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❚❤❡ t❡r♠ ′❦♥♦t′ ✐s ♣❛rt ♦❢ ❡✈❡r②❞❛② ❧✐❢❡✱ ❧✐❦❡ t❤❡ ❦♥♦t ♦❢ t❤❡ s❤♦❡s✱ t❤❡ ❦♥♦t
♦❢ t❤❡ t✐❡ ❛♥❞ ♠❛♥② ♦t❤❡rs✱ ❜✉t ❛ ′♠❛t❤❡♠❛t✐❝❛❧ ❦♥♦t′ ✐s ❞✐✛❡r❡♥t ❜❡❝❛✉s❡ ✐ts
❡♥❞s ❛r❡ ❥♦✐♥❡❞ s♦ t❤❛t ✐t ❝❛♥♥♦t ❜❡ ✉♥t✐❡❞✳
❚❤❡ t❤❡♦r② ♦❢ ❦♥♦ts ✐s ❛ ❜r❛♥❝❤ ♦❢ ❣❡♦♠❡tr②✱ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t♦♣♦❧♦❣②✱ ✇❤♦s❡
♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦ st✉❞② t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❝❧♦s❡❞ ❝✉r✈❡ ✐♥ ❊✉✲
❝❧✐❞❡❛♥ s♣❛❝❡✳
❚❤❡ ✜rst t♦ ❛♣♣r♦❛❝❤ s✉❝❤ ❛ t❤❡♦r② ✇❡r❡ ❱❛♥❞❡r♠♦♥❞❡ ❛♥❞ ●❛✉ss ✐♥ t❤❡
s❡❝♦♥❞ ❤❛❧❢ ♦❢ t❤❡ ❡✐❣❤t❡❡♥t❤ ❝❡♥t✉r② ❜✉t t❤❡ ♠♦st r✐❣♦r♦✉s ❛♣♣r♦❛❝❤ ✇❛s ✐♥
✶✽✻✵✱ t❤❛♥❦s t♦ ❛♥ ✐❞❡❛ ♦❢ t❤❡ ■r✐s❤ ♣❤②s✐❝✐st ▲♦r❞ ❑❡❧✈✐♥✱ ✇❤♦ ❤②♣♦t❤❡s✐③❡❞
t❤❛t ♠❛tt❡r ✇❛s ♠❛❞❡ ✉♣ ♦❢ ❛t♦♠s − ✈♦rt✐❝❡s ✭♦r ❡❞❞✐❡s✮✱ ✐✳❡✳ t❤❛t t❤❡ ❡❧✲
❡♠❡♥ts ❛r❡ ❦♥♦ts ✐♥ t❤❡ ′❡t❤❡r′✳ ❚❤✐s ❤②♣♦t❤❡s✐s ♣r♦♠♣t❡❞ ❤✐s ❝♦❧❧❛❜♦r❛t♦r✱
t❤❡ ❊♥❣❧✐s❤ ♣❤②s✐❝✐st ❚❛✐t✱ t♦ ❡♥❣❛❣❡ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❦♥♦ts ❛♥❞ ✐♥ t❤❡
s❡❛r❝❤ ❢♦r ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss❡s ♦❢ ❡q✉✐✈❛❧❡♥t ❦♥♦ts ❛♥❞ t❤❡ t②♣❡s
♦❢ ❛t♦♠s✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣❡r✐♦❞✐❝ t❛❜❧❡ ❤❛❞ ❛ss✐❣♥❡❞ ❛ ❦♥♦t t②♣❡✳
❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ P❤②s✐❝s✱ ❑❡❧✈✐♥ ❛♥❞ ❚❛✐t ✇❡r❡ ♦♥ t❤❡ ✇r♦♥❣ tr❛❝❦✱
✐♥ ❢❛❝t t❤❡ t❤❡♦r✐❡s t❤❛t ✉s❡❞ ❛♥ ❡t❤❡r ✭✐✳❡✳ ❛ s✉❜st❛♥❝❡ t❤❛t ✜❧❧s t❤❡ s♣❛❝❡
❛♥❞ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s✮ ❤❛✈❡
❜❡❝♦♠❡ ♦❜s♦❧❡t❡✳ ■♥st❡❛❞ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ▼❛t❤❡♠❛t✐❝s t❤❡② ❤❛❞
❞✐s❝♦✈❡r❡❞ ❛ ♥❡✇ r❡s❡❛r❝❤ t♦♣✐❝ t❤❛t ✐s st✐❧❧ ❡✈♦❧✈✐♥❣ t♦❞❛②✳ ❚❤❡ t❤❡♦r② ♦❢
❦♥♦ts ❣❛✐♥❡❞ ♥❡✇ ❧✐❢❡ ♦♥❧② ✐♥ ✶✾✵✵✱ ✇❤❡♥ ✐ts ♣♦t❡♥t✐❛❧ ✇❛s ✉♥❞❡rst♦♦❞ ❛s ❛
t♦♦❧ t❤❛t ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦t❤❡r s❝✐❡♥t✐✜❝ ✜❡❧❞s s✉❝❤ ❛s P❤②s✐❝s ❛♥❞ ❇✐✲
♦❧♦❣②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❦♥♦t t❤❡♦r② ✇❛s ✉s❡❞ t♦ st✉❞② ❦♥♦ts
✐♥ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥s✳
■♥ t❤❡ ❧❛st t✇❡♥t②✲✜✈❡ ②❡❛rs ♥✉♠❡r♦✉s st✉❞✐❡s ❤❛✈❡ r❡✈❡❛❧❡❞ t❤❛t t❤❡r❡ ❛r❡
♣r♦t❡✐♥s ✇❤♦s❡ ♠❛✐♥ ❝❤❛✐♥ ❢♦❧❞ ✐♥t♦ ♥♦♥✲tr✐✈✐❛❧ t♦♣♦❧♦❣✐❡s ❛♥❞ t❤❡r❡ ✐s t❤❡
♣r❡s❡♥❝❡ ♦❢ ❦♥♦ts ✐♥ t❤❡✐r ❝♦♥❢♦r♠❛t✐♦♥✳
❚❤❡ ♣r❡❝✐s❡ ♥❛t✉r❡ ♦❢ t❤❡ str✉❝t✉r❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡s ❝r❡❛t❡❞ ❜② t❤❡
♣r❡s❡♥❝❡ ♦❢ ❦♥♦ts ✐♥ t❤❡ ♣r♦t❡✐♥ ❜❛❝❦❜♦♥❡ ✐s ❛ s✉❜❥❡❝t ♦❢ ❤✐❣❤ ✐♥t❡r❡st ❢r♦♠
❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞
t❤✐s ♦♣❡♥ ♣r♦❜❧❡♠✱ s❡✈❡r❛❧ ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦✇❛r❞s t❤❡ ❝❤❛r❛❝t❡r✐✲
③❛t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥s ❜❛s❡❞ ♦♥ t❤❡✐r ❦♥♦t t②♣❡✳ ❚❤✐s

✶



❝❤❛r❛❝t❡r✐③❛t✐♦♥ r❡q✉✐r❡❞ t❤❡ ❛❝❝❡♣t✐♥❣ t❤❛t ❧✐♥❡❛r ❝❤❛✐♥s ❝❛♥ ❜❡ ❦♥♦tt❡❞✳
■❢ ✇❡ ♣✉❧❧ t❤❡ ❡♥❞s ♦❢ ❛ ❣✐✈❡♥ str❛♥❞ ♦❢ str✐♥❣ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✇❤❡t❤❡r ✐t ✐s
❦♥♦tt❡❞ ♦r ♥♦t✳ ❇❡❝❛✉s❡ ✇❡ ❤♦❧❞ t❤❡ ❡♥❞s✱ t❤❡ str✐♥❣ ❛♥❞ ♦✉r ❜♦❞② ❢♦r♠ ❛
❝❧♦s❡❞ ❝✐r❝❧❡ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❞❛♥❣❡r ♦❢ ✉♥t②✐♥❣ t❤❡ ❦♥♦t ❛s ✐t ✐s ♣✉❧❧❡❞✳ ■♥
❦♥♦t t❤❡♦r②✱ ❛♥② ♦♣❡♥ ❛r❝ ✭✐♥❞✐♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❡♥t❛♥❣❧❡♠❡♥t✮ ✐s
t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ str❛✐❣❤t ❧✐♥❡✱ s✐♥❝❡ ✐t ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s❧② ❞❡✲
❢♦r♠❡❞ t♦ ❛ str❛✐❣❤t ❧✐♥❡✳
Pr♦t❡✐♥s ✐♥ t❤❡✐r ♥❛t✐✈❡ ❢♦❧❞❡❞ str✉❝t✉r❡ ❛r❡ ❢r❡q✉❡♥t❧② q✉✐t❡ r✐❣✐❞ ❛♥❞ ❛ ❝♦♥✲
t✐♥✉♦✉s ❞❡❢♦r♠❛t✐♦♥ ❢r♦♠ ♣r♦t❡✐♥ ❝❤❛✐♥ t♦ ❛ str❛✐❣❤t ❧✐♥❡ ✐s ♥♦t ❛❧❧♦✇❡❞✳ ❙♦
t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡✐r ❦♥♦tt❡❞♥❡ss ✐s ❞♦♥❡ ❢♦r t❤❡✐r ♦♣❡♥ ❝❤❛✐♥s ✇✐t❤ ✜①❡❞
❣❡♦♠❡tr②✳ ❯♥t✐❧ r❡❝❡♥t❧②✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❦♥♦tt❡❞♥❡ss ♦❢ ♣r♦t❡✐♥s r❡✲
q✉✐r❡❞ ❝❧♦s✉r❡ ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥s s✐♥❝❡ ❛✈❛✐❧❛❜❧❡ ❦♥♦t ✐♥✈❛r✐❛♥ts ❝♦✉❧❞ ♦♥❧②
♠❛❦❡ s❡♥s❡ ❢♦r ❝❧♦s❡❞ ❝✉r✈❡s ❜✉t ♥♦✇ ✇❡ ❝❛♥ st✉❞② t❤❡ ❦♥♦tt❡❞♥❡ss ♦❢ ♣r♦✲
t❡✐♥ ❢♦r ♦♣❡♥ ❝✉r✈❡s✱ ✉s✐♥❣ ❦♥♦t♦✐❞ ✐♥✈❛r✐❛♥ts✳
❚❤❡ t❤❡♦r② ♦❢ ❦♥♦t♦✐❞s ✐s r❡❝❡♥t ❛♥❞ ✐t ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❱❧❛❞✐♠✐r ❚✉r❛❡✈
✐♥ ✷✵✶✷✳
❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ st✉❞② t❤❡♦r② ♦❢ ❦♥♦t♦✐❞s t❤❛t ✐s ❛ ❣❡♥❡r❛❧✲
✐③❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ♦❢ ❦♥♦ts✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥✈❛r✐❛♥ts
♦❢ ❦♥♦t♦✐❞s t❤❛t ❛r❡ ❝✉rr❡♥t❧② ✉s❡❞ t♦ ❛♥❛❧②③❡ t❤❡ t♦♣♦❧♦❣② ♦❢ ♦♣❡♥ ♣r♦t❡✐♥
❝❤❛✐♥s✳ ◆❛♠❡❧②✱ t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧✱ t❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✱
t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛✳
❆❢t❡r✇♦r❞s ✐t ✇✐❧❧ ❜❡ s❡❡♥ ✇❤② t❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞s ♣r♦✈✐❞❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞
♦✈❡r✈✐❡✇ ♦❢ t❤❡ t♦♣♦❧♦❣② ♦❢ ❛♥ ♦♣❡♥ ❝❤❛✐♥ ❝♦♠♣❛r❡❞ t♦ ❦♥♦ts ❛♥❞ t♦ ❦♥♦t♦✐❞s
♦♥ t❤❡ s♣❤❡r❡✳
❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❤♦✇ t❤❡ ❦♥♦t♦✐❞ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ t♦ ❛♥❛❧②s❡ ❦♥♦t✲
t❡❞♥❡ss ♦❢ ❡♥t✐r❡ ♣r♦t❡✐♥ ❝❤❛✐♥s ❛♥❞ ♦❢ t❤❡✐r ❛❧❧ ♣♦ss✐❜❧❡ s✉❜❝❤❛✐♥s✳

✷



❈❤❛♣t❡r ✶

❍✐♥ts ♦❢ ❦♥♦t t❤❡♦r②

✶✳✶ ❙♦♠❡ ❞❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ ❆ ❦♥♦t K ⊂ R ✐s ❛ ❝❧♦s❡❞ s✐♠♣❧❡ ❝✉r✈❡ ✐♥ t❤❡ s♣❛❝❡
R

3✱ t❤❛t ✐s✱ ❛♥② t♦♣♦❧♦❣✐❝❛❧ s✉❜s♣❛❝❡ ♦❢ R3✱ t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❝✐r❝✉♠❢❡r❡♥❝❡ S1✳
❚❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡✱ t❤❡r❡❢♦r❡✱ ✐s ❛❧s♦ ❛ ❦♥♦t ❛♥❞ ✐t ✐s ❝❛❧❧❡❞ tr✐✈✐❛❧ ❦♥♦t✳ ❘❡❝❛❧❧
t❤❛t t✇♦ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❛r❡ s❛✐❞ t♦ ❜❡ t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡
✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✱ t❤❛t ✐s✱ ❛ ♦♥❡✲t♦✲♦♥❡ ❢✉♥❝t✐♦♥✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇✐t❤ ❛
❝♦♥t✐♥✉♦✉s ✐♥✈❡rs❡✱ ✇❤✐❝❤ s❡♥❞s ♦♥❡ ♦♥t♦ t❤❡ ♦t❤❡r✳

❚❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ n ❦♥♦ts ✐s ❝❛❧❧❡❞ n✲❝♦♠♣♦♥❡♥ts ❧✐♥❦ ✭♥✲❧✐♥❦✮ ♦r ❧✐♥❦✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✳ ❚✇♦ ❝♦✉♥t✐♥✉♦✉s ❛♣♣❧✐❝❛t✐♦♥s f, g : X → Y ❜❡t✇❡❡♥
t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❛r❡ ❤♦♠♦t♦♣✐❝ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ ❝♦✉♥t✐♥✉♦✉s ❛♣✲
♣❧✐❝❛t✐♦♥s ht : X → Y ✇❤✐❝❤ ❞❡♣❡♥❞ ✐♥ ❝♦♥t✐♥✉♦✉s ✇❛② ♦❢ t❤❡ ♣❛r❛♠❡t❡r
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t ∈ [0, 1]✱ s✉❝❤ t❤❛t h0 = f ❛♥❞ h1 = g✳ ■t ✐s t❤❡r❡❢♦r❡ r❡q✉✐r❡❞ t❤❛t t❤❡
❛♣♣❧✐❝❛t✐♦♥ ❜❡ ❝♦♥t✐♥✉♦✉s H : X × [0, 1] → Y ✐s ❞❡✜♥❡❞ H(x, t) = ht(x) ❢♦r
❡✈❡r② (x, t) ∈ X × [0; 1]✳
H ✐s ❝❛❧❧❡❞ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ f ❛♥❞ g

❉❡✜♥✐t✐♦♥ ✶✳✶✳✸✳ ❚✇♦ ❝♦♥t✐♥✉♦✉s ❛♣♣❧✐❝❛t✐♦♥s f, g : S → S ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧
s♣❛❝❡ S ❛r❡ ✐s♦t♦♣✐❝ ✐❢ t❤❡r❡ ❡①✐st ❛ ❤♦♠♦t♦♣② H ❜❡t✇❡❡♥ f ❛♥❞ gs✉❝❤ t❤❛t
ht : S → S ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❡✈❡r② t ∈ [0, 1]✳
■♥ t❤✐s ❝❛s❡H ✐s ❝❛❧❧❡❞ ✐s♦t♦♣② ❜❡t✇❡❡♥ f ❛♥❞ g✳ ▼♦r❡♦✈❡r✱ ✐❢ f ✐s t❤❡ ✐❞❡♥t✐t②
♦❢ ❙✱ t❤❡♥ ✇❡ s❛② t❤❛t g : S → S ✐s r❡❛❧✐s✐❜❧❡ ❜② ✐s♦t♦♣②✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✹✳ ❚✇♦ ❦♥♦ts K1 ❡ K2 ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡✲
♦♠♦r♣❤✐s♠ h : R3 → R

3 s✉❝❤ t❤❛t h(K1) = K2✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✳ ❚✇♦ ❦♥♦ts K1 ❡ K2 ❛r❡ ✐s♦t♦♣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡
❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ R

3 → R
3 ✐s♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② s✉❝❤ t❤❛t

h(K1) = K2✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ✇r✐t❡ K1 ≡ K2

❊①❛♠♣❧❡

❋✐❣✉r❡ ✶✳✶✿ ❚❤❡ r✐❣❤t✲❤❛♥❞❡❞ tr❡❢♦✐❧ ❦♥♦t ❛✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧❡❢t✲❤❛♥❞❡❞ tr❡❢♦✐❧
❦♥♦t ❜✮ ❜✉t ✐t ✐s ♥♦t ✐s♦t♦♣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ✐t ✭t❤❡r❡ ♥♦t ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s
❞❡❢♦r♠❛t✐♦♥ ❢r♦♠ ❛✮ t♦ ❜✮✮✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s r❡❛❧✐③❡❞ ♦♥❧② ✇✐t❤ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠
t❤❛t ✐♥✈❡rts t❤❡ ♦r✐❡♥t❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✻✳ ❆♥ ♦r✐❡♥t❡❞ ❦♥♦t ✐s ❛ ❦♥♦t ✇✐t❤ ❛ s♣❡❝✐✜❡❞ ♦r✐❡♥t❛t✐♦♥✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ ❛♥ ♦r✐❡♥t❡❞ ❧✐♥❦ ❛s ❛ ❧✐♥❦ ✇✐t❤ ❛ s♣❡❝✐✜❡❞ ♦r✐❡♥t❛t✐♦♥ ♦♥
❡❛❝❤ ❝♦♠♣♦♥❡♥t✳

✹



❉❡✜♥✐t✐♦♥ ✶✳✶✳✼✳ ❆ ❦♥♦t K ✐s♦t♦♣✐❝ t♦ ✐ts s②♠♠❡tr✐❝ ✐s ❝❛❧❧❡❞ ❛♥ ❛❝❤✐r❛❧
❦♥♦t✱ ✐✳❡✳ ✐❢ K ≡ σ(K) ✇❤❡r❡ σ ✐s ❛ r❡✢❡❝t✐♦♥✳ ❖t❤❡r✇✐s❡ ✐t ✐s ❝❛❧❧❡❞ ❛ ❝❤✐r❛❧
❦♥♦t✳
❋♦r ❡①❛♠♣❧❡ t❤❡ tr❡❢♦✐❧ ❦♥♦t ✐s ❝❤✐r❛❧✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✽✳ ❆ ❧✐♥❦ K ⊂ R
3 ✐s ❝❛❧❧❡❞

tr✐✈✐❛❧ ✐❢ ✐t ✐s ✐s♦t♦♣✐❝ t♦ ❛ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❝♦♣✐❡s ♦❢ S1✱ ✐✳❡✳ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❞❡❢♦r♠ t❤❡ ❦♥♦t s♦ ❛s t♦ ♦❜t❛✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝✐r❝✉♠❢❡r❡♥❝❡s ✐♥ t❤❡
♣❧❛♥❡

K ≡ S1 ⊔ ... ⊔ S1 ⊂ R
2❀

s②♠♠❡tr✐❝ ✐❢ ✐t ✐s ✐s♦t♦♣✐❝ t♦ ❛ ♠✐rr♦r r❡✢❡❝t✐♦♥

K ≡ K̄ = σ(K)✱ ✇❤❡r❡ σ ✐s ❛ r❡✢❡❝t✐♦♥❀

✐♥✈❡rt✐❜❧❡ ✐❢ ✐t ✐s ✐s♦t♦♣✐❝ ❛t t❤❡ s❛♠❡ ❦♥♦t ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥

K ≡ −K✳

✶✳✷ ❑♥♦ts ❛♥❞ t❤❡✐r ❞✐❛❣r❛♠s

●✐✈❡♥ ❛ ❦♥♦t K✱ ✇❡ ❝❤♦♦s❡ ❛ ❞✐r❡❝t✐♦♥ v ✐♥ s♣❛❝❡ ❛♥❞ ❛ ♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ ✐t ♦♥ ✇❤✐❝❤ ✇❡ ❞r❛✇ ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ π(K) ♦❢ t❤❡ ❦♥♦t✳
❚❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥ R

2 s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

• ♥♦ ♠♦r❡ t❤❛♥ t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts ❛r❡ ♣r♦❥❡❝t❡❞ ✐♥ t❤❡ s❛♠❡ ♣♦✐♥t❀

• t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ str❛♥❞s ✐♥ ❡❛❝❤ ❞♦✉❜❧❡ ♣♦✐♥t ♠✉st ♥♦t ❜❡
t❛♥❣❡♥t

• t❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ❛ r❡❣✉❧❛r ♠❛♣✱ ✐✳❡ t❤❡r❡ ✐s ♥♦t ✈❡rt✐❝❛❧ t❛♥❣❡♥❝②❀

✺



❋✐❣✉r❡ ✶✳✷✿ ❯♥❛❝❝❡♣t❛❜❧❡ s✐t✉❛t✐♦♥s

❋✐❣✉r❡ ✶✳✸✿ ❉♦✉❜❧❡ ♣♦✐♥t

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❆ ❞✐❛❣r❛♠ D ∈ ♦❢ ❛ ❦♥♦t K ⊂ R
3 ✐s ❛ ♣r♦❥❡❝t✐♦♥ ✐♥t♦ ❛

♣❧❛♥❡ ✇✐t❤ t❤❡ ♦✈❡r✴✉♥❞❡r ❝r♦ss✐♥❣ ❞❛t❛ ❛t ❡❛❝❤ ❞♦✉❜❧❡ ♣♦✐♥t✳

❚❤❡♦r❡♠ ✶ ✭❘❡❞❡✐♠❡st❡r✬s ❚❤❡♦r❡♠✮✳ ❚✇♦ ❞✐❛❣r❛♠s ✐♥ R
2 r❡♣r❡s❡♥t ✐s♦✲

t♦♣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❧✐♥❦s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ♦♥❡ ❢r♦♠ t❤❡
♦t❤❡r ❜② ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♣❧❛♥❛r ✐s♦t♦♣✐❡s ❛♥❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳ ❚❤❡s❡
♠♦✈❡s✱ ♦r ❧♦❝❛❧ ❝❤❛♥❣❡s✱ ❛❧❧♦✇ ✉s t♦ ✈❛r② ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ❞✐❛❣r❛♠ ✇❤✐❧❡
❧❡❛✈✐♥❣ t❤❡ r❡st ✉♥❝❤❛♥❣❡❞✳

✻



❋✐❣✉r❡ ✶✳✹✿ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s
Ω1 ❛❞❞s✴r❡♠♦✈❡s ❛ ❝✉r❧

Ω2 ♦✈❡r❧❛♣s ♦♥❡ str❛♥❞ t♦ ❛♥♦t❤❡r
Ω3 ❛❧❧♦✇s t❤❡ ♣❛ss❛❣❡ ♦❢ ❛ str❛♥❞ ♦✈❡r ❛ ❝r♦ss✐♥❣

❋✐❣✉r❡ ✶✳✺✿ P❧❛♥❛r ✐s♦t♦♣②

✼



❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❙❡✐❢❡rt s✉r❢❛❝❡ ♦❢ ❛ ❦♥♦t k∗ ✐♥ S3

