in Z,
Q and R, functoriality and homotopical invariance, equivalence theorems. Betti numbers and
Euler characteristic. Mayer-Vietoris exact sequence, Künneth formula, homology of spheres and
tori. Morse complex, Morse inequalities. Homology of surfaces, homology of manifolds, Poincarè
duality. Alexander duality for subcomplexes in Euclidean spaces.

Persistent topology. Approximation of spaces, Vietoris and Cech complexes, regular nei-
ghborhoods in Euclidean spaces, alpha-complexes, Delaunay-Voronoi complexes. Filtrations of
spaces and complexes, complexes associated to weighted graphs. Persistent homology, persi-
stence diagrams, bar-codes.
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