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ABSTRACT. We show that, given d > 4 and two closed connected
oriented PL 4-manifolds M and N such that N has a handle de-
composition with no 1- and 3-handles, there exists a d-fold simple
branched covering p: M -5 N if and only if there is an isomet-
ric embedding of intersection lattices d - Iy < Ip;. Moreover, if
such p exists, one can build it in such a way that its branch set
B, C N is locally flat PL embedded if d > 5 and has at most nodal
singularities if d = 4.

1. INTRODUCTION

By a classical result of Alexander [1], any closed connected oriented
PL n-manifold M admits a branched covering

p:M%S"

of some degree d > 1. One possible interpretation of this fact is that
any such a manifold M can be presented by means of a codimension
two closed subpolyhedron B, C S", i.e. the branch set, and a group
homomorphism wy,: m(S™ \ B,) — Sy, i.e. the monodromy represen-
tation of the unbranched part of p, where S; denotes the permutation
group of d elements. We remark such presentation is not optimal, since
the degree d depends on the cardinality of a chosen triangulation of M
and the branch set B), is not a PL submanifold. However, the following
improvements of Alexander’s result in low dimensions are known. The
easiest case is when M = 3, is a closed oriented surface of genus g: one
gets a simple d-fold branched covering >, 41, §2 for any degree d > 2
by stabilizing the quotient map induced by the hyperelliptic involution.
Moving to the case n = 3, Hilden [12], Hirsch [I3] and Montesinos [18]
independently proved that any closed oriented 3-manifold can be rep-
resented by means of a 3-fold dihedral covering of S3 branched over a
knot. The 4-dimensional case has been considered by Piergallini and
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Tori [20], 21], who showed that any closed connected oriented PL 4-
manifold M can be represented by a simple d-fold branched covering
p: M 215 S84 for any d > 4, where the branch set B, C 5§*is a locally
flat PL submanifold if d > 5 and has at most nodal singularities if
d=4.

In general, one would hope to give a complete answer to the following
question.

Question. Given two PL n-manifolds M and N and a natural number
d > 2, is there a d-fold branched covering

M L4 N7

Criteria for the existence of a simple d-fold branched covering
p: M 4L N with N = #,CP? #,,CP? or N = #,(5 x S?) are
given by Piergallini and Zuddas [22] in terms of the Betti numbers
b (M). Their proof heavily relies on the fact that the 4-manifold N is
the union of a plumbing of disk bundles over 2-spheres with a single
4-handle. On the other hand, by a result of Neumann and Weintraub
[19], the connected sums N as above are the only 4-manifolds which can
be obtained by such a plumbing. In particular, the approach followed
in [22] cannot be generalised to other choices of N.

In this paper, we develop new ideas to extend the above mentioned
results of [22]. More precisely, we provide an answer to the above Ques-
tion when N is a closed connected oriented PL 4-manifold admitting a
handle decomposition with no 1- or 3-handles and d > 4.

Theorem A. Let M and N be two closed connected oriented PL 4-
manifolds such that N admits a handle decomposition with no 1- and
3-handles. For any d > 4, there exists a d-fold branched covering

p: M LALNYY
if and only if there exists an isometric embedding of intersection lattices
d- IN — IM

Moreover, if such branched covering exists, one can build it in such a
way that it is simple and its branch set B, C N is a locally flat PL
embedded surface if d > 5 while it has at most nodal singularities if
d=4.

In Proposition 3.2} we show that d-Iy can be isometrically embedded
in Ip; if and only if b5 (N) < b5 (M) and we provide a list of achiev-
able values of d, depending on the parity and the signature of the two
intersection forms.
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Remark. It is a long standing open problem in low dimensional topol-
ogy that any closed PL simply connected 4-manifold N admits a han-
dle decomposition with no 1- and 3-handles, see [I5, Problem 4.18] in
Kirby’s list.

The next corollary follows from Theorem [A] combined with a theo-
rem by Hopf [14], see also [4, Proposition 2.6]. In particular, it provides
a criterion to check the existence of a dominant map f: M — N when
N is a closed oriented smooth 4-manifold admitting a handle decom-
position with no 1- and 3-handles, c.f. [4, Question 2.2].