❢r♦♠ ❛ ❦♥♦t ❞✐❛❣r❛♠D ♦❢ k∗✳ ❊✈❡r② ❝r♦ss✐♥❣ ♦❢D ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♠♦♦t❤✐♥❣
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ k∗✳

❆♣♣❧②✐♥❣ t❤❡s❡ s♠♦♦t❤✐♥❣s t♦ ❛❧❧ ❝r♦ss✐♥❣s ♦❢ ❉ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ ❝❧♦s❡❞
♦r✐❡♥t❡❞ ✶✲♠❛♥✐❢♦❧❞ D̃ ⊂ S2✳ ❚❤✐s D̃ ❝♦♥s✐sts ♦❢ ❞✐s❥♦✐♥t s✐♠♣❧❡ ❝❧♦s❡❞ ❝✉r✈❡s
❛♥❞ ❜♦✉♥❞s ❛ s②st❡♠ ♦❢ ❞✐s❥♦✐♥t ❞✐s❦s ✐♥ S3 ❧②✐♥❣ ❛❜♦✈❡ S2✳ ❚❤❡s❡ ❞✐s❦s
t♦❣❡t❤❡r ✇✐t❤ ❤❛❧❢✲t✇✐st❡❞ str✐♣s ❛t t❤❡ ❝r♦ss✐♥❣s ❢♦r♠ ❛ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞
♦r✐❡♥t❛❜❧❡ s✉r❢❛❝❡ ❙ ✐♥ S3 ❜♦✉♥❞❡❞ ❜② k∗✳

❚❤❡ ❣❡♥✉s ♦❢ t❤✐s s✉r❢❛❝❡ ❙ ✐s ❡q✉❛❧ t♦ g(S) =
c(D)− |D̃|+ 1

2
✇❤❡r❡ c(D) ✐s

t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ ❉ ❛♥❞ |D̃| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ D̃✳
❚❤✐s ❣✐✈❡s ✉s ❛♥ ❡st✐♠❛t❡ ❢r♦♠ ❛❜♦✈❡ ❢♦r t❤❡ ❙❡✐❢❡rt ❣❡♥✉s ♦❢ k∗✿

g(k∗) ≤
c(D)− |D̃|+ 1

2

✶✳✸ ❈♦♥♥❡❝t❡❞ s✉♠ ♦❢ ❦♥♦ts

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ●✐✈❡♥ K1✱K2 ⊂ R
3 ❦♥♦ts✳ ❲❡ ♣r♦❞✉❝❡ ❛♥ ♦t❤❡r ❦♥♦t K

st❛rt✐♥❣ ❢r♦♠ K1✱K2 ❞♦✐♥❣ t❤❡ ❝♦♥♥❡❝t❡❞ s✉♠ ♦❢ t❤❡s❡ ❦♥♦ts✱ ❛s ❢♦❧❧♦✇s✳
❲❡ ❝♦♥s✐❞❡r K ′

i ≡ Ki ✇✐t❤ K ′
1 ❛♥❞ K ′

2 s❡♣❛r❛t❡❞ ❜② ❛ ♣❧❛♥❡ ❡①❝❡♣t ❛ ❝♦♠♠♦♥
❛r❝ ❆❂K ′

1 ∩K ′
2 ✐♥ t❤❡ ♣❧❛♥❡✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡✿

K ≡ K1#K2 = Cl(K1 ∪K2 − A)

✽



❚❤❡ ❝♦♥♥❡❝t❡❞ s✉♠ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✉♣ t♦ ✐s♦t♦♣②✳ ■♥ ❢❛❝t✱ ✐t ❞♦❡s ♥♦t
♠❛tt❡r K ′

1 ❛♥❞ K ′
2 ❛r❡ ❝❤♦s❡♥✳ ❚❤❡ ❛r❝s ♦♥ t❤❡ ♣❧❛♥❡ ❛r❡ ❛❧❧ ❡q✉✐✈❛❧❡♥t t❤❡♥

✇❡ ❝❛♥ ❛ss✉♠❡ ❆ t♦ ❜❡ ❛ s❡❣♠❡♥t✳
❚❤❡ ❝♦♥♥❡❝t❡❞ s✉♠ ✐s ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ ❛ss♦❝✐❛t✐✈❡✳

❋✐❣✉r❡ ✶✳✻✿ ❈♦♠♠✉t❛t✐✈❡ ♣r♦♣❡rt②

K1#K2 ❤❛s ❛s ♥❡✉tr❛❧ ❡❧❡♠❡♥t t❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡ S1

K#S1 ≡ K

❲❡ ❝❛♥ ❝♦♥tr❛❝t t❤❡ ❝✐r❝✉♥❢❡r❡♥❝❡ ❛t ❛♥ ❛r❝ ❛♥❞ ✇❡ ♦❜t❛✐♥ K✳

■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❝♦♥♥❡❝t s✉♠ ♦❢ t✇♦ ❦♥♦ts ✐s ❣✐✈❡♥ ❜②✿ K ≡ K1#K2 ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s♣❤❡r❡ S ⊂ R

3 s✉❝❤ t❤❛t K ∩ S = {p, q}

K1 ≡ (K ∩ I(S)) ∪ A
K2 ≡ (K ∩ E(S)) ∪ A

✇❤❡r❡ A ⊂ S ✐s ❛♥ ❛r❝ ❜❡t✇❡❡♥ p ❛♥❞ q✱ I(S) ✐s t❤❡ ✐♥t❡r✐♦r ♦❢ S ❛♥❞ E(S)
✐s t❤❡ ❡①t❡r✐♦r ♦❢ S✳

✾



❉❡✜♥✐t✐♦♥ ✶✳✸✳✷✳ K ⊂ R
3 ❦♥♦t ✐s ♣r✐♠❡ ✐❢ ❛♥② t✐♠❡ t❤❛t ✇❡ ✇r✐t❡ K ❛s

❝♦♥♥❡❝t❡❞ s✉♠K ≡ K1#K2✱ K1 ♦rK2 ✐s tr✐✈✐❛❧✳ ❖t❤❡r✇✐s❡K ✐s ❝♦♠♣♦s✐t❡✳

✶✳✹ ❍✐♥ts ♦❢ ✈✐rt✉❛❧ ❦♥♦t

❋✐❣✉r❡ ✶✳✼✿ ❱✐rt✉❛❧ ❦♥♦t r❡♣r❡s❡♥t❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✳ ❆ ✈✐rt✉❛❧ ❦♥♦t ✐♥ ❛ t❤✐❝❦❡♥❡❞ s✉r❢❛❝❡ ♦❢ s♦♠❡ ❣❡♥✉s ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ ✐♥ S2 ♦r ✐♥ R

2 t❤❛t ❝♦♥t❛✐♥s ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s ❛♥❞ ✈✐rt✉❛❧ ❝♦rss✐♥❣s✳
❆ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ✐s ♥❡✐t❤❡r ❛♥ ♦✈❡r✲❝r♦ss✐♥❣ ♥♦r ❛♥ ✉♥❞❡r✲❝r♦ss✐♥❣ ❛♥❞
✐t ✐s ✐♥❞✐❝❛t❡❞ ❜② ❛ s♠❛❧❧ ❝✐r❝❧❡ ♣❧❛❝❡❞ ❛r♦✉♥❞ ❛ ❝r♦ss✐♥❣ ♣♦✐♥t ❛s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✶✳✽✳ ❚❤❡ ❛r❝s ❝♦♥t❛✐♥✐♥❣ ❛ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ❝♦rr❡s♣♦♥❞ t♦ ❛r❝s ♦❢ t❤❡
✈✐rt✉❛❧ ❦♥♦t ♦♥❡ ♦❢ ✇❤✐❝❤ ❧✐❡s ❛t t❤❡ ❢r♦♥t ♦❢ ❛ ❤❛♥❞❧❡ ❛♥❞ t❤❡ ♦t❤❡r ❧✐❡s ❛t
t❤❡ ❜❛❝❦ ♦❢ t❤❡ s❛♠❡ ❤❛♥❞❧❡ ♦❢ t❤❡ t❤✐❝❦❡♥❡❞ s✉r❢❛❝❡✳ ❚❤❡ ♠♦✈❡s ♦♥ ✈✐rt✉❛❧
❦♥♦t ❞✐❛❣r❛♠s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ✭❋✐❣✉r❡ ❄❄✮ ♣❧✉s t❤❡
❞❡t♦✉r ♠♦✈❡✳ ❚❤❡ ❞❡t♦✉r ♠♦✈❡ ❛❧❧♦✇s ❛ s❡❣♠❡♥t ✇✐t❤ ❝♦♥s❡❝✉t✐✈❡ s❡q✉❡♥❝❡
♦❢ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s t♦ ❜❡ ❡①❝✐s❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❛♥② ♦t❤❡r s✉❝❤ ❛ s❡❣♠❡♥t ✇✐t❤
❛ ❝♦♥s❡❝✉t✐✈❡ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✵✳ ❚✇♦ ✈✐rt✉❛❧ ❦♥♦t
❞✐❛❣r❛♠s ❛r❡ ✈✐rt✉❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛
✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❘❡✐❞❡♠❡✐st❡r ❛♥❞ ❞❡t♦✉r ♠♦✈❡s✳ ❆ ✈✐rt✉❛❧ ❦♥♦t ✐s ❛
✈✐rt✉❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠s✳

✶✵



❋✐❣✉r❡ ✶✳✽✿ ❍❛♥❞❧❡ ❞❡t♦✉rs ❢♦r ✈✐rt✉❛❧ ❝r♦ss✐♥❣s

❋✐❣✉r❡ ✶✳✾✿ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s

❋✐❣✉r❡ ✶✳✶✵✿ ❉❡t♦✉r ♠♦✈❡

✶✶



❈❤❛♣t❡r ✷

❑♥♦t♦✐❞s

❑♥♦t♦✐❞s ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❱❧❛❞✐♠✐r ❚✉r❛❡✈ ✐♥ ✷✵✷✶ ❛s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥
♦❢ ❦♥♦ts ✐♥ S3✳
❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ ❦♥♦t♦✐❞s ✐s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡✜♥✐♥❣ ❛♥❞
❝❧❛ss✐❢②✐♥❣ ❦♥♦tt✐♥❡ss ❢♦r ♦♣❡♥ ❝✉r✈❡s✳

✷✳✶ Pr❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ✐♥ ❛ s✉r❢❛❝❡ Σ = R
2 or S2 ✐s

❛ ❣❡♥❡r✐❝ ✐♠♠❡rs✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ✐♥ Σ ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② tr❛♥s✈❡rs❡
❞♦✉❜❧❡ ♣♦✐♥ts ❡♥❞♦✇❡❞ ✇✐t❤ ♦✈❡r✴✉♥❞❡r❝r♦ss✐♥❣ ❞❛t❛✳
❆ ❞♦✉❜❧❡ ♣♦✐♥t ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐s ❝❛❧❧❡❞ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣✳
❚❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ♣♦✐♥ts ✵ ❛♥❞ ✶ ❛r❡ ❝❛❧❧❡❞ t❛✐❧ ❛♥❞ ❤❡❛❞ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
❞❡♥♦t❡❞ ❜② v0 ❛♥❞ v1✱ ♠♦r❡♦✈❡r t❤❡② ❛r❡ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❞✐❛❣r❛♠✳
❚❤❡s❡ t✇♦ ♣♦✐♥ts ❛r❡ ❞✐st✐♥❝t ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ♣♦✐♥t✳
❑♥♦t♦✐❞ ❞✐❛❣r❛♠s ❛r❡ ♦r✐❡♥t❡❞ ❢r♦♠ t❤❡ t❛✐❧ t♦ t❤❡ ❤❡❛❞✳

❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡s ♦❢ ❦♥♦t♦✐❞s ❞✐❛❣r❛♠s
❚❤❡ tr✐✈✐❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧ ✐♥t♦ S2 ♦r
R

2✳ ■t ✐s ❞❡♣✐❝t❡❞ ❜② ❛♥ ❛r❝ ✇✐t❤♦✉t ❛♥② ❝r♦ss✐♥❣s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✭✶✮✳

✶✷



❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❆ ♠✉❧t✐✲❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ ❛♥ ♦r✐❡♥t❡❞ s✉r❢❛❝❡ Σ ✐s
❛ ❣❡♥❡r✐❝ ✐♠♠❡rs✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♦r✐❡♥t❡❞ s❡❣♠❡♥t ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ♦r✐❡♥t❡❞
❝✐r❝❧❡s ✐♥ Σ ❡♥❞♦✇❡❞ ✇✐t❤ ✉♥❞❡r✴♦✈❡r✲❝r♦ss✐♥❣ ❞❛t❛✳

❋✐❣✉r❡ ✷✳✷✿ ❊①❛♠♣❧❡s ♦❢ ♠✉❧t✐✲❦♥♦t♦✐❞s ❞✐❛❣r❛♠s

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❚✇♦ ❦♥♦t♦✐❞ ✭♦r ♠✉❧t✐✲❦♥♦t♦✐❞✮ ❞✐❛❣r❛♠s ❛r❡ ✭✐s♦t♦♣✐✲
❝❛❧❧②✮ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❜② ❛ ✜♥✐t❡ s❡q✉❡♥❝❡
♦❢ ✐s♦t♦♣✐❡s ❛♥❞ t❤❡ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳ ❙❡❡ ❋✐❣✉r❡ ✶✳✷

❉❡✜♥✐t✐♦♥ ✷✳✶✳✹✳ ❚❤❡r❡ ❛r❡ t✇♦ ❢♦r❜✐❞❞❡♥ ♠♦✈❡s Ω− ❛♥❞ Ω+ t❤❛t ♣✉❧❧
t❤❡ str❛♥❞ ❛❞❥❛❝❡♥t t♦ ❛♥ ❡♥❞♣♦✐t ✭t❛✐❧ ♦r ❤❡❛❞✮ ✉♥❞❡r ♦r ♦✈❡r ❛ tr❛s✈❡rs❛❧
str❛♥❞s✳

❋✐❣✉r❡ ✷✳✸✿ ❋♦r❜✐❞❞❡♥ ♠♦✈❡s

◆♦t✐❝❡ t❤❛t ✐❢ t❤❡ ♠♦✈❡s Ω− ❛♥❞ Ω+ ❛r❡ ❛❧❧♦✇❡❞✱ ❛♥② ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥
Σ ❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ t❤❡ tr✐✈✐❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✺✳ ❆ ❦♥♦t♦✐❞ ✭♦r ♠✉❧t✐✲❦♥♦t♦✐❞✮ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢
❦♥♦t♦✐❞ ✭♠✉❧t✐✲❦♥♦t♦✐❞s✮ ❞✐❛❣r❛♠s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐s♦t♦♣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥❝❡
r❡❧❛t✐♦♥✳
❚❤❡ s❡t ♦❢ ❦♥♦t♦✐❞s ✐♥ Σ ✐s ❞❡♥♦t❡❞ K(Σ)✳

✶✸



❉❡✜♥✐t✐♦♥ ✷✳✶✳✻✳ ❚❤❡ ❦♥♦t♦✐❞s ❛❞♠✐t ✐♥✈♦❧✉t✐✈❡ ♦♣❡r❛t✐♦♥s✿

●✐✈❡♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✿
−K ✐s ✐ts r❡✈❡rs✐♦♥ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❝❤❛♥❣✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❦♥♦✲
t♦✐❞ ❞✐❛❣r❛♠ ✭♦r ❝❤❛♥❣✐♥❣ t❤❡ t❛✐❧ ✇✐t❤ t❤❡ ❤❡❛❞✮❀
mir(K) ✐s ✐ts ♠✐rr♦r r❡✢❡❝t✐♦♥ t❤❛t tr❛♥s❢♦r♠s ❛ ❦♥♦t♦✐❞ ✐♥t♦ ❛ ❦♥♦t♦✐❞
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❛♠❡ ❞✐❛❣r❛♠ ❜✉t ✇✐t❤ ❛❧❧ t❤❡ ❝r♦ss✐♥❣s ❝❤❛♥❣❡❞❀
sym(K) ✐s ✐ts s②♠♠❡tr✐❝ t❤❛t r❡✢❡❝ts ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❧✐♥❡ ✐♥ R

2 ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❡♥❞♣♦✐♥ts❀
rot(K) ✐s ✐ts r♦t❛t✐♦♥ t❤❛t ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ s②♠♠❡tr② ❛♥❞
♠✐rr♦r r❡✢❡❝t✐♦♥✳ rot(K) = mir(sym(K))

❉❡✜♥✐t✐♦♥ ✷✳✶✳✼✳ ▲♦❝❛❧ r❡❣✐♦♥s ♦❢ ❞✐❛❣r❛♠s
■❢ ✇❡ ✐❣♥♦r❡ t❤❡ ♦✈❡r✴✉♥❞❡r❝r♦ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✱ ✇❡
♦❜t❛✐♥ ❛ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n + 2 ✈❡rt✐❝❡s ✭n ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥✉♠❜❡r ♦❢
❝r♦ss✐♥❣s ♦❢ K ❛♥❞ 2 ❝♦rr❡s♣♦♥❞ ❛t ❡♥❞♣♦✐♥ts✮ ❛♥❞ t❤❡ ❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ❛r❝s ♦❢ K✳ ❚❤✐s ❣r❛♣❤ G ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ❞✐✈✐❞❡s S2 ✐♥t♦ n+1
r❡❣✐♦♥s✳
❲❡ ❧❛❜❡❧ t❤❡ ❛r❝s ♦❢ t❤❡ ❧♦❝❛❧ r❡❣✐♦♥s ♦❢ ❛ ❞✐❛❣r❛♠ ✐♥ t❤✐s ✇❛②✿
✲ ✇❡ ❝♦♥s✐❞❡r G❀
✲ ✇❡ st❛rt ❢r♦♠ t❤❡ t❛✐❧ ❛♥❞ ✇❡ ❧❡❜❡❧ ✐t ✇✐t❤ 0❀
✲ ✇❡ ♠♦✈❡ ❛❧♦♥❣ t❤❡ ❣r❛♣❤ ❛♥❞ ❡❛❝❤ t✐♠❡ t❤❛t ✇❡ ♠❡❡t ❛ ❝r♦ss✐♥❣✱ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛r❝ ✐♥❝r❡❛s❡s t❤❡ ❧❛❜❡❧ ❜② ♦♥❡✳
❚♦ ❞❡t❡r♠✐♥❛t❡ t❤❡ ❧♦❝❛❧ r❡❣✐♦♥s ♦❢ ❞✐❛❣r❛♠ ✐s ♥❡❝❡ss❛r② t♦ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿
✲ ✇❡ ❝❤♦♦s❡ ❛ ✈❡rt❡① t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝r♦ss✐♥❣ ❛♥❞ ✇❡ ❝❤♦♦s❡ ❛♥ ❛r❝
t❤❛t ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❛t ✈❡rt❡①❀
✲ ✇❡ ♠♦✈❡ ✐♥ ❛ ❝❧♦❝❦✇✐s❡ ✇❛② ❛♥❞ ✇❡ ❢♦❧❧♦✇ t❤❡ ❝❧♦s❡❞ ♣❛t❤ ♦♥ t❤❡ ❣r❛♣❤
t❤❛t ❧♦♦♣s ❜❛❝❦ t♦ t❤❡ ❝❤♦s❡♥ ❛r❝✳
◆♦t❡ t❤❛t ❡❛❝❤ ❛r❝ ✐s ❛❞❥❛❝❡♥t t♦ t✇♦ ❧♦❝❛❧ r❡❣✐♦♥s✱ ❡①❝❡♣t t❤❡ t✇♦ ❛r❝s t❤❛t
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❛r❡ ❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞ t♦ ❛♥ ❡♥❞♣♦✐♥t✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❤❛s n = 2 ❝r♦ss✐♥❣s t❤❛♥ ✇❡ ❤❛✈❡ 2 + 1
❧♦❝❛❧ r❡❣✐♦♥s✱ ✐♥ ❢❛❝t✿

✷✳✷ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ♣❧❛♥❛r ❛♥❞ s♣❤❡r✐❝❛❧

❦♥♦t♦✐❞s

❲❡ ♠♦st❧② ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ Σ = S2 ♦r R2✳
❚❤❡ s❡t ♦❢ ❛❧❧ ❦♥♦t♦✐❞s ✐♥ S2 ✐s ❞❡♥♦t❡❞ K(S2) ❛♥❞ ✇❡ s❤❛❧❧ ❝❛❧❧ t❤❡s❡ ❦♥♦t♦✐❞s
s♣❤❡r✐❝❛❧✱ ✇❤✐❧❡ t❤❡ ❦♥♦t♦✐❞s ♣❧❛♥❛r ❛r❡ ✐♥ R

2 ❛♥❞ t❤❡ t❤❡✐r s❡t ✐s K(R2)✳

❚❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞s ♣r♦✈✐❞❡ ❛ ♠♦r❡ r❡✜♥❡❞ ✇❛② t♦ ❝❧❛ss✐❢② ❦♥♦t♦✐❞s ❜❡❛✲
❝❛✉s❡ t❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ❦♥♦t♦✐❞s t❤❛t ❛r❡ ♥♦♥✲tr✐✈✐❛❧ ♦♥ t❤❡ ♣❧❛♥❡ ❜✉t
❜❡❝♦♠❡ tr✐✈✐❛❧ ✇❤❡♥ t❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ S2✳

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥tr✐✈✐❛❧ ♣❧❛♥❛r ❦♥♦t♦✐❞s ❣✐✈❡♥ ✐♥ t❤❡ ✜❣✉r❡✱ ✇❡ ❝❛♥
❞❡❢♦r♠ t❤❡ ❦♥♦t♦✐❞ ❜✉t ✇❡ ✇✐❧❧ ♥❡✈❡r ❤❛✈❡ t❤❡ ❢r❡❡❞♦♠ t♦ ♠♦✈❡ ❛r❝s ✐♥ ❛ ✇❛②
t❤❛t ✇✐❧❧ ✉♥❦♥♦t t❤❡ ❝✉r✈❡ ✇✐t❤♦✉t❤ ✈✐♦❧❛t✐♥❣ t❤❡ ❢♦r❜✐❞❞❡♥ ♠♦✈❡s✳
■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❦♥♦t♦✐❞ ✐♥ t❤❡ s♣❤❡r❡✱ ✐t✬s tr✐✈✐❛❧✦
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❲❡ ❝❛♥ t❛❦❡ ❛♥ ❛r❝ ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✱ ♣✉s❤ ✐t t♦✇❛r❞s ❛ ♣♦❧❡
♦❢ t❤❡ s♣❤❡r❡✱ ❛❝r♦ss ✐t ❛♥❞ ❛❧❧ t❤❡ ✇❛② ❛r♦✉♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ S2✱ ✇✐t❤ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡ Ω1 ❢♦r t✇♦ t✐♠❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ tr✐✈✐❛❧
❦♥♦t♦✐❞✳ ✭❚❤❡ ❞♦tt❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ ♣❛rts ♦❢ t❤❡ ❞✐❛❣r❛♠ t❤❛t ❛r❡ ♦♥ t❤❡ ❜❛❝❦
s✐❞❡ ♦❢ t❤❡ s♣❤❡r❡✳✮

❚❤❡r❡ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ ❦♥♦t♦✐❞s
ι : K(R2)→ K(S2) t❤❛t ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥ R

2 →֒ S2 ≡ R
2∪ ∞✳

❚❤❡ ♠❛♣ ι ✐s s✉r❥❡❝t✐✈❡ ❜✉t ♥♦t ✐♥❥❡❝t✐✈❡✳ ■♥❞❡❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❦♥♦t♦✐❞s
✭❆✮ ❛♥❞ ✭❇✮ ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ S2 ❜✉t ♥♦t ✐♥ R

2✳

✷✳✷✳✶ ❑♥♦t♦✐❞s ❛♥❞ ❦♥♦t t❤❡♦r②

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ●✐✈❡♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✱ ♦♥❡ ✇❛② t♦ ♦❜t❛✐♥ ❛ ❦♥♦t
❞✐❛❣r❛♠ ✐s t♦ ❝♦♥♥❡❝t t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K ❜② ❛♥ ❛r❝ ✇❤✐❝❤ ❣♦❡s ✉♥❞❡r ✭♦r
♦✈❡r✮ ❡❛❝❤ str❛♥❞ ♦❢ t❤❡ ❞✐❛❣r❛♠ t❤❛t ✐t ♠❡❡ts✳ ❚❤✐s ❛r❝ ✐s ❝❛❧❧❡❞ ❛ s❤♦rt❝✉t
♦❢ K✳
❚❤❡ ❦♥♦t ❞✐❛❣r❛♠ ♦❜t❛✐♥❡❞ ❜② ❝♦♥♥❡❝t✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢K ✇✐t❤ ❛ s❤♦rt❝✉t
✐s ❝❛❧❧❡❞ ❛♥ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ✭♦r ♦✈❡r♣❛ss ❝❧♦s✉r❡✮ ♦❢ K✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s
✐♥❞✉❝❡ ✇❡❧❧ ❞❡✜♥❡❞ ♠❛♣s✿

ω± : {Knotoids} → {Knots}

ω− ✐s t❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ♠❛♣ ✇❤✐❧❡ ω+ ✐s t❤❡ ♦✈❡r♣❛ss ❝❧♦s✉r❡ ♠❛♣
❲❡ ❝❛♥ ✐♥❞✐❝❛t❡ t❤❡ ❦♥♦t ❞✐❛❣r❛♠ ♦❜t❡✐♥❡❞ ❜② ♦✈❡r♣❛ss✭♦r ✉♥❞❡r♣❛ss✮ ❝❧♦s✉r❡
❜② K+ ❛♥❞ K−✱ r❡s♣❡❝t✐✈❡❧②✳

❘❡♠❛r❦ ✷✳✷✳✶✳ ❚❤❡ ♦✈❡r♣❛ss ❝❧♦s✉r❡ ❛♥❞ t❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ♦❢ ❛ ❦♥♦t♦✐❞
❞✐❛❣r❛♠ ♠❛② ❣✐✈❡ r✐s❡ t♦ ♥♦♥✲✐s♦t♦♣✐❝ ❦♥♦ts✳
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❋♦r ❡①❛♠♣❧❡✿

❋✐❣✉r❡ ✷✳✹✿ ❊①❛♠♣❧❡ ♦❢ ♦✈❡r♣❛ss✲✉♥❞❡r♣❛ss ❝❧♦s✉r❡

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✳ ❊✈❡r② ❝❧❛ss✐❝❛❧ ❦♥♦t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❦♥♦t♦✐❞ ❞✐✲
❛❣r❛♠ ✐♥ S2✳
▲❡t k∗ ❜❡ ❛ ❦♥♦t ✐♥ R

3✳ ❲❡ t❛❦❡ ❛♥ ♦r✐❡♥t❡❞ ❞✐❛❣r❛♠ D ♦❢ k∗ ✐♥ S2✳ ❇②
❝✉tt✐♥❣ ♦✉t ❛♥ ❛r❝ ❢r♦♠ D t❤❛t ❞♦❡s♥✬t ❝♦♥t❛✐♥s ❝r♦ss✐♥❣ ♦r t❤❛t ❝♦♥t❛✐♥s
♦♥❧② ❝r♦ss✐♥❣ ✇❤✐❝❤ ❛r❡ ♦✈❡r❝r♦ss✐♥❣ ✭♦r ✉♥❞❡r❝r♦ss✐♥❣✮✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛
❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

❘❡♠❛r❦ ✷✳✷✳✷✳ ❇② ❝✉tt✐♥❣ ♦✉t ❞✐✛❡r❡♥t ❛r❝s ♦❢ t❤❡ ❦♥♦t ❞✐❛❣r❛♠ D ✇❡ ♠❛②
♦❜t❛✐♥❡❞ ♥♦♥✲❡q✉✐✈❛❧❡♥t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✳

❋♦r ❡①❛♠♣❧❡

❋✐❣✉r❡ ✷✳✺✿ ❚❤❡ ✐♠❛❣❡s ✉♥❞❡r ω− ♦❢ t❤❡ t✇♦ ❦♥♦t♦✐❞s ❛r❡ ❜♦t❤ tr❡❢♦✐❧ ❦♥♦t
❜✉t t❤❡ ❦♥♦t♦✐❞s ❞✐❛❣r❛♠s ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t
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❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ❙♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s ❡①t❡♥❞✐♥❣ ❝❧❛ss✐❝❛❧ ❦♥♦t t❤❡♦r②
❚❤❡r❡ ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣✿

α :❈❧❛ss✐❝❛❧ ❦♥♦ts/〈Ω1,Ω2,Ω3〉 → ❑♥♦t♦✐❞s ✐♥ S2

〈Ω1,Ω2,Ω3〉 ❞❡♥♦t❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❘❡✐❞❡♠❡✐st❡r
♠♦✈❡s✳
❲❡ ❝♦♥s✐❞❡r ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t ❞✐❛❣r❛♠ D ✐♥ S2✱ r❡♣r❡s❡♥t✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t
k∗✳ ❚❤❡ ♠❛♣ α ❛ss✐❣♥s t♦ D t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2 ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣
❛♥ ❛r❝ a ♦❢ D ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝r♦ss✐♥❣s✳
❚❤❡♥ K = D − a ✐s ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2 r❡♣r❡s❡♥t✐♥❣ k ∈ K(S2)✳
❚❤❡r❡❢♦r❡ t❤❡ ♠❛♣ α ✐s ✇❡❧❧✲❞❡✜♥❡❞✳
❚❤❡ ❞✐❛❣r❛♠ K ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ a ❜✉t t❤❡ ❦♥♦t♦✐❞ k ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ t❤✐s ❝❤♦✐❝❡✿ ✇❤❡♥ a ✐s ♣✉❧❧❡❞ ❛❧♦♥❣ D ✉♥❞❡r ✭r❡s♣❡❝t✐✈❡❧②
♦✈❡r✮ ❛ ❝r♦ss✐♥❣ ♦❢ D✱ ♦✉r ♣r♦❝❡❞✉r❡ ②✐❡❧❞s ❛♥ ❡q✉✐✈❛❧❡♥t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳
❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ❜② ♣✉s❤✐♥❣ t❤❡ str❛♥❞ ♦❢ D tr❛♥s✈❡rs❛❧ t♦ a ❛t
t❤❡ ❝r♦ss✐♥❣ ✐♥ q✉❡st✐♦♥ ♦✈❡r ✭r❡s♣❡❝t✐✈❡❧② ✉♥❞❡r✮ D t♦✇❛r❞s ∞✱ t❤❡♥ ❛❝r♦ss
∞✱ ❛♥❞ ✜♥❛❧❧② ❜❛❝❦ ♦✈❡r ✭r❡s♣❡❝t✐✈❡❧② ✉♥❞❡r✮ D ❢r♦♠ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ a✳
✭❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❡①♣❛♥❞s ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐s♦t♦♣✐❡s✱ ♠♦✈❡s Ω±1

2 ✱ Ω±1
3 ❛♥❞✱

❛t t❤❡ ✈❡r② ❡♥❞✱ t✇♦ ♠♦✈❡s Ω−1
1 ✮✳

❚❤❛t k ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❞ D ✐s ❝❧❡❛r ❜❡❝❛✉s❡ ❢♦r ❛♥② ❘❡✐❞❡✲
♠❡✐st❡r ♠♦✈❡ ♦♥ D ♦r ❛ ❧♦❝❛❧ ✐s♦t♦♣② ♦❢ D✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ❛r❝ a ♦✉ts✐❞❡
t❤❡ ❞✐s❦ ✇❤❡r❡ t❤✐s ♠♦✈❡✴✐s♦t♦♣② ♠♦❞✐✜❡s D✳
❋♦r t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ α✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❡❡ t❤❛t ✉♥❞❡r♣❛ss ❛♥❞ ♦✈❡r♣❛ss
❝❧♦s✉r❡s ♦❢ ❛♥② ❦♥♦t♦✐❞ t❤❛t ✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠❛♣ α✱ ❛r❡ ❡q✉✐✈❛❧❡♥t ❦♥♦t
❞✐❛❣r❛♠s✳
❆ ❦♥♦t♦✐❞ ✐♥ S2 t❤❛t ✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ α✱ ✐s ❝❛❧❧❡❞ ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞
❛♥❞ ✐t ❤❛s ❜♦t❤ ❡♥❞♣♦✐♥ts ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥ ♦❢ ✐ts r❡♣r❡s❡♥t❛t✐✈❡ ❞✐❛❣r❛♠✳
❆ ❦♥♦t♦✐❞ t❤❛t ✐s ♥♦t ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ α✱ ✐s ❝❛❧❧❡❞ ❛ ♣r♦♣❡r ❦♥♦t♦✐❞ ❛♥❞ t❤❡
❡♥❞♣♦✐♥ts ❝❛♥ ❜❡ ✐♥ ❛♥② ❧♦❝❛❧ r❡❣✐♦♥ ♦❢ ✐ts r❡♣r❡s❡♥t❛t✐✈❡ ❞✐❛❣r❛♠✳
❚❤❡ s❡t ♦❢ ❦♥♦t♦✐❞s✱ K(S2) ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❦♥♦t✲
t②♣❡ ❦♥♦t♦✐❞s ❛♥❞ t❤❡ s❡t ♦❢ ♣r♦♣❡r ❦♥♦t♦✐❞s✳
■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❋✐❣✉r❡ ✷✳✶ ✐♥ S2✱ t❤❡ ❡①❛♠♣❧❡s ♦❢ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ❞✐❛✲
❣r❛♠s ❛r❡ ✭✶✮✱✭✷✮✱✭✺✮✱ ❛♥❞ ✭✸✮✱✭✹✮ ✐❧❧✉str❛t❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♣r♦♣❡r ❦♥♦t♦✐❞
❞✐❛❣r❛♠s✳

❘❡♠❛r❦ ✷✳✷✳✸✳ ❚❤❡r❡ ✐s ❛ ✶✲✶ ❝♦rr✐s♣♦♥❞❡❝❡ ❜❡t✇❡❡♥ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞s
❛♥❞ ❝❧❛ss✐❝❛❧ ❦♥♦ts✱ ✐♥❞✉❝❡❞ ❜② t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❝❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✹✳ ❚❤❡ ❤❡✐❣❤t ✭♦r t❤❡ ❝♦♠♣❧❡①✐t②✮ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ⊂
S2 ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s t❤❛t ❛ s❤♦rt❝✉t ❝r❡❛t❡s ❞✉r✐♥❣ t❤❡
✉♥❞❡r♣❛ss ❝❧♦s✉r❡✳ ❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ k ∈ K(S2) ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡

✶✽



❤❡✐❣❤ts ♦❢ t❤❡ ❞✐❛❣r❛♠s ♦❢ k ❛♥❞ ✐t ✐s ❞❡♥♦t❡❞ ❜② h(k)✳
❆ ❦♥♦t♦✐❞ ✐♥ S2 ✐s ♦❢ ❦♥♦t✲t②♣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❤❡✐❣❤t ✐s ③❡r♦ ♦r ❡q✉✐✈❛❧❡♥t❧②
❛ ❦♥♦t♦✐❞ ✐♥ S2 ❤❛s ♥♦♥③❡r♦ ❤❡✐❣❤t ✐❢ ❛♥❞ ♦♥❧② ✐t ✐s ❛ ♣r♦♣❡r ❦♥♦t♦✐❞✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✺✳ ❆ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ R
2 ✐s s❛✐❞ t♦ ❜❡ ♥♦r♠❛❧ ✐❢ ✐ts

t❛✐❧ v0 ❧✐❡s ✐♥ t❤❡ ♦✉t❡r♠♦st r❡❣✐♦♥ ✭t❤❡ ✉♥❜♦✉♥❞❡❞ ♦♥❡✮ ♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❆♥②
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2 ✐s ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ♥♦r♠❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✻✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥♥❡❝t t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛✲
❣r❛♠ ✐♥ S2 ✐♥ t❤❡ ✈✐rt✉❛❧ ❢❛s❤✐♦♥✱ t❤✐s ✐♥❞✉❝❡s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♠❛♣ ❢r♦♠ t❤❡
s❡t ♦❢ ❝❧❛ss✐❝❛❧ ❦♥♦ts t♦ t❤❡ s❡t ♦❢ ✈✐rt✉❛❧ ❦♥♦ts ♦❢ ❣❡♥✉s ❛t ♠♦st 1✳ ❚❤✐s ♠❛♣
✐s ❝❛❧❧❡❞ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♠❛♣ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② v̄✳ ❚❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛♥ ❡♠❜❡❞❞❡❞ ❛r❝ ✐♥ S2 ❜✉t t❤✐s t✐♠❡
❛ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ✐s ❝r❡❛t❡❞ ❡✈❡r② t✐♠❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❛r❝ ❝r♦ss❡s ❛ str❛♥❞
♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛
t♦r✉s ❜② ❛tt❛❝❤✐♥❣ ❛ ✶✲❤❛♥❞❧❡ t♦ S2 ✇❤✐❝❤ ❤♦❧❞s t❤❡ ❝♦♥♥❡❝t✐♦♥ ❛r❝✳

v̄ : {Knotoids in S2} → {V irtual knots of genus ≤ 1}

❋✐❣✉r❡ ✷✳✻✿ ❚❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠

❚❤❡ ✈✐rt✉❛❧ ❦♥♦t ❛ss✐❣♥❡❞ t♦ ❛ ❦♥♦t♦✐❞ K ✐♥ S2 ✈✐❛ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♠❛♣
✐s ❝❛❧❧❡❞ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♦❢ K✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② v̄(K)✳
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣❛✐r ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s K1✱ K2✱ ✇❤♦s❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡s ❛r❡
t❤❡ s❛♠❡ ✈✐rt✉❛❧ ❦♥♦t✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t t❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ♦❢ K1 ✐s t❤❡ tr❡❢♦✐❧ ❦♥♦t✱
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❛♥❞ t❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ♦❢ K2 ✐s t❤❡ ✉♥❦♥♦t ✭✐♥ ❋✐❣✉r❡ ✷✳✹ ✮✳
K1 ❛♥❞ K2 ❛r❡ t✇♦ ♥♦♥✲❡q✉✐✈❛❧❡♥t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✱ ❛♥❞ s♦✱ t❤❡ ✈✐rt✉❛❧
❝❧♦s✉r❡ ♠❛♣ ✐s ♥♦t ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣✳

❘❡♠❛r❦ ✷✳✷✳✹✳ ❚❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♦❢ ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ✐s ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t✳
■t ❢♦❧❧♦✇s ❢r♦♠ ❑♦r❛❜❧❡✈ ❛♥❞ ▼❛② ❬✻❪ t❤❛t t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ✇✐❧❧ ♣r♦❞✉❝❡ ❛
❣❡♥✉s ✵ ❦♥♦t ♦♥❧② ✐❢ t❤❡ ❦♥♦t♦✐❞ ✐s ♦❢ ❦♥♦t✲t②♣❡✱ ✐✳❡✳ ♦♥❧② ✐❢ t❤❡ ❦♥♦t♦✐❞ ❤❛s
❤❡✐❣❤t ✵✳

✷✵



✷✳✸ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞s

▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞s ✐s t❤❡ ❛♥❛❧♦❣✉❡ ❢♦r ❝♦♥♥❡❝t❡❞ s✉♠ ♦❢ ❦♥♦ts✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✳ ❊❛❝❤ ❡♥❞♣♦✐♥t ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ✐♥ S2 ❛❞♠✐ts ❛
✷✲❞✐s❦ ✭❛ ♥❡✐❣❤❜♦✉r❤♦♦❞✮ D s✉❝❤ t❤❛t K ✐♥t❡rs❡❝t D ♣r❡❝✐s❡❧② ❛❧♦♥❣ ♦♥❡ ❛r❝
♦❢ D✱ ✐✳❡✳ ❛ r❛❞✐✉s ♦❢ D✳
●✐✈❡♥ t✇♦ ❞✐❛❣r❛♠s K1 ❛♥❞ K2 ✐♥ S2 r❡♣r❡s❡♥t✐♥❣ t❤❡ ❦♥♦t♦✐❞s k1 ❛♥❞ k2✱
✇❡ ❝♦♥s✐❞❡r ❛ ✷✲❞✐s❦ D1 ♦♥ t❤❡ ❤❡❛❞ v1 ♦❢ K1 ❛♥❞ ❛ ✷✲❞✐s❦ D2 ♦♥ t❤❡ t❛✐❧ v0
♦❢ K2✳
❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞s k = k1 · k2 ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
❲❡ ❣❧✉❡ S2 − Int(D1) t♦ S2 − Int(D2) t❤r♦✉❣❤ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ t❛❦✐♥❣
∂D1 t♦ ∂D2 ❛♥❞ ❝❛rr②✐♥❣ t❤❡ s✐♥❣❧❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ ∂D1 ∩ K1 t♦ t❤❡
s✐♥❣❧❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ ∂D2∩K2✳ ❚❤❡♥ K1−Int(D1) ♠❡❡ts K2− ■♥t✭D2✮
❛t ♦♥❡ ♣♦✐♥t ❛♥❞ ❢♦r♠ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K1 · K2 r❡♣r❡s❡♥t✐♥❣ t❤❡ ❦♥♦t♦✐❞
k1 · k2 ✐♥ S2✳ ◆♦t❡ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s ❤❛s ❛ ❝❧❡❛r
r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♥♦r♠❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✳

❋✐❣✉r❡ ✷✳✼✿ ❊①❛♠♣❧❡ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞s

❉❡✜♥✐t✐♦♥ ✷✳✸✳✷✳ ❆ ❦♥♦t♦✐❞ k ✐♥ K(S2) ✐s ❝❛❧❧❡❞ ♣r✐♠❡ ✐❢ ✐t ✐s ♥♦t t❤❡ tr✐✈✐❛❧
❦♥♦t♦✐❞ ❛♥❞ k = k1 · k2 ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r k1 ♦r k2 ✐s t❤❡ tr✐✈✐❛❧ ❦♥♦t♦✐❞✳

✷✶



✷✳✹ ●❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞s

✷✳✹✳✶ P❧❛♥❛r ❦♥♦t♦✐❞s

❆ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❣✐✈❡s r✐s❡ t♦ ❛ ♠✉❧t✐t✉❞❡ ♦❢ ❡♠❜❡❞❞❡❞ ♦♣❡♥ ❝✉r✈❡s ✐♥ t❤❡
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❋✐❣✉r❡ ✷✳✽✿ ❊①❛♠♣❧❡① ♦❢ ♦♣❡♥ ❝✉r✈❡s ✐♥ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✭✐♥ r❡❞✮
♦❜t❛✐♥❡❞ ❜② t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭✐♥ ❣r❛②✮

▲❡t K ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ R
2✳ ❚❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐s ✐❞❡♥t✐✜❡❞

✇✐t❤ R
2×{0} ⊂ R

3✳
K ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ R

3 ❜② ♣✉s❤✐♥❣ t❤❡ ♦✈❡r♣❛ss❡s ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐♥t♦
t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡ ❛♥❞ t❤❡ ✉♥❞❡r♣❛ss❡s ✐♥t♦ t❤❡ ❧♦✇❡r ❤❛❧❢✲s♣❛❝❡✱ ✇❤✐❧❡
❦❡❡♣✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ❛tt❛❝❤❡❞ t♦ t❤❡ t✇♦ ❧✐♥❡s {t}×R ❛♥❞ {h}×R t❤❛t ♣❛ss
r❡s♣❡❝t✐✈❡❧② t❤r♦✉❣❤ t❤❡ t❛✐❧ ❛♥❞ t❤❡ ❤❡❛❞✱ t❤❡ t✇♦ ❧✐♥❡s ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❞✐❛❣r❛♠✳
▼♦✈✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢K ❛❧♦♥❣ t❤❡s❡ s♣❡❝✐❛❧ ❧✐♥❡s ❣✐✈❡s r✐s❡ t♦ ♦♣❡♥ ♦r✐❡♥t❡❞
❝✉r✈❡s ❡♠❜❡❞❞❡❞ ✐♥ R

3 ✇✐t❤ t❤❡ t✇♦ ❡♥❞♣♦✐♥ts ❝♦♥str❛✐♥❡❞ t♦ ♠♦✈❡ ❛❧♦♥❣
t❤❡s❡ ❧✐♥❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✳ ❚✇♦ ♦♣❡♥ ♦r✐❡♥t❡❞ ❝✉r✈❡s ❡♠❜❡❞❞❡❞ ✐♥ R
3 ✇✐t❤ t❤❡ ❡♥❞✲

♣♦✐♥ts t❤❛t ❛r❡ ❛tt❛❝❤❡❞ t♦ t✇♦ s♣❡❝✐❛❧ ❧✐♥❡s✱ ❛r❡ s❛✐❞ t♦ ❜❡ ❧✐♥❡ ✐s♦t♦♣✐❝ ✐❢
t❤❡r❡ ✐s ❛♥ ✭❛♠❜✐❡♥t✮ ✐s♦t♦♣② ♦❢ t❤❡ tr✐♣❧❡ (R3, {t}×R, {h}×R)✱ t❛❦✐♥❣ ♦♥❡
❝✉r✈❡ t♦ t❤❡ ♦t❤❡r ❝✉r✈❡✳

❚❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✱ ❧❡t ❜❡ ❣✐✈❡♥ ❛♥ ♦♣❡♥ ♦r✐❡♥t❡❞ ❡♠❜❡❞❞❡❞ ❝✉r✈❡ ✐♥
R

3 ✇✐t❤ ❛ ❣❡♥❡r✐❝ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ xy✲♣❧❛♥❡✳
❚❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡ ❞❡t❡r♠✐♥❡ t✇♦ ❧✐♥❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❡♥❞✲
♣♦✐♥ts ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣❧❛♥❡✳ ❚❤❡ ❣❡♥❡r✐❝ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡

✷✷



t♦ t❤❡ xy✲♣❧❛♥❡ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ✇✐t❤ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥s ❡♥❞♦✇❡❞ ✇✐t❤ ♦✈❡r ❛♥❞
✉♥❞❡r✲❝r♦ss✐♥❣ ❞❛t❛✱ ✐s ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ R

2✳
❆ ❣❡♥❡r✐❝ ❝✉r✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ xy✲♣❧❛♥❡ ✐s ❛ s♠♦♦t❤ ♦♣❡♥ ❡♠❜❡❞✲
❞❡❞ ❝✉r✈❡ ✐♥ R

3 t❤❛t ❤❛s ❛ ❣❡♥❡r✐❝ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ xy✲♣❧❛♥❡✳ ❙✉❝❤ ❛ ❝✉r✈❡
❞❡t❡r♠✐♥❡s ❛ ❧✐♥❡ ✐s♦t♦♣② ❝❧❛ss ❛s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✳

❚❤❡♦r❡♠ ✷✳ ❚✇♦ s♠♦♦t❤ ♦♣❡♥ ♦r✐❡♥t❡❞ ❝✉r✈❡s ✐♥ R
3 t❤❛t ❛r❡ ❣❡♥❡r✐❝ ✇✐t❤ r❡✲

s♣❡❝t t♦ t❤❡ xy✲♣❧❛♥❡ ❛r❡ ❧✐♥❡ ✐s♦t♦♣✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡s ♣❛ss✐♥❣ t❤r♦✉❣❤
t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡✐r ❣❡♥❡r✐❝ ♣r♦❥❡❝t✐♦♥s t♦ t❤❡ xy✲
♣❧❛♥❡ ❛r❡ ❡q✉✐✈❛❧❡♥t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✱ ✐✳❡✳ t❤❡② ❛r❡ r❡❧❛t❡❞ ❜② ❘❡✐❞❡♠❡✐st❡r
♠♦✈❡s Ωi ✭i = 1, 2, 3✮ ✐♥ t❤❡ ♣❧❛♥❡✳