Corollary B. Let M and N be as in Theorem [Al Then there exists
a branched covering p: M — N if and only if there is a continuous
dominant map f: M — N of positive degree.

Remark. Corollary |B| provides a new proof of a particular case in
[7, Theorem 3]. More preciely, Duan and Wang show that, given two
closed connected oriented 4-manifolds M and N with N simply con-
nected, there exists a dominant map f: M — N of degree d if and only
if there is an isometric embedding of intersection lattices d - Iy — I,.
The two results coincide when either Iy is odd or Iy is even and
bo(M) > 11/8 |o(M)], since in both cases N is homeomorphic to
a 4-manifold with no 1-and 3-handles. This follows from Freedman’s
classification of simply connected topological 4-manifolds [9], Donald-
son’s diagonalization theorem of simply connected definite smooth 4-
manifolds [5] and Serre’s classification of integral unimodular bilinear
forms [24], 17].

As an application of Theorem [A] and Proposition [3.2] we have the
following result.

Corollary C. Let M be a closed connected oriented PL 4-manifold.
Then there exists a d-fold branched covering

p: M EL K3

for a suitable integer d > 1 if and only if by (M) > 3 and by (M) > 19.
Moreover, if this is the case, the covering p can assumed to be simple
and its degree can be any of the following: d = 4,6 if 8y is odd; d = 4,8
if By is even. Finally, the branch set B, can be assumed to be a nodal
surface if d = 4 and a locally flat embedded surface whenever d > 5.

The next corollary is an immediate consequence of Theorem [A] and
Proposition [3.2 The proof is hence omitted.

Corollary D. Let N be a closed connected oriented PL 4-manifold
admitting a handle decomposition with no 1- and 3-handles and let N’
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be any smooth 4-manifold homeomorphic but not necessarily diffeo-
morphic to N. Then there exists a d-fold branched covering

pr NV L5 N

for a suitable d > 4, according to Proposition [3.2, In particular, the
value d = 4 is always allowed. Moreover, if such branched covering
exists, one can build it in such a way that it is simple and its branch
set B, C N is a locally flat PL surface if d > 5 while it has at most
nodal singularities if d = 4.

Acknowledgments. Daniele Zuddas is a member of GNSAGA — Is-
tituto Nazionale di Alta Matematica ‘Francesco Severi’, Italy.

Notation and conventions. We work in the category of PL mani-
folds. Notice that this coincides with the category of smooth manifolds
for dimension < 4.

If M is an oriented manifold, we indicate by M the same manifold
with reversed orientation.

Given a locally flat PL immersed submanifold S C N, we denote by
v(S) C N one of its closed tubular neighborhoods.

2. BRANCHED COVERINGS

We start this section by recalling the definition of branched covering
in the PL category.

Definition 2.1. Given two compact PL n-manifolds M and N, a PL
map
d:1
p: M — N

is called a d-fold branched covering if it is non-degenerate and it re-
stricts to a d-fold ordinary covering over the complement of a codimen-
sion 2 closed subpolyhedron of N. The branch set of p is the smallest
subpolyhedron B, C N with such property, while the degree d = d(p)
of p is the cardinality of the preimage of any point in N \ B,,.

Moreover, p is called a simple branched covering, if the monodromy
of any meridian of the branch set B, is a transposition.

A d-fold branched covering as above is fully determined up to PL
homeomorphisms by the pair (N, B,) and the monodromy representa-
tion

wy: m (N \ By) — Sq

associated to the ordinary covering p|: M \p~(B,) 4L N\ B,, where
Sq denotes the permutation group of {1,...,d} (see [§]).
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Remark 2.2. The monodromy of a given branched covering p is usu-
ally described by means of its values of a given generator system for
71 (N\ B,). This is usually chosen to be a Hurwitz system when N = S?
and B, is a finite set of points. If N = S% and B, is a link, we fix a
projection diagram and consider a Wirtinger system of meridians. At-
taching to any such generator of m(S™ \ B,) its image through the
monodromy w,, is called a labeling or a coloring of B,,.

3. INTERSECTION FORMS
Given a smooth closed oriented 4-manifold M, we denote by
Bar: Hy(M;Z) ) Tor Hy(M;Z) x Ho(M;7Z)/ Tor Hy(M;Z) — Z
its intersection form on second homology modulo torsion and by
Iy := (Hy(M;Z)] Tor Hy(M;Z), Bar)

the integral unimodular inner product intersection space of M. If k is
a non-zero integer, we set

In particular, we indicate by
(k) = k- (1)

where (1) is the rank one positive definite unimodular lattice. More-
over, we let H and Ejy respectively denote the unimodular lattices rep-
resented by the homonymous matrices

21000000
12100000

01210000

01 00121000
H:(10> amd Es=1p0012101
00001210

00000120

0000100 2

We start by proving the following lemma, which immediately gives
one of the two implications of Theorem [A]

Lemma 3.1. Let p: M %X N be a d-fold branched covering between
two closed connected oriented PL 4-manifolds. Then d - I admits an
isometric embedding in Iy;.

Proof. Let S1,...,5x C N be PL embedded surfaces representing a
basis of the free abelian group Hy(N;Z)/ Tor Hy(N;Z) = ZF, where
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k = by(N). Without loss of generality, we can assume that all such sur-
faces are transverse to the branch set B, C N and we set S; = p~'(5;)

fori =1,...,k. Then 51, e ,gk C M are PL embedded surfaces whose
homology classes satisfy

Bu (151, [S;)) = d - B ([Si], [S)])
for all 4,7 =1,..., k. The conclusion follows. O

The next proposition provides an easy-to-check criterion for under-
standing the thesis Lemma [3.1]

Proposition 3.2. Let M and N be closed connected oriented PL 4-
manifolds. Then there exists a positive integer d such that d - Iy ad-
mits an isometric embedding in Iy, if and only if b (N) < b3 (M) and
by (N) < by (M). Moreover, if these inequalities are satisfied, we can
choose d as follows, for every k > 1.

Case d By | Bar | extra conditions

1 1

odd
2 5k odd bQ(N) < bQ(M)/2
3 2 oven o(M)=0
4 2,4,6 a(M) #0
5 2k o(N)=0

dd

6 | 2,46 TGN £0
7 k even oven o(N)=0
8 14,8,12 o(N)#0

In addition, if d is attainable, then so is h*d for all integers h > 1.
For proving this, we need the following preliminary lemmas.
Lemma 3.3. For every even d > 2, there is an isometric embedding
(d) ® (—d) — H.

Proof. Let ey, e3 be a basis of the hyperbolic lattice H such that e? = 0
and e; - e = ey -e; = 1. For every k > 1, it is easy to verify that
the vectors e; + key and e; — kes span a sublattice of H isomorphic to
(2k) @ (—2k), and let 2k = d. O

Lemma 3.4. There are isometric embeddings
d- Eg — EB8<1>
for every d € {2,4,6}.
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Proof. Consider the matrix

1 2 1.0 0 0 0 0
001 2 1 0 0 0
00 0 0 1 2 1 0

;|0 000 100 2

210 0 1 0 -10 1 0
1 0-10 0 0 1 0
1 00 00 0 -10
-10 0 0 0 0 0 O

and observe that ‘L,L, = 2FEg, which implies that the sublattice of
®s(1) spanned by the columns of L, is isomorphic to 2 - Es. Notice
that Ly = 2G™!, where G is the matrix considered in [22, proof of
Lemma 5.2].

Consider now the block matrices of order 8

1 1 1 0

11 1 -1 0 1
G2:@4(1 —1) and Gy =@ 4 g
1 -1 1

We notice that
tGQGQ = 2[8 and tGgGg = 3]8

where by I,, we denote the identity matrix of order n.
Now set

L4 = G2L2 and L6 = G3L2.