Pr♦♦❢✳ ❙✐♥❝❡ ❡✈❡r②t❤✐♥❣ ✐s s❡t ✐♥ t❤❡ s♠♦♦t❤ ❝❛t❡❣♦r②✱ ✇❡ ❝❛♥ s✇✐t❝❤ t♦ t❤❡
♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❝❛t❡❣♦r②✳
❖♣❡♥ ❝✉r✈❡s ❛r❡ ❞❡✜♥❡❞ ❛s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❝✉r✈❡s ✐♥ R

3✱ t❤❛t ✐s✱ ❛s ❛ ✉♥✐♦♥
♦❢ ✜♥✐t❡❧② ♠❛♥② ❡❞❣❡s✿ ❬p1, p2❪✱✳✳✳✱❬pn−1, pn❪ s✉❝❤ t❤❛t ❡❛❝❤ ❡❞❣❡ ✐♥t❡rs❡❝ts ♦♥❡
♦r t✇♦ ♦t❤❡r ❡❞❣❡s ❛t t❤❡ ♣♦✐♥ts✱ pi ✱ i = 2, ..., n − 1 ❛♥❞ p1 ❛♥❞ pn ❛r❡ t❤❡
❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡✳
❲❡ ❞❡✜♥❡ t❤❡ tr✐❛♥❣❧❡ ♠♦✈❡ ✐♥ ✸✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳
●✐✈❡♥ ❛♥ ♦♣❡♥ ❝✉r✈❡ ✇✐t❤ ❡♥❞♣♦✐♥ts ♦♥ t❤❡ ❧✐♥❡s✱ ❧❡t ❬pi, pi+1❪ ❜❡ ❛♥ ❡❞❣❡ ♦❢
t❤❡ ❝✉r✈❡ ❛♥❞ p0 ❜❡ ❛ ♣♦✐♥t ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥✳ ❚❤❡ ❡❞❣❡ ✐s tr❛♥s❢♦r♠❡❞ t♦
t✇♦ ❡❞❣❡s ❬pi ✱ p0❪ ❛♥❞ ❬p0✱pi+1❪ ✇❤✐❝❤ ❢♦r♠ ❛ tr✐❛♥❣❧❡✱ ✇❤❡♥❡✈❡r t❤✐s tr✐❛♥❣❧❡
✐s ♥♦t ♣✐❡r❝❡❞ ❜② ❛♥♦t❤❡r ❡❞❣❡ ♦❢ t❤❡ ❝✉r✈❡ ♦r ❜② t❤❡ ❧✐♥❡s✳
■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ❝♦♥s❡❝✉t✐✈❡ s❡q✉❡♥❝❡ ♦❢ t✇♦ ❡❞❣❡s ♠❛② ❜❡ tr❛♥s❢♦r♠❡❞ t♦
♦♥❡ ❡❞❣❡ ❜② ❛ tr✐❛♥❣❧❡ ♠♦✈❡✳
❆♥ ❛♠❜✐❡♥t ✐s♦t♦♣② ♦❢ ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❝✉r✈❡ ✐♥ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡
t✇♦ ❧✐♥❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ tr✐❛♥❣❧❡ ♠♦✈❡s✳ ❇② ✉s✐♥❣
tr✐❛♥❣❧❡ ♠♦✈❡s ✇❡ ❝❛♥ s✉❜❞✐✈✐❞❡ t❤❡ ❡❞❣❡s ✐♥t♦ s♠❛❧❧❡r ❡❞❣❡s❀ ✇❡ ❝❛♥ s❡❡ ❛♥②
tr✐❛♥❣❧❡ ♠♦✈❡ ❝❛♥ ❜❡ ❢❛❝t♦r✐t❡❞ ✐♥t♦ ❛ s❡q✉❡♥❝❡ ♦❢ s♠❛❧❧❡r tr✐❛♥❣✉❧❛r ♠♦✈❡s
❜② s✉❜❞✐✈✐❞✐♥❣ t❤❡ tr✐❛♥❣❧❡s ❛♥❞ t❤❡ ❡❞❣❡s ❛❝❝♦r❞✐♥❣❧②✳

❋✐❣✉r❡ ✷✳✾✿ ❙✉❜❞✐✈✐s✐♦♥ ♦❢ ❛♥ ❡❞❣❡

❈♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❝✉r✈❡ t♦ t❤❡ ♣❧❛♥❡✱ t❤❡ tr✐❛♥❣❧❡ ✇❤❡r❡ ❛
tr✐❛♥❣✉❧❛r ♠♦✈❡s t❛❦❡s ♣❧❛❝❡ ✐s ♣r♦❥❡❝t❡❞ t♦ ❛ ♥♦♥✲s✐♥❣✉❧❛r tr✐❛♥❣❧❡✳
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❚❤✐s tr✐❛♥❣❧❡ ❝❛♥ ❝♦♥t❛✐♥ ♠❛♥② str❛♥❞s ✇❤✐❝❤ ❛r❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ♦t❤❡r
❡❞❣❡s✳

❋✐❣✉r❡ ✷✳✶✵✿ ❚❤❡ str❛♥❞s ✐♥ t❤❡ tr✐❛♥❣❧❡ s❤♦✇ t❤❛t tr✐❛♥❣❧❡ ♠♦✈❡s ❛r❡ ❣❡♥❡r✲
❛t❡❞ ❜② ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳ ❚❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ✜❣✉r❡ s❤♦✇s s♦♠❡ ❝❛s❡s
t❤❛t ❛r❡ ✜♥✐t❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳
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✷✳✹✳✷ ❙♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❚✉r❛❡✈
♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s ✈✐❛ θ✲❝✉r✈❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✷✳ ❆ t❤❡t❛✲❝✉r✈❡ θ ✐s ❛ ❣r❛♣❤ ❡♠❜❡❞❞❡❞ ✐♥ S3 ✇✐t❤ t✇♦
✈❡rt✐❝❡s v0 ❛♥❞ v1 ✭t❤❡ t❛✐❧ ❛♥❞ t❤❡ ❤❡❛❞ ♦❢ θ r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ t❤r❡❡ ❡❞❣❡s
e−✱ e0✱ e+ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❥♦✐♥s v0 t♦ v1✳
❊✈❡r② ✈❡rt❡① v ∈ {v0, v1} ♦❢ θ ❤❛s ❛ ❝❧♦s❡❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞
B ⊂ S3 ♠❡❡t✐♥❣ θ ❛❧♦♥❣ t❤r❡❡ r❛❞✐✐ ♦❢ B✳
B ✐s ❝❛❧❧❡❞ ❛ r❡❣✉❧❛r ♥❡✐❣❤♥♦r❤♦♦❞ ♦❢ v✳
❚❤❡ ❝✉r✈❡s

θ− = e− ∪ e0 θ0 = e− ∪ e+ θ+ = e+ ∪ e0
❛r❡ ❦♥♦ts ✐♥ S3✳ ❲❡ ♦r✐❡♥t θ− ❛♥❞ θ+ ❝♦❤❡r❡♥t❧② t♦ e0✱ ✇❤✐❧❡ ✇❡ ❝❛♥ ❝❤♦♦s❡
t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ theta0✳
❚❤❡s❡ ❦♥♦ts ❛r❡ ❝❛❧❧❡❞ ❝♦st✐t✉❡♥t ❦♥♦ts ♦❢ θ✳
❚✇♦ θ✲❝✉r✈❡s ❛r❡ ✐s♦t♦♣✐❝ ✐❢ t❤❡r② ❛r❡ r❡❧❛t❡❞ ❜② ❛♥ ❛♠❜✐❡♥t ✐s♦t♦♣② t❤❛t
♣r❡s❡r✈❡s t❤❡ ❧❛❜❡❧s 0, 1 ♦❢ t❤❡ ✈❡rt✐❝❡s ❛♥ t❤❡ ❧❛❜❧❡s −, 0,+ ♦❢ t❤❡ ❡❞❣❡s✳
❆ θ✲❝✉r✈❡ ✐s ❝❛❧❧❡❞ s✐♠♣❧❡ ✐❢ ✐ts ❝♦♥st✐t✉❡♥t ❦♥♦t θ0 = e− ∪ e+ ✐s t❤❡ tr✐✈✐❛❧
❦♥♦t✳ Θs ✐s t❤❡ s❡t ♦❢ s✐♠♣❧❡ ❧❛❜❡❧❧❡❞ θ✲❝✉r✈❡s ✐♥ S3✳

❋✐❣✉r❡ ✷✳✶✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧❡ θ✲❝✉r✈❡

■♥ ❣❡♥❡r❛❧ t❤❡ s❡t ♦❢ θ✲❝✉r✈❡s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Θ ❛♥❞ ✐t ❤❛s ❛ ❜✐♥❛r②
♦♣❡r❛t✐♦♥ ❝❛❧❧❡❞ t❤❡ ✈❡rt❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✸✳ ❱❡rt❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥✿ ●✐✈❡♥ θ✲❝✉r✈❡s θ ❛♥❞ θ′✱ ♣✐❝❦
♥❡✐❣❤❜♦r❤♦♦❞s B ❛♥❞ B′ ♦❢ t❤❡ ❤❡❛❞ ♦❢ θ ❛♥❞ ♦❢ t❤❡ ❧❡❣ ♦❢ θ′✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t
✉s ❣❧✉❡ t❤❡ ❝❧♦s❡❞ ✸✲❜❛❧❧s S3−Int(B) ❛♥❞ S3−Int(B′) t❤r♦✉❣❤ ❛♥ ♦r✐❡♥t❛t✐♦♥✲
r❡✈❡rs✐♥❣ ❤♦♠❡♦♠♦r♣❤✐s♠ ∂B → ∂B′ ❝❛rr②✐♥❣ t❤❡ ♦♥❧② ♣♦✐♥t ♦❢ ∂B ❧②✐♥❣ ♦♥
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t❤❡ i✲t❤ ❡❞❣❡ ♦❢ θ t♦ t❤❡ ♦♥❧② ♣♦✐♥t ♦❢ ∂B′ ❧②✐♥❣ ♦♥ t❤❡ i✲t❤ ❡❞❣❡ ♦❢ θ′ ❢♦r
i = −, 0,+✳
❚❤❡ ♣❛rt ♦❢ θ ❧②✐♥❣ ✐♥ S3− (B) ❛♥❞ t❤❡ ♣❛rt ♦❢ θ′ ❧②✐♥❣ ✐♥ S3− Int(B′) ♠❡❡t
✐♥ ✸ ♣♦✐♥ts ❛♥❞ ❢♦r♠ ❛ θ✲❝✉r✈❡ ✐♥ S3 ❞❡♥♦t❡❞ θθ′✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✹✳ θ ✐s st❛♥❞❛r❞ θ✲❝✉r✈❡ ✐❢✿
✶✮ θ ⊂ R

3❀
✷✮ ❜♦t❤ ✈❡rt✐❝❡s ♦❢ θ ❧✐❡ ✐♥ R

2 = R
2 × {0}❀

✸✮ t❤❡ ❡❞❣❡ e+ ❧✐❡s ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡❀
✹✮ t❤❡ ❡❞❣❡ e− ❧✐❡s ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢✲s♣❛❝❡❀
✺✮ e−✱ e+ ♣r♦❥❡❝t ❜✐❥❡❝t✐✈❡❧② t♦ t❤❡ s❛♠❡ ❡♠❜❡❞❞❡❞ ❛r❝ a ⊂ R

2 ❝♦♥♥❡❝t✐♥❣ v0
❛♥❞ v1✳

❘❡♠❛r❦ ✷✳✹✳✶✳ ❆♥② s✐♠♣❧❡ t❤❡t❛ ❝✉r✈❡ θ ⊂ S3 ✐s ✐s♦t♦♣✐❝ t♦ ❛ st❛♥❞❛r❞
t❤❡t❛✲❝✉r✈❡✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ♣✉t θ ❛✇❛② ❢r♦♠ ∞ ∈ S3 s♦ t❤❛t θ ⊂ R3✱ ♣✐❝❦ ❛
❞✐s❦ ❢♦r θ0 ❛♥❞ ❛♣♣❧② ❛♥ ✐s♦t♦♣② t❤✐s ❞✐s❦ t♦ ❛ ✈❡rt✐❝❛❧ ♦♥❡✳

❚❤❡♦r❡♠ ✸✳ ❆♥ ♦r✐❡♥t❛t✐♦♥ ♣r❡s❡r✈✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠ f : S3 → S3 ✜①✐♥❣
♣♦✐♥t✇✐s❡ ❛♥ ✉♥❦♥♦tt❡❞ ❝✐r❝❧❡ S ⊂ S3 ✐s ✐s♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ✐♥ t❤❡ ❝❧❛ss
♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s S3 → S3 ✜①✐♥❣ S ♣♦✐♥t✇✐s❡✳

❘❡♠❛r❦ ✷✳✹✳✷✳ ■❢ t✇♦ st❛♥❞❛r❞ t❤❡t❛✲❝✉r✈❡s θ, θ′ ⊂ R3 ❛r❡ ✐s♦t♦♣✐❝✱ t❤❡♥
t❤❡② ❛r❡ ✐s♦t♦♣✐❝ ✐♥ t❤❡ ❝❧❛ss ♦❢ st❛♥❞❛r❞ t❤❡t❛✲❝✉r✈❡s✳
■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❞❡❢♦r♠ θ′ ✐♥ t❤❡ ❝❧❛ss ♦❢ st❛♥❞❛r❞ t❤❡t❛✲❝✉r✈❡s s♦ t❤❛t θ ❛♥❞
θ′ s❤❛r❡ t❤❡ s❛♠❡ ✈❡rt✐❝❡s ❛♥❞ t❤❡ s❛♠❡ ±✲❧❛❜❡❧❡❞ ❡❞❣❡s✳
▲❡t S ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡ ✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s✳ ❚❤❡ s❡t S ✐s ❛♥ ✉♥❦♥♦tt❡❞
❝✐r❝❧❡ ✐♥ S3✳
❙✐♥❝❡ θ ✐s ✐s♦t♦♣✐❝ t♦ θ′✱ t❤❡r❡ ✐s ❛♥ ♦r✐❡♥t❛t✐♦♥✲♣r❡s❡r✈✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠
f : S3 → S3 ❝❛rr②✐♥❣ θ ♦♥t♦ θ′ ❛♥❞ ♣r❡s❡r✈✐♥❣ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ✈❡rt✐❝❡s ❛♥❞
t❤❡ ❡❞❣❡s✳ ❚❤❡♥ f(S) = S✳ ❉❡❢♦r♠✐♥❣ f ✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t f |S = id✳
❇② t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ f ✐s ✐s♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② id : S3 → S3 ✐♥ t❤❡
❝❧❛ss ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s ✜①✐♥❣ ❙ ♣♦✐♥t✇✐s❡✳ ❚❤✐s ✐s♦t♦♣② ✐♥❞✉❝❡s ❛♥ ✐s♦t♦♣②
♦❢ θ′ t♦ θ ✐♥ t❤❡ ❝❧❛ss ♦❢ st❛♥❞❛r❞ t❤❡t❛✲❝✉r✈❡s✳
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✷✳✺ ❋❧❛t ❦♥♦t♦✐❞s

❉❡✜♥✐t✐♦♥ ✷✳✺✳✶✳ ❆ ✢❛t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❋❑❉ ✐s ❛ ❞✐❛❣r❛♠ ✐♥ S2 ✭♦r ✐♥
R2✮ ✇✐t❤ ✢❛t ❝r♦ss✐♥❣s ❛♥❞ t✇♦ ❡♥❞♣♦✐♥ts t❤❛t ❛r❡ ❞✐st✐♥❝t ❢r♦♠ ❡❛❝❤ ♦t❤❡r
❛♥❞ ❢r♦♠ ❛♥② ❝r♦ss✐♥❣s✳ ❚❤❡ ✢❛t ❝r♦ss✐♥❣s ❛r❡ t❤❡ tr❛♥s✈❡rs❛❧ ✐♥t❡rs❡❝t✐♦♥s ♦❢
str❛♥❞s ✇✐t❤♦✉t ❛♥② ✉♥❞❡r✴♦✈❡r✲❝r♦ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳ ❊♥❞♣♦✐♥ts ❛r❡ ♥❛♠❡❞
t❤❡ t❛✐❧ ❛♥❞ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐❛❣r❛♠✳
❆ ❋❑❉ ✐s ❝❛❧❧❡❞ tr✐✈✐❛❧ ✐❢ ✐t ❤❛s ♥♦ ❝r♦ss✐♥❣s ✭✐✳❡✳ ✐❢ ✐t ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢
❬✵✱✶❪✮✳ ❆ ❋❑❉ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❣r❛♣❤ ❡♠❜❡❞❞❡❞ ✐♥t♦ S2✳
❆ ❋❑❉ ❤❛s t✇♦ ✉♥✐✈❛❧❡♥t ✈❡rt✐❝❡s ✭t❤❡ ❡♥❞♣♦✐♥ts✮ ❛♥❞ ❛❧❧ ✐ts ♦t❤❡r ✈❡rt✐❝❡s
✭t❤❡ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❋❉❑✮ ❛r❡ ✹✲✈❛❧❡♥t✳
❚❤❡ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ ❛r❡ ❝❛❧❧❡❞ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❋❑❉✳ ❚✇♦ ❡❞❣❡s ❛❞❥❛❝❡♥t
t♦ t❤❡ ❡♥❞♣♦✐♥ts ❛r❡ ❝❛❧❧❡❞ t❤❡ ♦✉t❡r ❡❞❣❡s✳
●✐✈❡♥ ❛ ❋❑❉ F ⊂ S2✱ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s❡t S2 − F ❛r❡ ❝❛❧❧❡❞
t❤❡ r❡❣✐♦♥s ♦❢ t❤❡ ❋❑❉ F ✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳✷✳ ❆ ✢❛t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ F ✐s ❝❛❧❧❡❞ ♣r✐♠❡ ✐❢✿
✭✐✮❊✈❡r② ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ♠❡❡t✐♥❣ F tr❛♥s✈❡rs❡❧② ✐♥ ❡①❛❝t❧② t✇♦ ♣♦✐♥ts ❜♦✉♥❞s
❛ ❞✐s❦ ♠❡❡t✐♥❣ F ❛❧♦♥❣ ❛ ♣r♦♣❡r ❡♠❜❡❞❞❡❞ ❛r❝ ♦r ❛❧♦♥❣ t✇♦ ❞✐s❥♦✐♥t ❡♠❜❡❞✲
❞❡❞ ❛r❝s ❛❞❥❛❝❡♥t t♦ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳
✭✐✐✮ ❊✈❡r② ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ♠❡❡t✐♥❣ F tr❛♥s✈❡rs❡❧② ✐♥ ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t ❜♦✉♥❞s
❛ r❡❣✉❧❛r ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♦♥❡ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳
❊①❛♠♣❧❡s✿

❋✐❣✉r❡ ✷✳✶✷✿ ❚✇♦ ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲♣r✐♠❡ ❋❑❉✳ ❚❤❡ ❧❡❢t ❋❑❉ ❞♦❡s ♥♦t s❛t✐s❢②
❝♦♥❞✐t✐♦♥ ✭✐✮✱ t❤❡ r✐❣❤t ❋❑❉ ❞♦❡s ♥♦t s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✐✐✮

❉❡✜♥✐t✐♦♥ ✷✳✺✳✸✳ ▲❡t F ❜❡ ❛ ❋❑❉ ✇✐t❤ ❛ s❤♦rt❝✉t a ✭✐✳❡ ❛♥ ❡❞❣❡ t❤❛t
❝♦♥♥❡❝ts ❡♥❞♣♦✐♥ts ♦❢ F ✮✳
❆ s❤♦rt❝✉t a ✐s ❝❛❧❧❡❞ t❤❡ ♠✐♥✐♠❛❧ s❤♦rt❝✉t ♦❢ F ✐❢ t❤❡ ❝❛r❞✐♥❛❧✐t②
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| Int a ∩ F | = h(F )

✇❤❡r❡ Int a ❞❡♥♦t❡s t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s❤♦rt❝✉t ❛♥❞ h(F ) ✐s t❤❡ ❤❡✐❣❤t ♦❢ F
✭s❡❡ ❞❡✜♥✐t✐♦♥ ✷✳✷✳✹✮✳
❆♥ ❡❞❣❡ e ♦❢ F ✐s ❝❛❧❧❡❞ t❤❡ a✲❡❞❣❡ ♦❢ F ✐❢ ❡✐t❤❡r e ✐s ❛♥ ♦✉t❡r ❡❞❣❡ ♦r
e ∩ a 6= ∅✳
❆ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ∆ ♦❢ t❤❡ s❡t S2 − F ✐s ❝❛❧❧❡❞ t❤❡ a✲r❡❣✐♦♥ ♦❢ F ✐❢
∆ ∩ a 6= ∅✳

❊①❛♠♣❧❡✿

❋✐❣✉r❡ ✷✳✶✸✿ ❋❑❉ ✇✐t❤ ❛ s❤♦rt❝✉t a✳ ❚❤❡ a✲r❡❣✐♦♥s ❛r❡ ♦r❛♥❣❡✱ ❛♥❞ t❤❡
a✲❡❞❣❡s ❛r❡ ❞r❛✇♥ ✐♥ ❜❧✉❡

❚❤❡♦r❡♠ ✹✳ ▲❡t F ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❋❑❉ ✇✐t❤ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a✳
✭✶✮ ■❢ ∆ ✐s ❛ a✲r❡❣✐♦♥ t❤❡♥ a ✐♥t❡rs❡❝ts ∂∆ ✐♥ ❡①❛❝t❧② t✇♦ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡
✐♥s✐❞❡ t✇♦ ❞✐st✐♥❝t a✲❡❞❣❡s✳
✭✷✮ ■❢ F ✐s ♣r✐♠❡ ❛♥❞ ❜♦t❤ r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ ❛♥ ❡❞❣❡ e ❛r❡ a✲r❡❣✐♦♥s t❤❡♥ e
✐s t❤❡ a✲❡❞❣❡✳

Pr♦♦❢✳ ✭✶✮ ❚❤❡ ✐♥t❡r✐♦r ♦❢ ❛ s❤♦rt❝✉t ✐♥t❡rs❡❝ts ✇✐t❤ ❛ ❋❑❉ tr❛♥s✈❡rs❡❧② ✐♥ ❛
✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ a✲r❡❣✐♦♥ ∆ ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ∂∆ ⊂ F ✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r✲
s❡❝t✐♦♥s ♦❢ a ✇✐t❤ ∂∆ ✐s ✜♥✐t❡ ❛♥❞ ✐s ❣r❡❛t❡r t❤❛♥ ✶✳ ▲❡t ∂∆∩a = {p1, ..., pn}
✇❤❡r❡ n ≥ 2 ❛♥❞ t❤❡ ♣♦✐♥ts p1, ..., pn ❛r❡ ♥✉♠❡r❛t❡❞ ✐♥ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ a
♣❛ss❡s tr♦✉❣❤t t❤❡♠✳
■❢ n > 2 t❤❡ ♣❛rt ♦❢ a ❜❡t✇❡❡♥ p1 ❛♥❞ pn ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ✐♥t❡rs❡❝t✐♦♥
✇✐t❤ F ❛♥❞ t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ t❤❡ s❤♦rt❝✉t a✳
■♥ ❢❛❝t✱ ✐❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ♣❛rt [p1, pn] ⊂ a ✇✐t❤ ❛ s✐♠♣❧❡ ❛r❝ ✐♥∆ t❤❛t ❝♦♥♥❡❝ts
p1 ✇✐t❤ pn✱ t❤❡♥ t❤❡ r❡s✉❧t✐♥❣ s❤♦rt❝✉t ❤❛s ❧❡ss ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ F t❤❛♥ t❤❡
✐♥✐t✐❛❧ ♦♥❡✳

✷✽



■❢ n = 2✱ a ∩ ∂∆ = {p1, p2} ❛♥❞ ✇❡ ❝❛♥ s❤♦✇ t❤❛t p1, p2 t❤❡r❡ ❛r❡ ♥♦t ✐♥
t❤❡ s❛♠❡ a✲❡❞❣❡✳
❲❡ ❛ss✉♠❡ t❤❡ ❝♦♥tr❛r②✿ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ e s✉❝❤ t❤❛t p1, p2 ∈ e✳
■❢ e ✐s ❛♥ ♦✉t❡r ❡❞❣❡ t❤❡♥ p2 ❝❛♥ ♥♦t ❜❡ t❤❡ ♦t❤❡r ❡♥❞♣♦✐♥t ♦❢ t❤❡ ❡❞❣❡ e
❜❡❝❛✉s❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛ s❤♦rt❝✉t ❞♦❡s ♥♦t ♣❛ss❡s t❤r♦✉❣❤ ❛ ❝r♦ss✐♥❣s ❛♥❞✱
❜② ❤②♣♦t❤❡s✐s✱ F ✐s ♥♦♥✲tr✐✈✐❛❧✳ ❙♦ ✇❡ ❝❛♥ ❞❡❝r❡❛s❡ ❜② ♦♥❡ t❤❡ ♥✉♠❜❡r ♦❢
✐♥t❡rs❡❝t✐♦♥s ♦❢ a ✇✐t❤ F ❜② ❝♦♥♥❡❝t✐♥❣ p1 ✇✐t❤ ❛ ♣♦✐♥t ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r p2✳
■❢ e ✐s ♥♦t ❛♥ ♦✉t❡r ❡❞❣❡ t❤❡♥ ❝r♦ss❡s a ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✭✐t ❝♦♠❡s ✐♥t♦
∆ ✐♥ p1 ❛♥❞ t❤❡♥ ❣♦❡s ♦✉t ✐♥ p2✮ ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ |a ∩ ∂∆| ≥ 3✳ ❙♦ ✇❡ ❝❛♥
❞❡❝r❡❛s❡ ❜② ✷ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣✉s❤✐♥❣ t❤❡ ❛r❝ [p1, p2] ⊂ a ❢r♦♠ ∆
❛❝r♦ss t❤❡ ❡❞❣❡ e✳

✭✷✮ ■❢ t❤❡ ❡❞❣❡ e ✐s ❛♥ ♦✉t❡r ❡❞❣❡ t❤❡♥ ✐t ✐s ❛♥ a✲❡❞❣❡ ❜② ❞❡✜♥✐t✐♦♥✳
▲❡t e ✐s ♥♦t ❛♥ ♦✉t❡r ❡❞❣❡✳ ❲❡ s✉♣♣♦s❡ t❤❛t e ✐s ♥♦t ❛ a✲❡❞❣❡✱ ✐✳❡✳ a ∩ e = ∅
❛♥❞ ✇❡ ❞❡♥♦t❡ a✲r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ e ❜② ∆1,∆2✳
■❢ ∆1 6= ∆2✱ t❤❡ s❤♦rt❝✉t a ✐s ♠✐♥✐♠❛❧ ❛♥❞ t❤❡ r❡❣✐♦♥s ∆1,∆2 ❛r❡ a✲r❡❣✐♦♥s✳
❇② ❛ss✉♠♣t✐♦♥✱ a∩ e = ∅ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts ❛♥ a✲❡❞❣❡ t❤❛t ✇❡ ❝❛❧❧❡❞ e′ s✉❝❤
t❤❛t a✲r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ e′❛r❡ t❤❡ s❛♠❡ ∆1,∆2✳ ❚❤✉s ∆1 ❛♥❞ ∆2 ❤❛✈❡ t✇♦
❞✐✛❡r❡♥t ❝♦♠♠♦♥ ❡❞❣❡s✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ✇❤✐❝❤ ✐♥t❡rs❡❝ts F
✐♥ ❡①❛❝t❧② t✇♦ ♣♦✐♥ts ❧②✐♥❣ ✐♥s✐❞❡ e ❛♥❞ e′✳ ❇♦t❤ ❞✐s❦s ❜♦✉♥❞❡❞ ❜② t❤❡ ❝✐r❝❧❡
❝♦♥t❛✐♥ ❝r♦ss✐♥❣s ♦❢ F ✭t❤❡ ❡♥❞♣♦✐♥ts ♦❢ e ❛♥❞ e′✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛
❝✐r❝❧❡ ❝♦♥tr❛❞✐❝ts t♦ ❝♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r✐♠❡ ❋❑❉✳
■❢∆1 = ∆2✱ ✐t ♠❡❛♥s t❤❛t t❤❡ ❡♥❞♣♦✐♥ts ♦❢ e ❞♦ ♥♦t ❝♦✐♥❝✐❞❡✳ ■♥ t❤✐s s✐t✉❛t✐♦♥
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t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ✇❤✐❝❤ ✐♥t❡rs❡❝ts ✇✐t❤ F ✐♥ ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t
t❤❛t ✐s ✐♥ t❤❡ ❡❞❣❡ e✳ ❇♦t❤ ❞✐s❦s ❜♦✉♥❞❡❞ ❜② t❤❡ ❝✐r❝❧❡ ❝♦♥t❛✐♥ ❝r♦ss✐♥❣s
♦❢ F ✭t❤❡ ❡♥❞♣♦✐♥ts ♦❢ e✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❝✐r❝❧❡ ❝♦♥tr❛❞✐❝ts t♦ t❤❡
❝♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r✐♠❡ ❋❑❉✳

❚✇♦ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✿
✶✮ ■❢ ❛♥ ❡❞❣❡ e ♦❢ ❛ ❋❑❉ F ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a ✐s ❛♥ a✲❡❞❣❡ t❤❡♥ e ✐s
♥♦t ❛ ❧♦♦♣✳
✷✮ ❚❤❡ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a ♦❢ ❛ ♣r✐♠❡ ❋❑❉ F ❝r♦ss❡s t❤r♦✉❣❤ a✲r❡❣✐♦♥s s❡✲
q✉❡♥t✐❛❧❧② ♦♥❡✲❜②✲♦♥❡ ✇✐t❤♦✉t ❝♦♠✐♥❣ ❜❛❝❦ t♦ ❛❧r❡❛❞② ✈✐s✐t❡❞ r❡❣✐♦♥s✳ ■❢ ✇❡
❣♦ ❢r♦♠ ❛♥ a✲r❡❣✐♦♥ t♦ t❤❡ ♥❡①t a✲r❡❣✐♦♥✱ a ❝r♦ss❡s ❛ a✲❡❞❣❡ t❤❛t ✐s t❤❡ ♦♥❧②
❝♦♠♠♦♥ ❡❞❣❡ ♦❢ t❤❡s❡ t✇♦ r❡❣✐♦♥s✳
❇② t❤❡ ❞❡✜♥✐t✐♦♥ ✷✳✷✳✹ ♦❢ t❤❡ ❤❡✐❣❤t✱ t❤❡ ✐♥t❡r✐♦r ♦❢ a ❝r♦ss❡s F ❡①❛❝t❧② h(F )
t✐♠❡s✱ t❤❡♥ t❤❡r❡ ❛r❡ h(F ) + 1 ♣❛✐r✇✐s❡ ❞✐st✐♥❝t a✲r❡❣✐♦♥s✳ ❊❛❝❤ ♦❢ t❤❡s❡
a✲r❡❣✐♦♥s ❤❛s ❝♦♠♠♦♥ ❡❞❣❡s ✇✐t❤ t✇♦ ♦t❤❡r a✲r❡❣✐♦♥s✱ ✇❤✐❧❡ t❤❡ ✜rst ❛♥❞ t❤❡
❧❛st a✲r❡❣✐♦♥s ❤❛s ❝♦♠♠♦♥ ❡❞❣❡ ✇✐t❤ ♦♥❧② ♦♥❡ ♦t❤❡r a✲r❡❣✐♦♥✳ ❚❤❡ ✜rst ♦♥❡
❛♥❞ t❤❡ ❧❛st ♦♥❡ ❝♦✐♥❝✐❞❡ ❢♦r ❋❑❉ ♦❢ t❤❡ ❤❡✐❣❤t ✵✳ ❙♦ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♥✉♠✲
❜❡r✐♥❣ ♦❢ a✲r❡❣✐♦♥s ♦❢ ❛ ♣r✐♠❡ ❋❑❉ F ✇✐t❤ ✜①❡❞ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ s❤♦rt❝✉t a tr❛✈❡rs❡s t❤❡ r❡❣✐♦♥s✳ ∆0,∆1, ...,∆h(F )

✇❤❡r❡ ∆0 ❛♥❞ ∆(h(F )) ❛r❡ a✲r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t♦ t❤❡
❡♥❞ ♦❢ F ✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳✹✳ ▲❡t x ✐s ❛ ❝r♦ss✐♥❣ ♦❢ ❋❑❉ F ✇✐t❤ ❛ s❤♦rt❝✉t a✳
❲❡ ✇✐❧❧ s❛② t❤❛t t❤❡ ❝r♦ss✐♥❣ x ✐s ♦❢ t❤❡ t②♣❡ n✱ 0 ≤ n ≤ 4✱ ✐❢ x ✐s
❛❞❥❛❝❡♥t t♦ ❡①❛❝t❧② n a✲❡❞❣❡s✳
❚❤❡ t②♣❡ ♦❢ ❛ ❝r♦ss✐♥❣ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ s❤♦rt❝✉t✳
❉❡♥♦t❡ ❜② cn(F, a) t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ ❋❑❉ F ❤❛✈✐♥❣ t❤❡ t②♣❡ n ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ s❤♦rt❝✉t a✳

❋✐❣✉r❡ ✷✳✶✹✿ ❆❧❧ t②♣❡s ♦❢ ❝r♦ss✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞s✳ a✲r❡❣✐♦♥s ❛r❡ ♦r❛♥❣❡ ❛♥❞
a✲❡❞❣❡s ❛r❡ ❞r❛✇♥ ✐♥ ❜❧✉❡

✸✵



❊①❛♠♣❧❡✿

▲❡♠♠❛ ✶✳ ■❢ F ✐s ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a t❤❡♥ c3(F, a) =
c4(F, a) = 0✳

Pr♦♦❢✳ ▲❡t x ❜❡ ❛ ❝r♦ss✐♥❣ ♦❢ F ✳
❲❡ ✉♣♣♦s❡ t❤❛t x ✐s ♦❢ t❤❡ t②♣❡ ✸✱ t❤❡♥ ❡①❛❝t❧② ✸ ♦❢ ❡❞❣❡s ❛❞❥❛❝❡♥t t♦ x
❛r❡ a✲❡❞❣❡s ✇❤✐❧❡ t❤❡ ❢♦✉rt❤ ❡❞❣❡ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② e ✐s ♥♦t a✲❡❞❣❡✳ ❇② t❤❡
st❛t❡♠❡♥t ✭✷✮ ♦❢ t❤❡ t❤❡♦r❡♠ ✹ ❛t ❧❡❛st ♦♥❡ ♦❢ r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ e ✐s ♥♦t ❛
a✲r❡❣✐♦♥✳
❍❡♥❝❡ ❛t ❧❡❛st ♦♥❡ ♦❢ r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ t❤❡ ❝r♦ss✐♥❣ x ✐s ♥♦t ❛♥ a✲r❡❣✐♦♥
❛♥❞ ❜② st❛t❡♠❡♥t ✭✷✮ ❛t ❧❡❛st ✷ ♦❢ ❡❞❣❡s ❛❞❥❛❝❡♥t t♦ x ❛r❡ ♥♦t a✲❡❞❣❡s✱ t❤❡♥
t❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t x ✐s ♦❢ t❤❡ t②♣❡ ✸✳
❲❡ s✉♣♣♦s❡ ❛ ❝r♦ss✐♥❣ x ✐s ♦❢ t❤❡ t②♣❡ ✹✱ t❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② e1, e2, e3, e4 ❡❞❣❡s
❛❞❥❛❝❡♥t t♦ x❀ ❜② ❞❡✜♥✐t✐♦♥✱ ❛❧❧ t❤❡s❡ ❡❞❣❡s ❛r❡ a✲❡❞❣❡s ❛♥❞ ♥♦♥❡ ♦❢ t❤❡♠ ✐s
❛ ❧♦♦♣✳ P✉t pi = a ∩ ei✱ ✭i = 1, ..., 4✮✳ ◆♦t❡ t❤❛t ✐♥ ❛❧❧ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s ✇❡
❝❛♥ ❝♦♥♥❡❝t p1 ❡✐t❤❡r ✇✐t❤ p3 ♦r ✇✐t❤ p4 ❜② ❛♥ ❛r❝ ♥♦t ✐♥t❡rs❡❝t✐♥❣ F ✳
❍❡♥❝❡ t❤❡ s❤♦rt❝✉t a ✐s ♥♦t ♠✐♥✐♠❛❧✳ ❚❤✐s ❝♦♥tr❛❞s t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡
❧❡♠♠❛✳

❚❤❡♦r❡♠ ✺✳ ▲❡t F ❜❡ ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a✳
❚❤❡♥ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

c(F ) ≥ 2h(F )
❛♥❞

c0(F, a) + 2 ≥ c2(F, a)

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛

c(F ) = c0(F, a) + c1(F, a) + c2(F, a) ✭✸✮

❛♥❞ a✲❡❞❣❡ ❤❛s ❞✐st✐♥❝t ❡♥❞♣♦✐♥ts ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❛ ❧♦♦♣✳
❚❤❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ✭t❤❛t ❛r❡ ❡♥❞♣♦✐♥ts ♦❢ a✲❡❞❣❡s✮ ✐s ❡q✉❛❧
t♦ 2h(F )+2✱ ✇❤❡r❡ 2h(F ) ❛r❡ ♥♦♥✲♦✉t❡r a✲❡❞❣❡s ❛♥❞ +2 ❛r❡ t❤❡ ♦✉t❡r ❡❞❣❡s✳
❲❡ ❝❛♥ ✇r✐t❡✿

✸✶



2h(F ) + 2 = c1(F, a) + 2c2(F, a) ✭⋆✮

◆♦✇ ✭✸✮✲✭⋆✮ ❣✐✈❡s

c(F )− 2h(F )− 2 = c0(F, a) + c1(F, a) + c2(F, a)− c1(F, a)− 2c2(F, a)

❛♥❞ ✇❡ ❣❡t

c(F )− 2h(F )− 2 = c0(F, a)− c2(F, a)✳

❍❡♥❝❡

c(F )− 2h(F ) = c0(F, a)− c2(F, a) + 2

✇❤❡r❡ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡
❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ t❤❡♦r❡♠✱ ✇❤✐❧❡ t❤❡ r✐❣❤t✲
❤❛♥❞ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
♦❢ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ t❤❡♦r❡♠✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳✺✳ ▲❡t F ❜❡ ❛ ❋❑❉✱ ❛♥❞ R1✱R2 ❜❡ t✇♦ ♦❢ ✐ts r❡❣✐♦♥s✳
ρ(R1, R2) ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ r❡❣✐♦♥s✱ ❞❡✜♥❡❞ ❛s t❤❡ ♠✐♥✐♠❛❧
♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ❛ s✐♠♣❧❡ ❛r❝ st❛rt✐♥❣ ✐♥s✐❞❡ R1✱ ❡♥❞✐♥❣ ✐♥s✐❞❡ R2

❛♥❞ ❛❧♦♥❣ t❤❡ ✇❛② ✐♥t❡rs❡❝t✐♥❣ F tr❛♥s✈❡rs❡❧② ✐♥ ♣♦✐♥ts ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
❝r♦ss✐♥❣s ❛♥❞ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳

▲❡♠♠❛ ✷✳ ▲❡t F ❜❡ ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a✱ x ✐s ❛♥
❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✵ ❛♥❞ ∆1,∆2 ❛r❡ a✲r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ x✳
❚❤❡♥✿

ρ(R1, R2) =

{

1 ✐❢ x ✐s t✇♦✲s✐❞❡❞

2 ✐❢ x ✐s ♦♥❡✲s✐❞❡❞

❉❡✜♥✐t✐♦♥ ✷✳✺✳✻✳ ●✐✈❡♥ ❛ ❋❑❉ F ✇✐t❤ ❛ s❤♦rt❝✉t a✳ ❆♥ ❡❞❣❡ e ♦❢ F ✐s ❝❛❧❧❡❞
t❤❡ ❜♦r❞❡r ❡❞❣❡ ✐❢ ❡①❛t❧② ♦♥❡ ♦❢ t❤❡ r❡❣✐♦♥s ❛❞❥❛❝❡♥t t♦ e ✐s ❛ a✲r❡❣✐♦♥s✳ ❲❡
❝❛♥ t♦ ♣❛rt✐t✐♦♥ t❤❡ s❡t ♦❢ ❜♦r❞❡r ❡❞❣❡s ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts✿ t❤❡ ✉♥✐♦♥
♦❢ s❤♦rt❝✉t a ✇✐t❤ ♦✉t❡r ❡❞❣❡s ❝✉ts ❡❛❝❤ a✲r❡❣✐♦♥s ❛♥❞ ✐ts ❜♦✉♥❞❛r② ✐♥t♦ t✇♦
❝♦♥♥❡❝t❡❞ ♣❛rts✱ ♦♥❡ ♦❢ t❤❡♠ ❧✐❡s t♦ t❤❡ ❧❡❢t ❛♥❞ t❤❡ ♦t❤❡r ❧✐❡s t♦ t❤❡ r✐❣❤t
♦❢ t❤❡ s❤♦rt❝✉t a❀ s♦ ❛ ❜♦r❞❡r ❡❞❣❡ e ✐s ❝❛❧❧❡❞ ❛ ❧❡❢t ❜♦❞❡r ❡❞❣❡ ✭r❡s♣✳ ❛
r✐❣❤t ❜♦r❞❡r ❡❞❣❡✮ ✐❢ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❧❡❢t ✭r❡s♣✳ t❤❡ r✐❣❤t✮ ♣❛rt ♦❢ t❤❡
❜♦✉♥❞❛r❡ ♦❢ ❛♥ a✲r❡❣✐♦♥ ❛❞❥❛❝❡♥t t♦ t❤ ❡❞❣❡ e✳
❉❡♥♦t❡❞ ❜② Ra t❤❡ a✲❞♦♠❛✐♥ ♦❢ F ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧
a✲r❡❣✐♦♥s ✇✐t❤ t❤❡ ✐♥t❡r✐♦r ♦❢ ❛❧❧ a✲❡❞❣❡s ❛♥❞ ❜♦t❤ ❡♥❞♣♦✐♥ts ♦❢ F ✳
❚❤❡ s❡t S2−Ra ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❛ a✲r❡❣✐♦♥s ✇✐t❤ ❛❧❧
❡❞❣❡s ✇❤✐❝❤ ❛r❡ ♥♦t a✲❡❞❣❡s✳ ∂Ra ❝♦♥s✐sts ♦❢ ❛❧❧ ❜♦r❞❡r ❡❞❣❡s✳
■♥ t❤❡ ❝❛s❡ ♦❢ ♣r✐♠❡ ❋❑❉ ✇❡ ❝❛♥ r❡❣❛r❞ ∂Ra ❛s t❤❡ ❝❧♦s❡❞ ♣❛t❤ ✐♥ F ✱ ✇❤✐❝❤
❣♦❡s ❡①❛❝t❧② ♦♥❡ t✐♠❡ ❛❧♦♥❣ ❡❛❝❤ ❜♦r❞❡r ❡❞❣❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♣❛t❤ ❜② Pa✳
❋r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✉♥✐♦♥ ♦❢ a ✇✐t❤ ♦✉t❡r ❡❞❣❡s ❞✐✈✐❞❡s Ra ❛♥❞ ∂Ra ✐♥t♦

✸✷



t✇♦ ♣❛rts✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ❧✐❡s ♦♥ t❤❡ ❧❡❢t ♦❢ a ✇❤✐❧❡ t❤❡ ♦t❤❡r ♦♥❡ ❧✐❡s ♦♥ t❤❡
r✐❣❤t✱ t❤❡ ♣❛t❤ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts ❜② t✇♦ ❝r♦ss✐♥❣s ✇❤✐❝❤ ❛r❡
❝♦♥♥❡❝t❡❞ ❜② ♦✉t❡r ❡❞❣❡s ✇✐t❤ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳
❖♥❡ ♦❢ t❤❡s❡ ♣❛rts ✐s ❢♦r♠❡❞ ❜② ❛❧❧ ❧❡❢t ❜♦r❞❡r ❡❞❣❡s ❛♥❞ ♦t❤❡r ♦♥❡ ✐s ❢♦r♠❡❞
❜② ❛❧❧ r✐❣❤t ❜♦r❞❡r ❡❞❣❡s✳
❆ ❧❡❢t ✭r❡s♣✳r✐❣❤t✮ ❜♦r❞❡r ❝❤❛✐♥ ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❡❢t
✭r❡s♣✳ t❤❡ r✐❣❤t✮ ❜♦r❞❡r ❡❞❣❡s✱ ❢♦r♠✐♥❣ ❛ ❝♦♥♥❡❝t❡❞ s✉❜♣❛t❤ ♦❢ Pa ✳
❇❡❧♦✇ ✇❡ ❞❡♥♦t❡ s✉❝❤ ❛ ❝❤❛✐♥ ❜② E = {e1, ..., en}✳
❆ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ❜♦r❞❡r ❝❤❛✐♥ E ✐s ❝❛❧❧❡❞ tr✉❡ ✐❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ E ❛r❡
❡✐t❤❡r ♦❢ t❤❡ t②♣❡ ✷ ♦r ♦♥❡✲s✐❞❡❞ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣ ♦❢ t❤❡
t②♣❡ ✵✳

❋✐❣✉r❡ ✷✳✶✺✿ ❆❧❧ t②♣❡s ♦❢ ❝r♦ss✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞s✳ a✲r❡❣✐♦♥s ❛r❡ ♦r❛♥❣❡✱ a✲
❡❞❣❡s ❛r❡ ❞r❛✇♥ ✐♥ ❜❧✉❡✱ t❤❡ ❧❡❢t ❜♦r❞❡r ❝❤❛✐♥ El ❛♥❞ t❤❡ r✐❣❤t ❜♦r❞❡r ❝❤❛✐♥
Er ♦❢ ❛ ❋❑❉ ❛r❡ ❣r❡❡♥

❉❡✜♥✐t✐♦♥ ✷✳✺✳✼✳ ❆ ❝r♦ss✐♥❣ x ♦❢ t❤❡ t②♣❡ ✵ ♦❢ ❛ ❋❑❉ F ✇✐t❤ ❛ s❤♦rt❝✉t a
✐s ❝❛❧❧❡❞✿
✲ r❡❣✉❧❛r ❝r♦ss✐♥❣✿ ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ ❡❞❣❡s ❛❞❥❛❝❡♥t t♦ x ✐s ♥♦t ❛ ❜♦r❞❡r ❡❞❣❡❀
✲ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣✿ ✐❢ ❛❧❧ ✹ ❡❞❣❡s ❛❞❥❛❝❡♥t t♦ x ❛r❡ ❜♦r❞❡r ❡❞❣❡s❀
✲ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ♦♥❡✲s✐❞❡❞ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣✿ ✐❢ ❛❧❧ ✹ ❡❞❣❡s ❛❞❥❛❝❡♥t
t♦ x ❛r❡ ❧❡❢t ✭r❡s♣✳ t❤❡ r✐❣❤t✮ ❜♦r❞❡r ❡❞❣❡s❀