Then we have ‘LyLy = dEg for d = 4,6, and so L, defines the desired
embedding. O

Lemma 3.5. There is an isometric embedding
d-FEg — ®sH
for d € {4,8,12}.
Proof. There is a sequence of isometric embeddings
d- Eg — ®g(2) — ®s(2) Pg (—2) — dsH

where the first and the last arrows follow from Lemma [3.4] and Lemma
respectively and the second arrow is the obvious one. 0

Lemma 3.6. There is an isometric embedding
d- Eg — Eg
for d € {4,8,12}.
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Proof. The proof of [22, Lemma 5.3] implies that there is an embedding
Ds <]€> —> Eg
for k € {2,4,6}. One can then make the following composition of em-
beddings
2k - By — @®g(k) — Ej
where the first arrow comes from Lemma [3.4] and let 2k = d. O

Proof of Proposition [3.2. First of all we observe that the last part of
the statement is immediate, as it is sufficient to multiply by h any given
isometric embedding ¢: d - Iy < ).

Suppose that the inequalities by (M) > b3 (N) hold. We subsequently
analyse all the possible cases as in the table in the statement.

Case 1: By and [y odd. In this case Iy and [,; are diagonalizable
by Donaldson’s theorem [6] and the Serre classification of indefinite
integral unimodular inner product spaces [24, [17]. The inequalities
bE(M) > bi(N) then trivially imply the existence of an embedding
IN — [M

Case 2: By and [y odd, 2bo(N) < be(M). There is an isometric em-
bedding

5 - [N — [M
by [22, Lemma 5.2].

Case 3: By odd, By even and o(M) = 0. In this case, Iy is diago-
nalizable while Iy = @z, H by the Serre classification. Lemma

implies the existence of an embedding
for every k > 1.

Case 4: By odd, By even and (M) # 0. This case follows from an
argument employed in [22] Lemma 5.2]. More precisely, there is an
isomorphism

IM = @\a(é&{ﬂ (:l:ES) @b;:(M) H

by Donaldson’s theorem and the Serre classification. In the proof of
[22] Lemma 5.2], it is shown that there are isometric embeddings

®s(d) — Es
for d € {2,4,6}. Since we have also isometric embeddings
(d)®(=d) — H
for the same values of d by Lemma the conclusion follows.
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Cases 5 and 7: By even and o(N) = 0. These have been addressed in
[22] Lemma 5.3].

Case 6: By even, By odd and o(N) # 0. By Donaldson’s theorem and
the Serre classification, there is an isomorphism

(3.1) IN = ® o) (£Es) @z ) H.-

Lemma and [22, Lemma 5.3] imply the existence of isometric em-
beddings

d- <@w(iE8) Diz () H) = By (1) Bpz oy (1) = I
for every d € {2,4,6}.
Case 8: fn and [y even and o(N) # 0. In this case, we have that
(3.2) It = @ ony (£ Bx) Dyzan) H.

Suppose first that o(N)o (M) < 0. By referring to equations (3.1 and
3.2 one can check that the inequality

ba(N) + [o(N)| < b2 (M) — (M)

holds. This means that the number of the hyperbolic direct summands
plus eight times the number of the +FEjy direct summands of Iy is less
or equal than the number of the hyperbolic direct summands of I,
whence inside I; there are sufficiently many hyperbolic direct sum-
mands in which we can embed d - Iy for d = 4, 8,12, using Lemma (3.5
and [22, Lemma 5.3].

Assume now that o(N)o(M) > 0. By hypothesis, we have that

(3.3) b3 (N) <bf (M) and |o(N)[+b5(N) < |o(M)[ + b5 (M)

where we again refer to equation [3.1] and equation [3.2] for Iy and Iy,
respectively. Since b3 (N) < b3 (M), we can embed d times the hyper-
bolic direct summands of Iy into the hyperbolic direct summands of
I, using case 7. If |o(N)| < |o(M)|, we then use Lemma [3.6] to embed
d times the +Fg direct summands of I into the £ Fy direct summands
of Ins. If |o(N)| > |o(M)|, we observe that the second inequality in
implies that
o (N)| = [o(M)| < b3 (M) — b3 (N),

which means that eight times the number of remaining +Fjg direct
summands in Iy is less or equal than the number of remaining H
direct summands in ;. We can hence embed d times such +Fg direct
summands into the remaining H direct summands of I;, using Lemma
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For the converse, suppose that there is an isometric embedding of
d-Iy inside I, for some integer number d. Then the equalities b (M) >
b;(N) follow by diagonalizing d - Iy ®z R and I); ®7 R and by the
definition of b7 . 0O