▲❡♠♠❛ ✸✳ ▲❡t F ❜❡ ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ s❤♦rt❝✉t a ❛♥❞ E ❜❡ ❛ tr✉❡ ❜♦r❞❡r
❝❤❛✐♥ s❛t✐s❢②✐♥❣ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
✶✳ E ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛ tr✉❡ ❜♦r❞❡r ❝❤❛✐♥ ❞✐st✐♥❝t ❢r♦♠ E❀
✷✳ ◆♦♥❡ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ E ✐s ❛❞❥❛❝❡♥t t♦ ❛♥ ♦✉t❡r ❡❞❣❡❀
✸✳ E ♣❛ss❡s t❤r♦✉❣❤ ♥♦t ♠♦r❡ t❤❛♥ ✶ t✇♦✲s✐❞❡❞ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣✳
❚❤❡♥ E ♣❛ss❡s t❤r♦✉❣❤ ❛t ❧❡❛st ✶ r❡❣✉❧❛r ❝r♦ss✐♥❣✳

Pr♦♦❢✳ ❲❡ ♦♠✐t t❤❡ ♣r♦♦❢ t❤❛t ✐s ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬✶✷❪✳

❘❡♠❛r❦ ✷✳✺✳✶✳ ▲❡♠♠❛ ✸ ❝❛♥ ♥♦t ❜❡ ❡①t❡♥❞❡❞ ❞✐r❡❝t❧② t♦ ❜♦r❞❡r ❝❤❛✐♥s ♦❢
✇❤✐❝❤ ❡♥❞♣♦✐♥ts ❛r❡ ❛❞❥❛❝❡♥t t♦ ♦✉t❡r ❡❞❣❡s✳ ❚♦ ❞♦ t❤✐s✿
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✲ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝r♦ss✐♥❣ x ♦❢ t❤❡ t②♣❡ ✷✱ t❤❛t ✐s ❛❞❥❛❝❡♥t t♦ ❛♥ ♦✉t❡r ❡❞❣❡
♦❢ ❛ ❋❑❉✱
✲ ✇❡ ❞❡♥♦t❡ a✲❡❞❣❡s ❛❞❥❛❝❡♥t t♦ x ❜② e1 ❛♥❞ e2✱ ✇❤❡r❡ e1 ✐s t❤❡ ♦✉t❡r ❡❞❣❡
♦❢ t❤❡ ❋❑❉✳ ❚❤❡ ❝r♦ss✐♥❣ x ✐s ❝❛❧❧❡❞ t❤❡ ❧❡❢t✲s✐❞❡❞ ✭r❡s♣✳ t❤❡ r✐❣❤t✲s✐❞❡❞✮
❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✷✱ ✐❢ st❛rt✐♥❣ ❛t x ❛♥❞ ❣♦✐♥❣ ❛❧♦♥❣ e2 ✇❡ ❛rr✐✈❡ ❢r♦♠
t❤❡ ❧❡❢t ✭r❡s♣✳ ❢r♦♠ t❤❡ r✐❣❤t✮

❋✐❣✉r❡ ✷✳✶✻✿ ▲❡❢t✲s✐❞❡❞ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ t✇♦ ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ r✐❣❤t✲s✐❞❡❞
♦♥❡ ✭♦♥ t❤❡ r✐❣❤t✮

▲❡♠♠❛ ✹✳ ▲❡t F ❜❡ ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ s❤♦rt❝✉t a✱ ❛♥❞ E ❜❡ ❛ tr✉❡ ❜♦r❞❡r
❝❤❛✐♥ s❛t✐s❢②✐♥❣ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
✶✳ E ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛ tr✉❡ ❜♦r❞❡r ❝❤❛✐♥ ❞✐st✐♥❝t ❢r♦♠ E❀
✷✳ ■❢ E ✐s ❛ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ❜♦r❞❡r ❝❤❛✐♥ ❛♥❞ ❛♥ ❡♥❞♣♦✐♥t ♦❢ E ✐s ❛❞❥❛❝❡♥t
t♦ ❛♥ ♦✉t❡r ❡❞❣❡ ♦❢ F t❤❡♥ t❤❡ ❡♥❞♣♦✐♥t ✐s ❛ ❧❡❢t✲s✐❞❡❞ ✭r❡s♣✳ r✐❣❤t✲s✐❞❡❞✮
❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✷❀
✸✳ E ♣❛ss❡s t❤r♦✉❣❤ ♥♦ t✇♦✲s✐❞❡❞ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣✳
❚❤❡♥ E ♣❛ss❡s t❤r♦✉❣❤ ❛t ❧❡❛st ✶ r❡❣✉❧❛r ❝r♦ss✐♥❣✳

Pr♦♦❢✳ ▲❡t E ❜❡ ❛ tr✉❡ ❧❡❢t ❜♦r❞❡r ❝❤❛✐♥ ✭t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r✐❣❤t
❜♦r❞❡r ❝❤❛✐♥ ✐s ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s✮✳ ❋✐rst❧② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
❜♦t❤ ❡♥❞♣♦✐♥ts ♦❢ E ❛r❡ ❛❞❥❛❝❡♥t t♦ ♦✉t❡r ❡❞❣❡s ♦❢ F ✳ ❲❡ ❛ss✉♠❡ E ❞♦❡s
♥♦t ♣❛ss t❤r♦✉❣❤ ❛ r❡❣✉❧❛r ❝r♦ss✐♥❣ ❛♥❞ s❤♦✇ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡✳ ❇② t❤❡
✜rst ❝♦♥❞✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✱ E ❞♦❡s ♥♦t ♣❛ss t❤r♦✉❣❤ ♥❡✐t❤❡r ❛ ❝r♦ss✐♥❣ ♦❢ t❤❡
t②♣❡ ✷ ♥♦r ❛ ♦♥❡✲s✐❞❡❞ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣✳ ❇② t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ E ❞♦❡s
♥♦t ♣❛ss t❤r♦✉❣❤ t✇♦✲s✐❞❡❞ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣s✳ ❍❡♥❝❡ ❛❧❧ ❝r♦ss✐♥❣s ✐♥ E
❡①❝❡♣t ✐ts ❡♥❞♣♦✐♥ts ❛r❡ ♦❢ t❤❡ t②♣❡ ✶✳
❇② ❤②♣♦t❤❡s✐s✱ ❜♦t❤ ❡♥❞♣♦✐♥ts ♦❢ E ❛r❡ ❧❡❢t✲s✐❞❡❞ ❝r♦ss✐♥❣s ♦❢ t❤❡ t②♣❡ ✷✳
❍❡♥❝❡ t❤❡ ✉♥✐♦♥ ♦❢ E ✇✐t❤ ♦✉t❡r ❡❞❣❡s ♦❢ F ❢♦r♠s ❛ ♣❛t❤✱ ✇❤✐❝❤ ❣♦❡s ❢r♦♠ t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ F t♦ ✐ts ❡♥❞ ❛♥❞ ❝r♦ss❡s t❤❡ r❡st ♣❛rt ♦❢ t❤❡ ❞✐❛❣r❛♠ tr❛♥s✈❡rs❡❧②✳
❚❤✉s t❤❡ ❞✐❛❣r❛♠ ✭✇❤✐❝❤✱ ❜② ❞❡✜♥✐t✐♦♥✱ ✐s ❛ ❣❡♥❡r✐❝ ✐♠♠❡rs✐♦♥ ♦❢ t❤❡ s❡❣♠❡♥t
✐♥t♦ S2✮ ✐s ✐♥❞❡❡❞ ❛ ❣❡♥❡r✐❝ ✐♠♠❡rs✐♦♥ ♦❢ ❛ ❞✐s❝♦♥♥❡❝t❡❞ ✶✲♠❛♥✐❢♦❧❞✱ ✐✳❡✳ ✐♥
t❤✐s ❝❛s❡ t❤❡ ❞✐❛❣r❛♠ ✐♥ q✉❡st✐♦♥ ✐s ♥♦t ❛ ❋❑❉✳ ■❢ ❜♦t❤ ❡♥❞♣♦✐♥ts ♦❢ E ❛r❡
♥♦t ❛❞❥❛❝❡♥t t♦ ♦✉t❡r ❡❞❣❡s✱ t❤❡♥ r❡q✉✐r❡❞ ♣r♦♣❡rt② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳
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❙♦ ✐t ✐s r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡✱ ✇❤❡♥ ❡①❛❝t❧② ♦♥❡ ♦❢ ❡♥❞♣♦✐♥ts ✭s❛②
t❤❡ ❜❡❣✐♥♥✐♥❣✮ ✐s ❛❞❥❛❝❡♥t t♦ ❛♥ ♦✉t❡r ❡❞❣❡ ♦❢ F ✳ ❚❤❡♥✱ ❜② ❤②♣♦t❤❡s✐s✱ t❤❡
❡♥❞♣♦✐♥t ✐s ❧❡❢t✲s✐❞❡❞ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✷✳ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✇❡ ❝❛♥ ✉s❡
t❤❡ s❛♠❡ tr✐❝❦ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ k = 0 ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳

▲❡♠♠❛ ✺✳ ▲❡t F ❜❡ ❛ ♣r✐♠❡ ❋❑❉ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s❤♦rt❝✉t a ✱ ❛♥❞ E ❜❡ ❛
❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ❜♦r❞❡r ❝❤❛✐♥ ✇❤✐❝❤ st❛rts ❛♥❞ ❡♥❞s ❛t t❤❡ s❛♠❡ ♦♥❡✲s✐❞❡❞
❡①❝❡♣t✐♦♥❛❧ ❧❡❢t ✭r❡s♣✳ r✐❣❤t✮ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✵✳ ❚❤❡♥
✶✳ E ♣❛ss❡s t❤r♦✉❣❤ ♥♦t ♠♦r❡ t❤❛♥ ♦♥❡ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✷✱
✷✳ ■❢ E ♣❛ss❡s t❤r♦✉❣❤ ❛♥ ❡①❝❡♣t✐♦♥❛❧ ❝r♦ss✐♥❣ ♦❢ t❤❡ t②♣❡ ✵ ❞✐st✐♥❝t ❢r♦♠ ✐ts
❡♥❞♣♦✐♥ts✱ t❤❡♥ E ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ❝r♦ss✐♥❣ t✇✐❝❡✳

Pr♦♦❢✳ ❲❡ ♦♠✐t t❤❡ ♣r♦♦❢✳ ❨♦✉ ❝❛♥ ✜♥❞ ✐t ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬✶✷❪✳

✸✺



✷✳✻ ●❛✉ss ❝♦❞❡

●❛✉ss ❝♦❞❡s ❡♥❝♦❞❡ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s ✐♥ ❛ ✇❛② t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❤❛♥❞❧❡❞
❜② ❛ ❝♦♠♣✉t❡r✳
❚❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥s ❢♦r ❡♥❝♦❞✐♥❣ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s ✐♥ S2 ✐s t❤❡ ♦r✐❡♥t❡❞
●❛✉ss ❝♦❞❡✳

Gauss code = (Crossings(or Gauss word), Signs)

❈r♦ss✐♥❣s ✭♦r ●❛✉ss ✇♦r❞✮✿ ✐t ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❧❛❜❡❧s t❤❛t ❛r❡ ❛ss✐❣♥❡❞ t♦
❞✐❛❣r❛♠✬s ❝r♦ss✐♥❣s st❛rt✐♥❣ ❢r♦♠ ♦♥❡ ❡♥❞ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ t♦ t❤❡ ♦t❤❡r✳ ❲❤❡♥
tr❛✈❡❧✐♥❣ ❛❧♦♥❣ t❤❡ ❞✐❛❣r❛♠ ❛♥❞ ✇❡ ♠❡❡t t❤❡ ❝r♦ss✐♥❣s t♦ ❧❛❜❡❧ t❤❡♠ ✇❡ ✉s❡
str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ❊❛❝❤ ❝r♦ss✐♥❣ ❛♣♣❡❛rs t✇✐❝❡✱ ♦♥❝❡ ❛s
❛♥ ✉♥❞❡r❝r♦ss✐♥❣ ❛♥❞ ♦♥❝❡ ❛s ❛♥ ♦✈❡r❝r♦ss✐♥❣✳ ❚♦ ✐♥❞✐❝❛t❡ ❛♥ ✉♥❞❡r❝r♦ss✐♥❣
✇❡ ❛❞❞ ❛ ✧−✧ ❜❡❢♦r❡ t❤❡ ❧❛❜❡❧ ❛♥❞ t♦ ✐♥❞✐❝❛t❡ ❛♥ ♦✈❡r❝r♦ss✐♥❣ ✇❡ ❛❞❞ ❛
✧+✧✳ ❚❤❡r❡❢♦r❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤✐s s❡q✉❡♥❝❡ ✐s 2n✱ ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢
❝r♦ss✐♥❣s ♦❢ t❤❡ ❞✐❛❣r❛♠✳
❙✐❣♥s ✿ ✐t ✐s ❛ s❡q✉❡♥❝❡ ♦❢ t❤❡ s✐❣♥s ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❞✐❛❣r❛♠✳
❚❤❡ ❧❡♥❣t❤ ♦❢ t❤✐s s❡q✉❡♥❝❡ ✐s n✳

❋✐❣✉r❡ ✷✳✶✼✿ ❙✐❣♥s ♦❢ t❤❡ ❝r♦ss✐♥❣s

❆ ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣ ✇✐t❤ s✐❣♥ +1✿ t♦ ♦✈❡r❧❛♣ t❤❡ ❛r❝ ❛❜♦✈❡ t❤❡ ❛r❝ ❜❡❧♦✇
✭✇✐t❤ t❤❡ ❝♦rr❡❝t ♦r✐❡♥t❛t✐♦♥✮ ✇❡ ♥❡❡❞ t♦ t✉r♥ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡✳
❆ ♥❡❣❛t✐✈❡ ❝r♦ss✐♥❣ ✇✐t❤ s✐❣♥ −1✿ t♦ ♦✈❡r❧❛♣ t❤❡ ❛r❝ ❛❜♦✈❡ t❤❡ ❛r❝ ❜❡❧♦✇
✭✇✐t❤ t❤❡ ❝♦rr❡❝t ♦r✐❡♥t❛t✐♦♥✮ ✇❡ ♥❡❡❞ t♦ t✉r♥ ❝❧♦❝❦✇✐s❡✳

❋✐❣✉r❡ ✷✳✶✽✿ ❊①❛♠♣❧❡ ♦❢ ●❛✉ss ❝♦❞❡✿ 1− 2− 1 2 ++

✸✻



❋♦r ♣❧❛♥❛r ❦♥♦t♦✐❞s✱ ✇❡ ❛tt❛❝❤ t♦ t❤❡ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡ ❛ t❤✐r❞ ♣✐❡❝❡
♦❢ ✐♥❢♦r♠❛t✐♦♥✱ t❤❛t ✐s t❤❡ ❧✐st ♦❢ ❧❛❜❡❧s ♦❢ ❛r❝s t❤❛t ❛r❡ ❛❞❥❛❝❡♥t t♦ t❤❡ ♦✉t❡r
♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❚❤✐s ♣❛rt ❤❛s ♥♦ ✜①❡❞ ❧❡♥❣❤t✳

Gauss code = (Crossings, Signs,Outside arcs)

❚❤❡ ❧❛❜❡❧s ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❛r❝s ❜② tr❛✈❡❧❧✐♥❣ ❛r♦✉♥❞ t❤❡ ❞✐❛❣r❛♠ ❛♥❞
❧❛❜❡❧❧✐♥❣ ❛r❝s ❛s ✇❡ ♠❡❡t t❤❡♠✳ ❚❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ t❤❡ ❛r❝s st❛rts ❢r♦♠ ✵ ❛♥❞
❡❛❝❤ t✐♠❡ ✇❡ ♣❛ss t❤r♦✉❣❤ ❛ ❝r♦ss✐♥❣ ✐t ✐♥❝r❡❛s❡s ❜② ♦♥❡✳

❋✐❣✉r❡ ✷✳✶✾✿ ❊①❛♠♣❧❡ ♦❢ ♣❧❛♥❛r ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ♦r✐❡♥t❡❞
●❛✉ss ❝♦❞❡✿ 1− 2− 1 2 ++

❋✐❣✉r❡ ✷✳✷✵✿ ❚❤❡ ❜❧❛❝❦ ♥✉♠❜❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝r♦ss✐♥❣s ✇❤✐❧❡ t❤❡ ❜❧✉❡
♦♥❡s t♦ t❤❡ ❛r❝s✳ ❚❤❡ ♦✉t❡r r❡❣✐♦♥ ✐s ✐♥ ②❡❧❧♦✇✳

❚❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡ ♦❢ t❤❡ ❧❡❢t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s✿
1− 2− 1 2 ++ 0 2 3✳
❚❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡ ♦❢ t❤❡ r✐❣❤t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s✿
1− 2− 1 2 ++ 1 3

●✐✈❡♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇❡ ❣❡t ❛ ✉♥✐q✉❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✱ ❜②
❝♦♥str✉❝t✐♦♥✳
❚❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡ ❛❧❧♦✇s t❤❡ ✉♥✐q✉❡ ❡♥❝♦❞✐♥❣ ♦❢ ❛ ♣❧❛♥❛r
❦♥♦t♦✐❞ ❞✐❛❣r❛♠✱ ✉♣ t♦ ♣❧❛♥❡ ✐s♦t♦♣②✳

✸✼



❍♦✇ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❢r♦♠ t❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞
●❛✉ss ❝♦❞❡❄
❲❡ ❝♦♥s✐❞❡r ❛♥ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✱ ❢♦r ❡①❛♠♣❧❡✿

1− 2 2 3− 1− 3 +−− 2

❙t❡♣ ✶✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✿
❙✐❣♥s✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤r❡❡ ❝r♦ss✐♥❣s ✭t❤❡ ✜rst ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ♦t❤❡rs
❛r❡ ♥❡❣❛t✐✈❡✮ ❛♥❞ ✇❡ ❝❛❧❧ t❤❡s❡ ❝r♦ss✐♥❣s 1 ✱ 2✱ 3 r❡s♣❡❝t✐✈❡❧❧②✳

❙t❡♣ ✷✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝♦❞❡✿ ❈r♦ss✐♥❣s✳
✧−✧ ✐♥❞✐❝❛t❡s ❛♥ ✉♥❞❡r❝r♦ss✐♥❣ ✇❤✐❧❡ ✧+✧ ✐♥❞✐❝❛t❡s ❛♥ ♦✈❡r❝r♦ss✐♥❣✳
❙♦ 1 ✐♥❞✐❝❛t❡s ❛♥ ♦✈❡r❝r♦ss✐♥❣ ✐♥ t❤❡ ❝r♦ss✐♥❣ 1✱
❛❢t❡r ✇❡ ❤❛✈❡ −2 ❛♥ ✉♥❞❡r❝r♦ss✐♥❣ ✐♥ t❤❡ ❝r♦ss✐♥❣ 2 ❛♥❞ s♦ ♦♥✳
❇② t❤❡ ✜rst ♣❛rt ♦❢ ❝♦❞❡ ✇❡ ❝❛♥ s❡❡ ✇❤❛t ❝r♦ss✐♥❣s ❛r❡ ❛❞❥❛❝❡♥t ❛♥❞ s♦ t❤❡②
❤❛✈❡ ❛ ❝♦♠♠♦♥ ❛r❝✳
■♥ t❤❡ ♦✉r ❡①❛♠♣❧❡ ✇❡ ❤❛✈❡ t❤❛t✿ 1 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 2 ❛♥❞ 3✱ 2 ✐s
❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 3 ❛♥❞ 4✱ 3 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 2 ❛♥❞ 1✳

❲❡ ❝♦♥♥❡❝t ❝r♦ss✐♥❣s ❢♦❧❧♦✇✐♥❣ t❤❡ ✜rst ♣❛rt ♦❢ ❝♦❞❡ ✇✐t❤♦✉t ❝r❡❛t✐♥❣ ♥❡✇
❝r♦ss✐♥❣s✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ t❛✐❧ ✇❤✐❧❡ t❤❡ ❡♥❞✐♥❣ ♣♦✐♥t ✐s t❤❡ ❤❡❛❞✳
❋r♦♠ t❤❡ t❛✐❧ t♦ t❤❡ ❤❡❛❞ ✇❡ ❧❛❜❡❧ ❛r❝s st❛rt✐♥❣ ❢r♦♠ 0✳

✸✽



❙t❡♣ ✸✿ ❇② ♣❧❛♥❡ ✐s♦t♦♣②✱ ✇❡ ❝❛♥ str❡t❝❤✐♥❣✲❜❡♥❞✐♥❣ ❛r❝s ❛♥❞ ✇❡ ❝❛♥ ♠♦✈❡
❝r♦ss✐♥❣s ✭❛❧❧ ✇✐t❤♦✉t ❝r❡❛t✐♥❣ ♥❡✇ ❝r♦ss✐♥❣s✮✳ ❍❡♥❝❡ ✿

❚❤✐s ✐s t❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞ 35✳ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮
❙t❡♣ ✹✿ ◆♦✇ ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ ♦✉ts✐❞❡ ❛r❝s ❧♦♦❦✐♥❣ t❤❡ t❤✐r❞ ♣❛rt ♦❢ ❝♦❞❡✳
❚❤❡ ♦✉ts✐❞❡ ❛r❝s ❛r❡ ❛❞❥❛❝❡♥t t♦ t❤❡ ♦✉ts✐❞❡ r❡❣✐♦♥✳ ■♥ t❤❡ ♦✉r ❡①❛♠♣❧❡ ✐s
t❤❡ ❛r❝ 2✳

✸✾



❆♥♦t❤❡r ❡①❛♠♣❧❡✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✿

1− 2 3 − 1 − 4 − 5 2 − 3 5 4 + + +−+ 0 3 4 5 8 10

❙t❡♣ ✶✿

❙t❡♣ ✷✿ ❇② t❤❡ ✜rst ♣❛rt ♦❢ ●❛✉ss ❝♦❞❡ ✇❡ ❤❛✈❡ t❤❛t✿

1 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣ 2✱ 3✱ 4❀
2 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 1✱ 3✱ 5❀
3 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 1✱ 2✱ 5❀
4 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 1 ❛♥❞ 5❀
5 ✐s ❛❞❥❛❝❡♥t t♦ ❝r♦ss✐♥❣s 2✱ 3✱ 4✳

✹✵



❙t❡♣ ✸✿ ❇② ♣❧❛♥❡ ✐s♦t♦♣② ✇❡ ❤❛✈❡✿

❙t❡♣ ✹✿

✹✶



✷✳✻✳✶ ❊①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡ ❛♥❞ ✐♥✈♦❧✉t✐♦♥s

❆♣♣❧②✐♥❣ ❡❛❝❤ ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥s ♦♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❢✲
❢❡❝ts ♦♥ ✐ts ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✳
❘❡✈❡rs✐♦♥✿ ❚❤❡ r❡✈❡rs✐♦♥ ✐♥✈♦❧✉t✐♦♥ r❡✈❡rs❡s ❛♥❞ r❡♥✉♠❜❡rs t❤❡ ●❛✉ss ✇♦r❞
❛♥❞ r❡✈❡rs❡s t❤❡ ❧✐st ♦❢ s✐❣♥s✳ ❋✐♥❛❧❧②✱ ✐t r❡✈❡rs❡s ❛♥❞ r❡♥✉♠❜❡rs t❤❡ ❧✐st ♦❢
❛r❝s t❤❡ ❛r❡ ❛❞❥❛❝❡♥t t♦ t❤❡ ♦✉t❡r r❡❣✐♦♥✿