4. FILLABILITY OF 3-DIMENSIONAL BRANCHED COVERINGS

Definition 4.1. The cobordism group of simple d-fold branched cov-
erings over S® is defined as

[y(S* ={p:Y 21y 93 simple | B, C S* alink}/~,

where p; ~ po if and only if there exists a simple d-fold branched
covering

c:C’ii>S3><[O,1]

which is a cobordism between p; and ps. Moreover, we require that the
branch set B. C 5% x [0, 1] is a proper locally flat PL surface.

We endow T'4(S?) with a binary operation by setting [p1]+ [p2] = [p],
where p is the simple d-fold covering over S® whose labeled branch set
B, is given by the disjoint separate union of B, and B,, inside 53, for
all [p1], [p2] € Ta(S?). This makes T'y(S?) an abelian group.

The following result will be our main tool to extend a given simple
branched covering over a 4-handle.

Theorem 4.2. Let W* be a compact connected PL 4-manifold with
non-empty boundary, and let

p: OW4 LAY

be a simple d-fold covering branched over a link B, C S* such that
[p] = 0 € Ty(S?), where d > 4. Then p extends to a simple d-fold
covering

q: Wt Ll pi

branched over a PL embedded surface B, C B* which is locally flat if
d > 5, while it has at most nodal singularities if d = 4.

Proof. 1t is a direct consequence of [23, Theorem 1.4], in light of |2
Lemma 1.14]. More precisely, the condition [p] = 0 € T'4(S?) is equiv-
alent to asking that the branch set B, C S® bounds a locally flat
proper surface in B* over which the monodromy representation of p
extends. But then one can choose such surface to be ribbon because
of [2, Lemma 1.14] and the conclusion is a direct application of [23]
Theorem 1.4]. O
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5. PROOF OF THEOREM [A]

This section is devoted to the proof of Theorem [A] Before that, we
need to state and demonstrate the following lemma.

Lemma 5.1. Let A=A, U---UA, and B = B, U---U B, be two
oriented links in S such that 1k(A;, A;) = 1k(B;, B;) for every i # j.
Then, for every i =1,...,n, A; is related to B; via a finite sequence of
oriented band attachments and ambient isotopy. Moreover, each band
can be chosen to intersect the link only at its attaching edges, both
lying in the same connected component of the link.

Proof. For every i = 1,...,n, let F; C S® x [0,1] be a PL locally
flat proper oriented surface such that OF, = A; U B;, where we view
A C S$?x {0} and B C 83 x {1} with S® x {0} and S® x {1} oriented as
the boundary of S3 x [0, 1]. Without loss of generality, we can assume
that each F} is connected and that F = Fy U---UF, C S® x [0,1] is
self-transversely immersed. Now, notice that the algebraic intersection
between F; and Fj, for i # j, is given by

where the minus sign arises from the fact that S® x {0} and S® x
{1} are endowed with opposite orientations. Since F; - F; vanishes, we
can geometrically remove all the intersection points by tubing them in
pairs with opposite signs. We can hence reduce to the case in which
F' is nonsingular. Without loss of generality, we can assume that the
restriction to Fj of the height function S* x [0,1] — [0, 1] is Morse. If
all the critical points of this map are saddle points, then the conclusion
follows. Suppose now that such map has a local minimum in Int F;. We
can then push this minimum to the lower boundary component S3 x
{0} along an arc that does not intersect F' elsewhere. This procedure
introduces a new trivial component in the link A, which can be trivially
merged to A; with a suitable oriented band in S* x {0}. By pushing
the interior of such band into Int S3 x [0, 1], we get a link in S® x {0}
which is ambiently isotopic to A. We repeat this procedure for all the
local minima. In a similar way, we can remove the local maxima, and
the conclusion follows. U

Proof of Theorem[Al If p: M 41 N is a simple branched covering,
then Lemma implies the existence of an isometric embedding of
intersection lattices d - Iy < Ij;.