1− 2 2 3− 1− 3 +−− 2 − 1− 2 1 3 − 3 2 −+− 4

▼✐rr♦r r❡✢❡❝t✐♦♥✿ ❚❤❡ ♠✐rr♦r r❡✢❡❝t✐♦♥ ✐♥✈♦❧✉t✐♦♥ ❝❤❛♥❣❡s t❤❡ ✉♥❞❡r✲❝r♦ss✐♥❣s
t♦ ♦✈❡r✲❝r♦ss✐♥❣s ❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞ ❛s ✇❡❧❧ ❛s t❤❡ s✐❣♥s ♦❢ t❤❡ ❝r♦ss✲
✐♥❣s ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✿

1− 2− 1 2 ++ 0 2 3 − 1 2 1 − 2 −− 0 2 3

❙②♠♠❡tr② ✿ ❚❤❡ s②♠♠❡tr✐❝ ✐♥✈♦❧✉t✐♦♥s ❝❤❛♥❣❡s t❤❡ s✐❣♥s ♦❢ t❤❡ ❝r♦ss✐♥❣s ✐♥
t❤❡ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✳

1 − 2− 1 2 ++ 0 2 3 1 − 2 − 1 2 −− 0 2 3

✹✷



❘♦t❛t✐♦♥✿ ❚❤❡ r♦t❛t✐♦♥ ✐♥✈♦❧✉t✐♦♥ ❝❤❛♥❣❡s ✉♥❞❡r✲❝r♦ss✐♥❣s t♦ ♦✈❡r✲❝r♦ss✐♥❣s
❛♥❞ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✳

1 − 2 − 1 2 ++ 0 2 3 − 1 2 1 − 2 ++ 0 2 3

✷✳✻✳✷ ●❛✉ss ❝♦❞❡ ❛♥❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s

❑◆❖❚❖■❉ ❉■❆●❘❆▼❙ ■◆ S2

❯s✐♥❣ t❤❡ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✱ ✇❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❘❡✐❞❡♠❡✐st❡r
♠♦✈❡s ♦♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤✿
✲ w t❤❡ ●❛✉ss ✇♦r❞❀
✲ wi✱ i = 1, 2, ... t❤❡ s✉❜✇♦r❞ ♦❢ t❤❡ ●❛✉ss ✇♦r❞❀
✲ ❆✱ ❇✱ ❈✱ ✳✳✳ t❤❡ ❝r♦ss✐♥❣s✳
❚❤❡♥✱ ❛♣♣❧②✐♥❣ ♦r r❡♠♦✈✐♥❣ ❘❡✐❞❡♠❛✐st❡r ♠♦✈❡s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝ts✿
✭✶✮ Ω1✲♠♦✈❡

❚❤❡ s❡t ♦❢ s✐❣♥s✿ ❆ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ Ω1✲♠♦✈❡ ♦♥ ❛♥ ❛r❝✱ ❛❞❞s ♦r r❡♠♦✈❡s
❛ ♥❡❣❛t✐✈❡ ♦r ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣✳

●❛✉ss ✇♦r❞ w1w2 ↔ w1 ± A∓ Aw2

✭✷✮ Ω2✲♠♦✈❡
❚❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s ♦❢ ●❛✉ss ✇♦r❞ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡
❛r❝s t❤❛t t❛❦❡ ♣❛rt ✐♥ t❤❡ Ω2✲♠♦✈❡✳

✹✸



●❛✉ss ✇♦r❞ w1w2w3 ↔ w1 ± A± Bw2 ∓ A∓ Bw3

●❛✉ss ✇♦r❞ w1w2w3 ↔ w1 ± A± Bw2 ∓ B ∓ Aw3

❚❤❡ s❡t ♦❢ s✐❣♥s✿ Ω2✲♠♦✈❡ ❛❞❞s ♦r r❡♠♦✈❡s t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♦♣♣♦s✐♥❣ s✐❣♥s✳
✭✸✮ Ω3✲♠♦✈❡
❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ ●❛✉ss ✇♦r❞ ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢
t❤❡ ❛r❝s ❛♥❞ ♦♥ t❤❡ s✐❣♥ ♦❢ ❝r♦ss✐♥❣s t❤❛t t❛❦❡ ♣❛rt ✐♥ t❤❡ Ω3✲♠♦✈❡✳
❖♥❡ ❝❛s❡ ✐s✿

●❛✉ss ✇♦r❞
w1−A−Bw2+C+Aw3−C+Bw4 ↔ w1−A−Bw2+B+Cw3+A−Cw4

❚❤❡ s❡t ♦❢ s✐❣♥s✿ Ω3✲♠♦✈❡ r❡♦r❞❡rs t❤❡ s❡t ♦❢ s✐❣♥s✳

✹✹
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❲❤❡♥ ♣❡r❢♦r♠✐♥❣ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ♦♥ ❛♥ ❡①t❡♥❞❡❞ ♦r✐❡♥t❡❞ ●❛✉ss ❝♦❞❡✱
♦♥❡ ♠✉st ❛❧s♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❤♦✇ t❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡ ❝♦❞❡ ✐s ❛✛❡❝t❡❞ ❜②
t❤❡ ❛♣♣❧✐❡❞ Ω ✲♠♦✈❡❀ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❛r❝s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♠♦✈❡ ❜♦✉♥❞
t❤❡ ♦✉t❡r r❡❣✐♦♥✳
✭✶✮ Ω1✲♠♦✈❡ ❝r❡❛t❡s ♦r r❡♠♦✈❡s ❛ ❝r♦ss✐♥❣ ❛♥❞ s♦ ❞✐✈✐❞❡s ❛♥ ❛r❝ ✐♥t♦ t❤r❡❡
s✉❜❛r❝s ♦r ✉♥✐t❡s t❤❡♠ ✐♥t♦ ❛ s✐♥❣❧❡ ❛r❝✳ ❆❢t❡r t❤❡ ♠♦✈❡ t❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡
●❛✉ss ❝♦❞❡ ❝❛♥ ❜❡✿

• ❚❤❡ ❦✐♥❦ t❤❛t ✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ Ω1✲♠♦✈❡ ❞♦❡s♥✬t t♦✉❝❤ t❤❡ ♦✉t❡r
r❡❣✐♦♥ ✭✐♥ ②❡❧❧♦✇ ♦♥ t❤❡ ✜❣✉r❡✮ ❛♥❞ s♦ t❤❡ t❤✐r❞ ♣❛rt✱ ❛❢t❡r r❡♥✉♠❜❡r✐♥❣
t❤❡ ❛r❝s✱ ❜❡❝♦♠❡s✿

..., a, ...↔ ..., a, a+ 2, ...

• ❚❤❡ ❦✐♥❦ t♦✉❝❤❡s t❤❡ ♦✉t❡r r❡❣✐♦♥ ♦r ❛♥ ❛r❝ t❤❛t ❝♦♥t❛✐♥s ❛♥ ❡♥❞♣♦✐♥t
✐s ✐♥✈♦❧✈❡❞ ❛♥❞ s♦ t❤❡ t❤✐r❞ ♣❛rt ❜❡❝♦♠❡s✿

..., a, ...↔ ..., a, a+ 1, a+ 2, ...

✭✷✮ Ω2✲♠♦✈❡ ❝r❡❛t❡s ♦r r❡♠♦✈❡s t✇♦ ❝r♦ss✐♥❣s ❛♥❞ s♦ ❞✐✈✐❞❡s ❡❛❝❤ ♦❢ t❤❡ t✇♦
❛r❝s ✐♥t♦ t❤r❡❡ s✉❜❛r❝s ♦r ✉♥✐t❡s t❤❡♠ ✐♥t♦ t❤❡ ✐♥✐t✐❛❧ t✇♦ ❛r❝s✳
❖❜s❡r✈❛t✐♦♥
■t ♠❛② ❤❛♣♣❡♥ t❤❛t ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ Ω2 ✲♠♦✈❡ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s ❛r❡
❝r❡❛t❡❞✱ t❤❛t ❜♦t❤ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s t❤❡ ♦✉t❡r r❡❣✐♦♥ ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

✹✺



❊①❛♠♣❧❡ ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r t❤❡ ♦✉ts✐❞❡ r❡❣✐♦♥ ♦❢ ❛ ❦♥♦t♦✐❞
❞✐❛❣r❛♠ ❛❢t❡r ❛♥ Ω2✲♠♦✈❡

❚❤❡ ♦r✐❣✐♥❛❧ ❧❛❜❡❧s ♦❢ t❤❡ ❛r❝s ❢♦❧❧♦✇✐♥❣ ❛r❝ a ❛r❡ s❤✐❢t❡❞ ❜② ±2 ❛♥❞ t❤❡ ❛r❝s
❢♦❧❧♦✇✐♥❣ ❛r❝ b ❛r❡ s❤✐❢t❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ±2✳
❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠❡ t❤❛t t❤❡ t❤✐r❞ ♣❛rt ♦❢ ❛ ●❛✉ss ❝♦❞❡ ❝♦♥t❛✐♥s t❤❡ ❛r❝s
a b c✱ ✇✐t❤ a < b < c✱ ❛♥❞ t❤❛t ✇❡ ❛♣♣❧② ❛♥ Ω2✲♠♦✈❡ ❜❡t✇❡❡♥ ❛r❝s a ❛♥❞
b✳ ❚❤❡ ♥❡✇ ❛r❝s a + 1 ❛♥❞ a + 2 s❤✐❢t t❤❡ ❧❛❜❡❧s ♦❢ ❜♦t❤ ♦❢ t❤❡ ❛r❝s b ❛♥❞
c ❜② 2✳ ❚❤❡ Ω2✲♠♦✈❡ s♣❧✐ts ❛r❝ b ✐♥t♦ t❤r❡❡ s✉❜❛r❝s ✇✐t❤ ❧❛❜❡❧s b + 2✱ b + 3
❛♥❞ b + 4 t❤❡♥ t❤❡ ❧❛❜❡❧ ♦❢ c ✐s s❤✐❢t❡❞ ♦♥❝❡ ♠♦r❡ ❜② ✷ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
t❤✐r❞ ♣❛rt ♦❢ t❤❡ ●❛✉ss ❝♦❞❡ ❛❢t❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ Ω2✲♠♦✈❡ ❜❡❝♦♠❡s✿
a, a+ 1, a+ 2, b+ 2, b+ 3, b+ 4, c+ 4✳
❆❢t❡r t❤❡ Ω2✲♠♦✈❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

• ❇♦t❤ ❛r❝s t♦✉❝❤ t❤❡ ♦✉t❡r r❡❣✐♦♥✳

✕ ■❢ t❤❡ ❛r❝s ❛r❡ ♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, b+ 2, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 2, b+ 4, ...

✕ ■❢ t❤❡ ❛r❝s ❛r❡ ❛♥t✐♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, b+ 4, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 2, b+ 2, ...

✹✻



• ❇♦t❤ ❛r❝s t♦✉❝❤ t❤❡ ♦✉t❡r r❡❣✐♦♥ ❛♥❞ ♦♥❡ ♦❢ t❤❡ ❛r❝s ❝♦♥t❛✐♥s
❛♥ ❡♥❞♣♦✐♥t

✕ ■❢ t❤❡ ❛r❝s ❛r❡ ♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, a+ 2, b+ 2, b+ 3, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 2, b+ 4

✕ ■❢ t❤❡ ❛r❝s ❛r❡ ❛♥t✐♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, a+ 2, b+ 3, b+ 4, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 2, b+ 2, ...

• ❇♦t❤ ❛r❝s t♦✉❝❤ t❤❡ ♦✉t❡r r❡❣✐♦♥ ❛♥❞ ❜♦t❤ ❝♦♥t❛✐♥ ❡♥❞♣♦✐♥ts

✕ ■❢ t❤❡ ❛r❝s ❛r❡ ♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, a+ 2, b+ 2, b+ 3, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 1, a+ 2, b+ 2, b+ 4

✹✼



✕ ■❢ t❤❡ ❛r❝s ❛r❡ ❛♥t✐♣❛r❛❧❧❡❧ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤♦✐❝❡s✿
❨❡❧❧♦✇ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a, a+1, a+2, b+2, b+3, b+4, ...
P✐♥❦ ♦✉t❡r r❡❣✐♦♥ ..., a, b, ...↔ ..., a+ 2, b+ 2, ...

• ❖♥❧② ♦♥❡ ❛r❝ t♦✉❝❤❡s t❤❡ ♦✉t❡r r❡❣✐♦♥

..., a, b, ...↔ ..., a, a+ 2, b+ 3, ...

✭✸✮ Ω3✲♠♦✈❡ ✐♥✈♦❧✈❡s t❤r❡❡ ❛r❝s ♦❢ t❤❡ ❞✐❛❣r❛♠ t❤❛t ❢♦r♠ ❛ tr✐❛♥❣✉❧❛r
r❡❣✐♦♥ ❛♥❞ ❧❡t a1✱ a2✱ a3 ❜❡ t❤♦s❡ ❛r❝s✳ ❖♣♣♦s✐t❡ ❢r♦♠ ❛♥ ❛r❝ ai ✐ ❂ ✶✱ ✷✱ ✸
❛♥❞ ❛❞❥❛❝❡♥t t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♦t❤❡r t✇♦ ❛r❝s✱ ❧✐❡s ❛ ❧♦❝❛❧ r❡❣✐♦♥ ♦❢
t❤❡ ❞✐❛❣r❛♠✱ ri ✱ ✐ ❂ ✶✱ ✷✱ ✸ ✳
■❢ ri ⊆ ♦✉t❡r r❡❣✐♦♥ ↔ ♦✉t❡r r❡❣✐♦♥ +ai✳
■❢ ri ⊆ ♦✉t❡r r❡❣✐♦♥ ❛♥❞ ai ∈ ♦✉t❡r r❡❣✐♦♥ ↔ ♦✉t❡r r❡❣✐♦♥ −ai

❉❡✜♥✐t✐♦♥ ✷✳✻✳✶✳ ❆ ❝r♦ss✐♥❣ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s ❝❛❧❧❡❞ ♦❞❞ ✐❢ t❤❡r❡ ✐s ❛♥
♦❞❞ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛♣♣❡❛r❛♥❝❡s ♦❢ t❤❡ ❝r♦ss✐♥❣ ♦t❤❡r✇✐s❡
✐t ✐s ❝❛❧❧❡❞ ❛♥ ❡✈❡♥ ❝r♦ss✐♥❣✳

✹✽



❊①❛♠♣❧❡ ✶ ✿

●❛✉ss ❝♦❞❡✿ 1 2 − 3 − 4 − 1 5 − 6 4 − 2 − 5 6 3 ✰✰✰✰✰✰✰✰✰✰✰✰
❚❤❡ ❝r♦ss✐♥❣s 1, 4, 5 ❛♥❞ 6 ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❛r❡ ♦❞❞✱ ❛♥❞ t❤❡ ❝r♦ss✐♥❣s
2, 3 ❛r❡ ❡✈❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳✷✳ ●❛✉ss ❝♦❞❡ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s s❛✐❞ t♦ ❜❡ ❡✈❡♥❧②
✐♥t❡rst✐❝❡❞ ✐❢ t❤❡r❡ ✐s ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ❜❡t✇❡❡♥ t✇♦ ❛♣♣❡❛r❛♥❝❡s ♦❢
❛♥② ❧❛❜❡❧✳

❚❤❡♦r❡♠ ✻✳ ❚❤❡ ●❛✉ss ❝♦❞❡ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2 ✐s ❡✈❡♥❧② ✐♥t❡rst✐❝❡❞
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

Pr♦♦❢✳ ❚❤❡ ❧♦♦♣ ❛t ❛ ❝r♦ss✐♥❣ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2 ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡
♣❛t❤ ♦❜t❛✐♥❡❞ ❜② tr❛✈❡rs✐♥❣ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ st❛rt✐♥❣ ❛♥❞ ❡♥❞✐♥❣ ❛t t❤❛t
❝r♦ss✐♥❣✳ ❚❤❡r❡ ✐s ❛ ❧♦♦♣ ❛t ❡❛❝❤ ❝r♦ss✐♥❣ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳
▲❡t K ❜❡ ❛ ♣r♦♣❡r ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ t❤❡♥ ♦♥❡ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ✐s ❧♦❝❛t❡❞
✐♥s✐❞❡ ❛t ❧❡❛st ♦♥❡ ❧♦♦♣✱ ✐✳❡✳ ❡♥❞♣♦✐♥ts ♦❢ K ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛t ❧❡❛st ♦♥❡
❧♦♦♣ ❛t ❛ ❝r♦ss✐♥❣ ♦❢ K✳
❆❧❧ t❤❡ str❛♥❞s ❡♥t❡r✐♥❣ t❤❡ ❧♦♦♣ ❡①❝❡♣t t❤❡ ♦♥❡ t❤❛t ✐s ❛❞❥❛❝❡♥t t♦ t❤❡
❡♥❞♣♦✐♥t✱ ❧❡❛✈❡ t❤❡ ❧♦♦♣ ❛♥❞ ❡❛❝❤ s✉❝❤ str❛♥❞ ❝♦♥tr✐❜✉t❡s ✇✐t❤ ❛ ♣❛✐r ♦❢ ❧❛❜❡❧s
t♦ t❤❡ ●❛✉ss ❝♦❞❡ ♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝r♦ss✐♥❣ ✧1✧ t❤❛t ❢♦r♠s
t❤❡ ❧♦♦♣✱ t❤❡ ●❛✉ss ❝♦❞❡ ♦❢K ❛❧♦♥❣ t❤✐s ❧♦♦♣ ✐s✿ ...1 2 5 7 −5 −7 −1...✱ ✇❤❡r❡
2 r❡♣r❡s❡♥ts t❤❡ ❝r♦ss✐♥❣ ♦❢ t❤❡ str❛♥❞ ❛❞❥❛❝❡♥t t♦ t❤❡ ❡♥❞♣♦✐♥t ✇✐t❤ t❤❡ ❧♦♦♣✱
❛♥❞ 5,−5 ❛♥❞ 7,−7 ❢♦r t❤❡ ♣❛✐rs ♦❢ ❝r♦ss✐♥❣s ❝r❡❛t❡❞ ❜② t❤❡ tr❛♥s✈❡rs❛❧❧②
✐♥t❡rs❡❝t✐♥❣ str❛♥❞s ✇❤✐❝❤ ❡♥t❡r ❛♥❞ ❧❡❛✈❡ t❤❡ ❧♦♦♣✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ❜❡t✇❡❡♥
t❤❡ t✇♦ ❛♣♣❡❛r❛♥❝❡s ♦❢ t❤❡ ❧❛❜❡❧ ✶✱ ✇❡ ❤❛✈❡ ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ ❧❛❜❡❧s ✭✜✈❡
❧❛❜❡❧s✮ s♦ t❤❛t t❤❡ ●❛✉ss ❝♦❞❡ ♦❢ K ✐s ♥♦t ❡✈❡♥❧②✲✐♥t❡rst✐❝❡❞✳
❋♦r ❛ ❦♥♦t✲t②♣❡ ❞✐❛❣r❛♠ K✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ t❛✐❧ ❛♥❞ ❤❡❛❞ ❧✐❡ ✐♥
t❤❡ ♦✉t❡r♠♦st r❡❣✐♦♥ ♦❢ t❤❡ ❞✐❛❣r❛♠ s♦ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ❧♦♦♣s ❛t ❝r♦ss✐♥❣s
❡♥❝❧♦s❡s t❤❡♠✳ ❆❧❧ t❤❡ str❛♥❞s ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛♥② ♦❢ t❤❡ ❧♦♦♣s ♦❢ K ❡♥t❡r
❛♥❞ ❧❡❛✈❡ t❤❡ ❧♦♦♣ s♦ t❤❛t t❤❡② ❝♦♥tr✐❜✉t❡ ✇✐t❤ ❛ ♣❛✐r ♦❢ ❧❛❜❡❧s t♦ t❤❡ ●❛✉ss
❝♦❞❡ ♦❢ K✳ ❚❤✐s s❤♦✇s t❤❛t ❡❛❝❤ ❝r♦ss✐♥❣ ✐s ❡✈❡♥✱ ✐✳❡✳ t❤❡ ●❛✉ss ❝♦❞❡ ♦❢ K
✐s ❡✈❡♥❧②✲✐♥t❡rst✐❝❡❞✳

✹✾



❉❡✜♥✐t✐♦♥ ✷✳✻✳✸✳ ●❛✉ss ❝♦❞❡s ❤❛✈❡ ❛ ❞✐❛❣r❛♠♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛❧❧❡❞
❝❤♦r❞ ❞✐❛❣r❛♠✳
❲❡ ❝♦♥s✐❞❡r ❛ s❡❣♠❡♥t ✇❤✐❝❤ ✐s ♦r✐❡♥t❡❞ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱ ❡❛❝❤ ❧❛❜❡❧ ✐♥ t❤❡
●❛✉ss ❝♦❞❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ✷ ♣♦✐♥ts ♦♥ t❤✐s s❡❣♠❡♥t✳
❚❤❡ ♣♦✐♥ts ❛r❡ ❧❛❜❡❧❡❞ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛❜❡❧s ✐♥ t❤❡ ❝♦❞❡✳
❆ s✐❣♥❡❞ ❛♥❞ ♦r✐❡♥t❡❞ ❝❤♦r❞ ❝♦♥♥❡❝ts ❡❛❝❤ ♣❛✐r ♦❢ t❤❡ ❧❛❜❡❧❡❞ ♣♦✐♥ts✳ ❚❤❡
♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ❝❤♦r❞ ❤❡❛❞s ❢r♦♠ t❤❡ ♦✈❡r❝r♦ss✐♥❣ t♦ t❤❡ ✉♥❞❡r❝r♦ss✐♥❣✳
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ t❛✐❧✱ ❞✉r✐♥❣ ❛ tr❛✈❡❧ ❛❧♦♥❣ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✱ ✐❢ t❤❡
✜rst t✐♠❡ t❤❛t ✇❡ ♠❡❡t ❛ ❝r♦ss✐♥❣ ✐s ❛♥ ♦✈❡r❝r♦ss✐♥❣ t❤❡♥ t❤❡ ❛rr♦✇ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝❤♦r❞ ❤❡❛❞s t♦✇❛r❞s t❤❡ s❡❝♦♥❞ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❧❛❜❡❧✳
❚❤❡ s✐❣♥ ♦❢ t❤❡ ❝❤♦r❞ ✐s t❤❡ s✐❣♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❝r♦ss✐♥❣✳
❋♦r ✢❛t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✱ ✇❡ ❤❛✈❡ t❤❡ ♥♦t✐♦♥ ♦❢ r✐❣❤t ❛♥❞ ❧❡❢t ❛t ❡❛❝❤ ✢❛t
❝r♦ss✐♥❣✳ ■❢ ✇❡ ♠❡❡t ❢♦r t❤❡ ✜st t✐♠❡ ❛ ❝r♦ss✐♥❣ t❤❛t ❣♦❡s t♦ t❤❡ r✐❣❤t t❤❡♥
t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❛rr♦✇ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤♦r❞ ❤❡❛❞s t♦✇❛r❞s t❤❡ ✜rst
❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❧❛❜❡❧✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛ ❞✐❛❣r❛♠ ✇✐t❤ ❝❤♦r❞s t❤❛t r❡♣r❡s❡♥ts
t❤❡ ●❛✉ss ❝♦❞❡ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ t❤❡ ❝❤♦r❞ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛✲
❣r❛♠✳
❊❛❝❤ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❤❛s ❛ ✉♥✐q✉❡ ●❛✉ss ❝♦❞❡ ❛♥❞ ❝❤♦r❞ ❞✐❛❣r❛♠✳