Let us now prove the converse. Let

L=L,U---UL,CcS?
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be an oriented framed link representing the 2-handlebody N, of N.
Then L induces a basis ay,...,a, of Ho(N;Z), where each «; is the
homology class of a closed connected oriented surface in N obtained by
taking the union of a Seifert surface of L; pushed inside B* and of the
core of the 2-handle attached along L;. Let A = (a;; = Oy (o, ) €
GL(n,Z) be the matrix representing the intersection lattice Iy of N
with respect to the basis ay, ..., a,, so that a; is the framing of L; for
i=1,...,nand a;; = lk(L;, L;) for all i # j.

Suppose now that there is an isometric embedding of intersection
lattices

@ d - ]N — IM
Let S; € M be a closed connected oriented locally flat PL surface
representing ¢(«;) for i = 1,...,n. In particular, we have that

Bu([Si], [55]) = Bulp(ai), o(ay)) = d - By (i, o) = d - ay
for every 4,5 € {1,...,n}. Up to possibly a small perturbation, we
can assume that the surfaces S; are in general position, so that they
are transversal to each other and no three of them have non-empty
intersection. Up to tubing, we can also assume that the geometric in-
tersection of S; and S; equals the algebraic intersection for all 7 # j. A
regular neighborhood of

S=5U---US,

is then a plumbing of normal disk bundles over Sy, ..., .S, with inter-
section matrix d - A. At this point, pick a small 4-ball around each
double point of S. If there is a surface S; such that S; N S; = 0 for
every j # 1, pick a 4-ball that intersects .S; along a properly embedded
trivial 2-disk. Now join all these balls by suitable 1-handles embed-
ded in the complement of a regular neigbourhood of S to get a 4-ball
B* C M whose boundary S3 is transversal to all the surfaces S; and
let L; = S;NS3 for i =1,...,n. In this way we get an oriented link

L:=L,U---UL, C S

where L; is oriented as the boundary of S; N B%. N
Now notice that, if § C S3 is an oriented band attached to L; in
the complement of U,; L; which realizes a homology of L; inside S® —
UjL;, we can push § inside and outside B* to get bands 3" and 3"
respectively. Their union 5’ U " is then an oriented tube that realizes
a homology of S; in M. By Lemma [5.1 we can hence modify each S;
up to oriented homology so that the intersection of the plumbing S
with S3 = 0B* is any oriented link with linking matrix d - A. Notice
that these tubing operations do not change the intersection numbers
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Ba([Si],[5;]) = d - ayj for every 4,7, since they change the surfaces
without affecting their homology classes.

We are now ready to construct the desired branched covering between
M and N. The starting point is the d-fold simple covering

Qo: pt &L gt

branched over d — 1 pairwise separated trivial properly embedded 2-
disks with labeling (1 2),...,(d—1 d) respectively. Up to a suitable
isotopy of the branch set B,,, we can assume that L is disjoint from B,
and each component L; of L and has a cycle of length d as monodromy,
so that its preimage ¢y *(L;) C S® is connected, see Figure .

(d-14d) (23) (12)

Ly
: | | A
L
L : : :
\ : framed tangle : J
N -

FIGURE 1. Labeled branch set of gols.

Now notice that, by construction, the intersection matrix of the link

go (L) U Ugg ' (Ly)
is equal to d - A and this implies that each component g, *(L;) is real-
izable as the intersection EZ of S; with S? as above.
We are now going to extend ¢y over the 2-handles of N. For every
1=1,...,n,
¥ = S;\ Int B*

is a surface with one boundary component 'L] = 5; N S? with a d-fold
covering

Pi: EZ ﬁi> B2
branched over 2¢g(%;) + d — 1 points, the meridians of 2¢(3;) + 1 of
them have monodromy (1 2) and there is exactly one branch point
corresponding to each transposition (2 3),...,(d—1 d). Here g(¥;) de-
notes the genus of the surface ;. We remark that such p; can be
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constructed by stabilizing the 2-fold branched covering ¥; 2% B2 ob-
tained by removing two equivariant disks from the domain and target
of the quotient map 3; Up B? 24 S2 of the hyperelliptic involution
on the genus ¢(%;) closed oriented surface %; Uy B%. Now notice that

v(S;)\Int B* = %, x B% meets B* along v(L;) C S* = 9B*. In particu-
lar, O%; x B? is identified with v/(L;) with framing By ([Si], [Si]) = d- .
Since this coincides with the pull-back of the framing a;; of L; under
qo, we can extend go: B* 4L B* over the 2-handles of N by the simple
branched coverings

v(S) \Int B*~ %, x B2 X4 B2 x B2

given by p; Xidgz. In particular, extending gy over the 2-handle attached
along L; adds to the branch set 2¢g(%;) +d — 1 embedded 2-disks given
by parallel copies of the co-core, where 2¢(%;) + 1 of them have mon-
odromy (1 2) and the other 2-disks are labeled by (2 3),...,(d—1 d)
respectively. In this way, we have just found a simple d-fold branched
covering

¢ B*Uv(S) LN,

where Ny denotes the 2-handlebody of N, as above.

In order to conclude, we need to further extend ¢, over the unique 4-
handle of N. We will show that the restriction of ¢, to the boundary is
trivial in the cobordism group I'y(S?), see Definition[d.1} The conclusion
will then follow from Theorem [4.2]

One can visualize the branch set of gy|s: dv(S) 4L S3 as follows.
First of all, recall that we isotoped the link L as in Figure [I} so that
the meridian of each component L; has a permutation of maximum
length as a monodromy. Notice that, since N has no 3-handles, 53
is diffeomorphic to the boundary of the 2-handlebody of N and the
framed link L provides a Dehn surgery diagram for S®. In this surgery
diagram, one can visualize the dual 2-handles of N as 0-framed merid-
ians of the components of L, see [10, Example 5.5.5]. In particular, in
the surgery presentation of S? given by the framed link L, the labeled
branch set of ¢o|s is the union of d — 1 components as in Figure 1| and
2¢9(%;) + d — 1 parallel meridians of each L;, 2¢(%;) + 1 of them with
monodromy (1 2) and exactly one of them for each monodromy of type
(2 3),...,(d—1 d), see Figure 2]

We will now construct a surface bounding B,,,, over which the mon-
odromy w,,|, extends. This will imply that [g]s] = 0 € ['4(S?) and
the conclusion will follow from Theorem [4.2] For every i = 1,... n,
the first 2¢(3;) meridians of L; with monodromy (1 2) bound g(3;)
disjointly embedded labeled cylinders. The union of the remaining
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framed tangle |’ J

FIGURE 2. Labeled branch set of ¢s|s in the surgery di-
agram of S? given by the framed link L.

\_ : framed tangle : )

FIGURE 3. Labeled surface bounding B,,|, .

(1 2)-meridians of L with the (1 2)-component of B,,|, coming from
By, bounds an embedded colored surface, see Figure In particu-
lar, such surface is an embedded S? with n + 1 punctures. Similarly,
fori =2,...,d— 1, there are disjointly embedded genus 0 labeled sur-
faces with n+1 boundary components, co-bounding the (7 i+1)-framed
meridians of L and the (i i+1)-framed component coming from the
branch set of ¢o. The conclusion follows. U

6. PrROOFS OF COROLLARIES [Bl AND [C]

Proof of Corollary [Bl One implication is trivial, since any branched
covering p: M — N is a dominant map. For the converse, assume
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that f: M — N is dominant and that deg(f) > 1. By [14] (see also [4]
Proposition 2.6]), the pull-back map

[ HY(N;Q) — H*(M;Q)

is an injective morphism of Q-algebras. This implies the existence of
an isometric embedding deg(f)- Iy < Ip;. The conclusion then follows
from Theorem [Al O

Proof of Corollary [(J. The K3-surface satisfies the hypothesis of Theo-
rem [A] since it admits a handle decomposition without 1- and 3-handles
(see [10, Figure 8.15] for n = 2 or [11l Figure 2.15]). Therefore, there
exists a d-fold branched covering M -1 K3 if and only if there is an
isometric embedding of intersection lattices d - Ixs < Ip;. Given that
by (K3) = 3 and b, (K3) = 19, the conclusion follows from Proposition
3.2 O
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