❊①❛♠♣❧❡ ✷ ✿ ❘❡❝❛❧❧ t❤❡ ❊①❛♠♣❧❡ ✶
❚❤❡ ❝❤♦r❞ ❞✐❛❣r❛♠ ♦❢ ●❛✉ss ❝♦❞❡
1 2 − 3 − 4 − 1 5 − 6 4 − 2 − 5 6 3 ✰✰✰✰✰✰✰✰✰✰✰✰

✺✵



❈❤❛♣t❡r ✸

■♥✈❛r✐❛♥ts ♦❢ ❦♥♦t♦✐❞s

●✐✈❡♥ t✇♦ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s K ❛♥❞ K ′✱ ✐❢ K ❛♥❞ K ′ ❛r❡ ❡q✉✐✈❛❧❡♥t t❤❡♥ t❤❡②
❤❛✈❡ t❤❡ s❛♠❡ ✐♥✈❛r✐❛♥ts✳ ❚❤❡ ✐♥✈❛r✐❛♥ts ❝❛♥ ❜❡ ♥✉♠❜❡rs✱ ♣♦❧②♥♦♠✐❛❧✳✳✳
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♣♦❧②♥♦♠✐❛❧ ✐♥✈❛r✐❛♥ts✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❏♦♥❡s
♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❢♦r s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s✱ ✇❤✐❧❡ ❢♦r ♣❧❛♥❛r
❦♥♦t♦✐❞s ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❧♦♦♣
❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳ ❲❡ ✇✐❧❧ s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❤❡✐❣❤t ♦❢ ❦♥♦t♦✐❞s✱ ♦❢ t❤❡
❝r♦ss✐♥❣ ♥✉♠❜❡r ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥✳
❑♥♦t♦✐❞s ✐♥✈❛r✐❛♥ts ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❧❛ss✐❢② ❦♥♦t♦✐❞s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ❆♣✲
♣❡♥❞✐① ❇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ t❛❜❧❡ ✭t❛❦❡♥ ❢r♦♠ ❬✺❪✮ ♦❢ ❛❧❧ ❞✐st✐♥❝t ❦♥♦t♦✐❞s
✐♥ t❤❡ s♣❤❡r❡ ✉♣ t♦ ❢♦✉r ❝r♦ss✐♥❣s✳

✸✳✶ ■♥✈❛r✐❛♥ts ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s

✸✳✶✳✶ ❚❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧

❇❡❢♦r❡ ❣✐✈✐♥❣ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♥tr♦❞✉❝❡
s♦♠❡ ♣r❡❧✐♠✐♥❛r② ♥♦t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ▲❡t K ⊂ S2 ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭♥♦t✲♦r✐❡♥t❡❞✮✳
❆ st❛t❡ s ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s ❛ s✐♠♣❧❡ ❝✉r✈❡ ✐♥ S2 ♦❜t❛✐♥❡❞ ❜② s♠♦♦t❤✲
✐♥❣ ❡❛❝❤ ❝r♦ss✐♥❣ ✐♥ ♦♥❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ✐♥ ❋✐❣✉r❡ ✸✳✶✳
❲❡ ❤❛✈❡ t❤❡ ❝r♦ss✐♥❣ ci ❛♥❞ ✐t ❞❡t❡r♠✐♥❡s ❢♦✉r ❛♥❣❧❡s✳ ❲❡ ♦r✐❡♥t ❡❛❝❤ ❛♥❣❧❡
st❛rt✐♥❣ ❢r♦♠ t❤❡ ❛r❝ t❤❛t ♣❛ss❡s ❛❜♦✈❡ t♦ ❛rr✐✈❡ ❛t t❤❡ ❛r❝ t❤❛t ♣❛ss❡s ❜❡❧♦✇✳
■❢ ✇❡ ❝✉t ❝❧♦❝❦✇✐s❡ ❛♥❣❧❡s ✭❤♦r✐③♦♥t❛❧❧② ❝✉tt✐♥❣✮ ✇❡ ❣❡t t❤❡ ♥❡❣❛t✐✈❡ s♠♦♦t❤✲
✐♥❣ ❛♥❞ t❤❡ s✐❣♥ ♦❢ t❤✐s s♠♦♦t❤✐♥❣ ♦❢ t❤❡ ✐✲t❤ ❝r♦ss✐♥❣ ci ✐s σi(s) = −1
■❢ ✇❡ ❝✉t ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❛♥❣❧❡s ✭✈❡rt✐❝❛❧❧② ❝✉tt✐♥❣✮ ✇❡ ❣❡t t❤❡ ♣♦s✐t✐✈❡
s♠♦♦t❤✐♥❣ ❛♥❞ t❤❡ s✐❣♥ ♦❢ t❤✐s s♠♦♦t❤✐♥❣ ♦❢ t❤❡ ✐✲t❤ ❝r♦ss✐♥❣ ci ✐s σi(s) = +1

✺✶



❋✐❣✉r❡ ✸✳✶✿ ❙♠♦♦t❤✐♥❣s ♦❢ t❤❡ ❝r♦ss✐♥❣ ci

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ▲❡t S(K) ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ st❛t❡s ♦❢ K ❛♥❞ ❧❡t C(K) ❜❡
t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳
❋♦r ❡✈❡r② st❛t❡ s ∈ S(K) t❤❡ s✉♠ ♦❢ s✐❣♥s ♦❢ ❛❧❧ s♠♦♦t❤✐♥❣s ♦❢ st❛t❡ s ✐s

σ(s) = σ1(s) + ...+ σC(K)(s)

❘❡♠❛r❦ ✸✳✶✳✶✳ ❚❤❡ st❛t❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❛t ❡❛❝❤ ❝r♦ss✐♥❣✱
t❤❡r❡❢♦r❡ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ s❡t ♦❢ ❛❧❧ st❛t❡s ✐s |S(D)| = 2C(D)✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✸✳ ❖♥❝❡ s♠♦♦t❤❡❞ ❛❧❧ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇❡
❣❡t ❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ ✜♥✐t❡ s❡t ♦❢ ❧♦♦♣s ❛♥❞ ❛♥ ❛r❝✳ ❚❤❡♥✱ ✇❡ ♣✉t

ρ(s) = number of components of the state s (once smoothed all crossings)✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✳ ❇❘❆❈❑❊❚ P❖▲❨◆❖▼■❆▲
▲❡t K ⊂ S2 ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭♥♦t✲♦r✐❡♥t❡❞✮✳
❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

〈K〉 =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 ∈ Z[A±1]

❚❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤✐s ♣♦❧②♥♦♠✐❛❧✳

❘✉❧❡s t♦ ❝♦♥str✉❝t t❤❡ ♣♦❧②♥♦♠✐❛❧✿

✶✳ 〈K̂ = K ⊔ S1〉 = (−A2 − A−2)〈K〉

Pr♦♦❢✳

●✐✈❡♥ K̂ = K ⊔ S1 t❤❡♥ S(K̂) ↔ S(K) ❛♥❞ σ(ŝ) = σ(s) ❜❡❝❛✉s❡ t❤❡
♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ✐s t❤❡ s❛♠❡✱ ✇❤✐❧❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐s
❞✐✛❡r❡♥t ρ(ŝ) = ρ(s) + 1 ✭t❤❡r❡ ✐s ❛♥ ♦t❤❡r ❝♦♠♣♦♥❡♥t✿ ❛ ❝✐r❝❧❡ S1 ✮✳

〈K̂〉 =
∑

ŝ∈S(K̂)

Aσ(ŝ)(−A2 − A−2)ρ(ŝ)−1 =

=
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)+1−1 = (−A2 − A−2)〈K〉

✺✷



✷✳ 〈 〉 = 1

Pr♦♦❢✳

〈 〉 = Aσ(s)(−A2 − A−2)ρ(s)−1 = A0(−A2 − A−2)1−1 = 1

✸✳ 〈K〉 = A〈K0〉+ A−1〈K∞〉

Pr♦♦❢✳

▲❡t K✱ K0✱ K∞ ❜❡ t❤r❡❡ ✐❞❡♥t✐❝❛❧ ❞✐❛❣r❛♠s t❤❛t ❞✐✛❡r ♦♥❧② ✐♥ t❤❡
❝r♦ss✐♥❣ ci✳
❙t❛t❡s ♦❢ ❑ ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ st❛t❡s ✇❤❡r❡ ci ✐s s♠♦♦t❤❡❞ ❛s ✐♥
K0 ❛♥❞ st❛t❡s ✇❤❡r❡ ci ✐s s♠♦♦t❤❡❞ ❛s ✐♥ K∞✳

S(K) = S0(K) ⊔ S∞(K)
l l

S(K0) S(K∞)

❈♦♥s✐❞❡r✐♥❣ s ∈ S0(K) ❛♥❞ s0 ∈ S(K0) ✇❡ ♦❜t❛✐♥ σ(s) = σ(s0) + 1
✭✰✶ ❜❡❝❛✉s❡ t❤❡ ❝r♦ss✐♥❣ ci ✐s ❜❡❡♥ s♠♦♦t❤❡❞ ✐♥ ♣♦s✐t✐✈❡ ✇❛②✮ ❛♥❞
ρ(s) = ρ(s0)✳
❈♦♥s✐❞❡r✐♥❣ s ∈ S∞(K) ❛♥❞ s∞ ∈ S(K∞) ✇❡ ♦❜t❛✐♥ σ(s) = σ(s∞)− 1
✭✲✶ ❜❡❝❛✉s❡ t❤❡ ❝r♦ss✐♥❣ ci ✐s ❜❡❡♥ s♠♦♦t❤❡❞ ✐♥ ♥❡❣❛t✐✈❡ ✇❛②✮ ❛♥❞
ρ(s) = ρ(s∞)✳

〈K〉 =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 =

=
∑

s∈S0(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 +
∑

s∈S∞(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 =

=
∑

s0∈S(K0)

Aσ(s0)+1(−A2 − A−2)ρ(s0)−1+
∑

s∞∈S(K∞)

Aσ(s∞)−1(−A2 − A−2)ρ(s∞)−1 =

= A
∑

s0∈S(K0)

Aσ(s0)(−A2 − A−2)ρ(s0)−1+A−1
∑

s∞∈S(K∞)

Aσ(s∞)(−A2 − A−2)ρ(s∞)−1 =

= A〈K0〉+ A−1〈K∞〉

✺✸



✹✳ ❘♦t❛t✐♥❣ t❤❡ ❝r♦ss✐♥❣ ci ✭✐♥ t❤❡ ❝❛s❡ ✷✳✮ ✾✵ ❞❡❣r❡❡ ✇❡ ♦❜t❛✐♥

〈K〉 = A〈K0〉+ A−1〈K∞〉

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ s❡❝♦♥❞ ❛♥❞
t❤❡ t❤✐r❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ❜✉t ♥♦t ✉♥❞❡r t❤❡ ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✳

Pr♦♦❢✳

▲❡t K ❛♥❞ K ′ ❜❡ t✇♦ ❞✐❛❣r❛♠s r❡❧❛t❡❞ ❜② ❛♥ Ω1✲♠♦✈❡✳

〈K ′〉 = A〈K ′
0〉+ A−1〈K ′

∞〉 = A〈K ⊔ S1〉+ A−1〈K〉 =
= A(−A2 − A−2)〈K〉+ A−1〈K〉 =
= (−A3 − A−1 + A−1)〈K〉 = −A3〈K〉

❙✐♠✐❧❛r❧② ✐❢ ✇❡ ❤❛✈❡ t❤❡ ♦t❤❡r ❝r♦ss✐♥❣✿

〈K ′〉 = −A−3〈K〉

▲❡t K ❛♥❞ K ′ ❜❡ t✇♦ ❞✐❛❣r❛♠s r❡❧❛t❡❞ ❜② ❛♥ Ω2✲♠♦✈❡✳

✺✹



〈K ′〉 = A〈K ′
0〉+ A−1〈K ′

∞〉❂

= A(A〈K ′
00〉+ A−1〈K ′

0∞〉) + A−1(A〈K ′
∞0〉+ A−1〈K ′

∞∞〉) =

↑ t❤❡② ❛r❡ ❡q✉❛❧✱ ✇❡ ❝❛❧❧ t❤❡♠ K ′′ ↑
= A2〈K ′′〉+ 〈K ′

0∞〉) + 〈K
′
∞0〉+ A−2〈K ′′〉) =

= A2〈K ′′〉+ 〈K̂ ′′ = K ′′ ⊔ S1〉) + 〈K〉+ A−2〈K ′′〉) =
= (A2 + A−2)〈K ′′〉+ (−A2 − A−2)〈K ′′〉+ 〈K〉 = 〈K〉

▲❡t K ❛♥❞ K ′ ❜❡ t✇♦ ❞✐❛❣r❛♠s r❡❧❛t❡❞ ❜② ❛♥ Ω3✲♠♦✈❡✳

〈K〉 = A〈K0〉+ A−1〈K∞〉

‖ ‖
〈K ′〉 = A〈K ′

0〉+ A−1〈K ′
∞〉

❲❡ ❝❛♥ s❡❡ t❤❛t 〈K∞〉 = 〈K ′
∞〉 ✉♣ t♦ ✐s♦t♦♣② ❜❡❝❛✉s❡ t❤❡② ❤❛✈❡ s❛♠❡ ❝r♦ss✲

✐♥❣s ❜✉t ❞✐s♣❧❛❝❡❞✳
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ❜② Ω2✲♠♦✈❡✳ ❆♣♣❧✐♥❣
t❤❡ Ω2✲♠♦✈❡ ✇❡ ❤❛✈❡ 〈K0〉 = 〈K ′

0〉✳

✺✺



❙♦ ✇❡ ❣❡t 〈K〉 = 〈K ′〉✳

❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ♥♦t ❛♥ ✐♥✈❛r✐❛♥t ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❜❡❝❛✉s❡
✐t ✐s ♥♦t ✐♥✈❛r✐❛♥t ❜② ❛❧❧ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s s♦ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛♣♣❧② ❛
❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛♥ ✐♥✈❛r✐❛♥t✿ t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧✳

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ ✜rst ♠♦✈❡✱ ✇❡ ❝❤♦♦s❡ ❛♥ ♦r✐❡♥✲
t❛t✐♦♥ ❢♦r t❤❡ ❣✐✈❡♥ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳ ❚❤❡ ❝r♦ss✐♥❣s ✐♥ ❛♥ ♦r✐❡♥t❡❞ ❞✐❛❣r❛♠
❝❛♥ ❜❡ ♣♦s✐t✐✈❡ +1 ♦r ♥❡❣❛t✐✈❡ −1✿

❚❤❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ✐s ❣✐✈❡♥ ❜② t❤❡ s✉♠ ♦❢ s✐❣♥s ♦❢ ❛❧❧ ❝r♦ss✐♥❣ ♦❢ ♦r✐❡♥t❡❞
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✳ ❚❤✐s s✉♠ ✐s ❝❛❧❧❡❞ ✇r✐t❤❡ ♦❢ K ❛♥❞ ❞❡♥♦t❡❞ ❜② wr(K)✳
❚❤❡ ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✿

wr(K ′) = wr(K)− 1

wr(K ′) = wr(K) + 1
❚❤❡ s❡❝♦♥❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡ ❣❡♥❡r❛t❡s t✇♦ ♥❡✇ ❝r♦ss✐♥❣s t❤❛t ❛r❡ ♦♣♣♦s✐t❡
✭✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❝❤♦✐❝❡✮ t❤❡♥ t❤❡ ✇r✐t❤❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡✳
❚❤❡ t❤✐r❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡ ♦♥❧② ❝❤❛♥❣❡s t❤❡ ♣♦s✐t✐♦♥s ♦❢ ❝r♦ss✐♥❣s✱ t❤❡♥
t❤❡ ✇r✐t❤❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✺✳ ❚❍❊ ❏❖◆❊❙ P❖▲❨◆❖▼■❆▲
▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳
❚❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

JK(A) = (−A−3)wr(K)〈K〉 ∈ Z[A±1]

✺✻



✇❤❡r❡ 〈K〉 ✐s ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✳
❚❤❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r (−A−3)wr(K) ❡♥s✉r❡s t❤❛t t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✲
✈❛r✐❛♥t ✉♥❞❡r ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✿

JK′(A) = (−A−3)wr(K′)〈|K ′|〉 = (−A−3)wr(K)−1(−A−3)〈|K|〉 =
= (−A−3wr(K)+3−3)〈|K|〉 = (−A−3)wr(K)〈|K|〉 = JK(A)

JK′(A) = (−A−3)wr(K′)〈|K ′|〉 = (−A−3)wr(K)+1(−A3)〈|K|〉 =
= (−A−3wr(K)−3+3)〈|K|〉 = (−A−3)wr(K)〈|K|〉 = JK(A)

Pr♦♣❡rt✐❡s ♦❢ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧✿

✶✳ JK(A) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛❧❧ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳

✷✳ K tr✐✈✐❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ⇒ JK(A) = (−A2 − A−2)n(K)−1

✇❤❡r❡ n(K) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts
♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✳

Pr♦♦❢✳

▲❡t ❑ ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠♠ ✇✐t❤ n(K) ❝♦♠♣♦♥❡♥ts✳

❚❤✐s ❞✐❛❣r❛♠ ❤❛s ♦♥❧② ♦♥❡ st❛t❡ ❜❡❝❛✉s❡ ✐t✬s ❛ ❞✐❛❣r❛♠ ✇✐t❤♦✉t ❝r♦ss✲
✐♥❣s wr(K) = 0 σ(s) = 0✳

〈K〉 =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 = A0(−A2 − A−2)n(K)−1

JK(A) = (−A−3)wr(K)〈K〉 = (−A−3)0〈K〉 = (−A2 − A−2)n(K)−1

✸✳ ■❢ K ✐s ❝♦♥♥❡❝t❡❞ JK(A) ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❜❡❝❛✉s❡ ✐t
♦♥❧② ❤❛s ❛♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ♦♣♣♦s✐t❡ ♦♥❡✳
J−K(A) = JK(A)
−K ✐s t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇✐t❤ ✐♥✈❡rt❡❞ ♦r✐❡♥t❛t✐♦♥✳

✺✼



✹✳ Jmir(K)(A) = JK(A
−1) ✇❤❡r❡ mir(K) ✐s t❤❡ ♠✐rr♦r r❡✢❡❝t✐♦♥ ♦❢ t❤❡

❦♥♦t♦✐❞ ❞✐❛❣r❛♠✱ ✐t ✐s t❤❡ s❛♠❡ ❞✐❛❣r❛♠ ✇✐t❤ ✐♥✈❡rt❡❞ ❝r♦ss✐♥❣s✳
❊①❛♠♣❧❡

wr(K) = −2 wr(mir(K)) = +2 wr(sym(K)) = −wr(K)
❜❡❝❛✉s❡ ❡❛❝❤ ❝r♦ss✐♥❣ ❝❤❛♥❣❡s s✐❣♥✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ❡①❝❤❛♥❣❡ ❜❡t✇❡❡♥
K0 ❛♥❞ K∞ ✐♥ t❤❡ ❢♦r♠✉❧❛ 〈K〉 = A〈K0〉 + A−1〈K∞〉 ❜✉t ✐t ✐s ❧✐❦❡ t♦
❡①❝❤❛♥❣❡ A ❛♥❞ A−1✳
❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ♦❢mir(K) ✈❛❧✉❛t❡❞ ✐♥ A ❝♦rr❡s♣♦♥❞s t♦ ❜r❛❝❦❡t
♣♦❧②♥♦♠✐❛❧ ♦❢ K ✈❛❧✉❛t❡❞ ✐♥ A−1✳ 〈|mir(K)|〉(A) = 〈|K|〉(A−1)✳

❘❡♠❛r❦ ✸✳✶✳✷✳ ❚❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s s②♠♠❡tr✐❝⇒ JK(A) = JK(A
−1) =

Jmir(K)(A)

✺✽



✸✳✶✳✷ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧

❚♦ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❣✐✈❡ ❛
❞❡✜♥✐t✐♦♥ ♦❢ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✻✳ ❇❘❆❈❑❊❚ P❖▲❨◆❖▼■❆▲ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s
❘✉❧❡s t♦ ❝♦♥str✉❝t t❤❡ ♣♦❧②♥♦♠✐❛❧✿

✶❛✳

✶❜✳

✷✳

✸✳

✹✳

❊❛❝❤ ♦r✐❡♥t❡❞ st❛t❡ ✐s ❝♦♠♣♦s❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥ts
❛♥❞ ❛♥ ❛r❝ ✇✐t❤ ❡♥❞♣♦✐♥ts✱ ❜♦t❤ ❝❛♥ ❝♦♥t❛✐♥ ❝♦♥s❡❝✉t✐✈❡ ❝✉s♣s t❤❛t ✇❡ ❣❡t
❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜② t❤❡ r✉❧❡s ✶❛✳ ❛♥❞ ✶❜✳✳
❊❛❝❤ ❝✉s♣ ❤❛s t✇♦ ❛r❝s ❡✐t❤❡r ❣♦✐♥❣ ✐♥t♦ t❤❡ ❝✉s♣ ♦r ❣♦✐♥❣ ♦✉t ❢r♦♠ t❤❡ ❝✉s♣✳
❲❡ ❝❛❧❧ ✧✐♥s✐❞❡ ♦❢ t❤❡ ❝✉s♣✧ t❤❡ ♣❛rt ♦❢ t❤❡ ❛❝✉t❡ ❛♥❣❧❡ ❛♥❞ ✧♦✉ts✐❞❡ ♦❢ t❤❡
❝✉s♣✧ t❤❡ ♣❛rt ♦❢ t❤❡ ♦❜t✉s❡ ❛♥❣❧❡✳
❘✉❧❡s ✇❤✐❝❤ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉s♣s ✐♥ ❛ st❛t❡✿
✲ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝✉s♣s ♦♥ ❛ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡ ❝❛♥❝❡❧❡❞ ✐❢ t❤❡② ❤❛✈❡
✐♥s✐❞❡s ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥❀

✭❝✶✮

✲ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝✉s♣s ✇❤✐❝❤ ❤❛✈❡ ✐♥s✐❞❡s ♦♥ t❤❡ s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❛r❝ ❝❛♥
❜❡ ❝❛♥❝❡❧❡❞❀

✭❝✷✮

✳

✺✾



▲❡t K ⊂ S2 ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳
❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡ ✐s ❣✐✈❡♥ ❜②✿

[K] =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1Li(s) ∈ Z[A±1, L1, L2, ...]

✇❤❡r❡✿ S(K) ✐s t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✱ σ(s) ✐s t❤❡ s✉♠ ♦❢ s✐❣♥s
♦❢ ❛❧❧ s♠♦♦t❤✐♥❣s ♦❢ st❛t❡ s✱ ρ(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ st❛t❡ s
✭♦♥❝❡ s♠♦♦t❤❡❞ ❛❧❧ ❝r♦ss✐♥❣s✮ ❛♥❞ Li(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❛r❝
♦❢ ❛ st❛t❡ ✇✐t❤ i(s) s✉r✈✐✈✐♥❣ ❝✉s♣s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ s❡❝♦♥❞ ❛♥❞
t❤❡ t❤✐r❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ❜✉t ♥♦t ✉♥❞❡r t❤❡ ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✳

Pr♦♦❢✳ ❙✐♠✐❧❛r ♣r♦♦❢ t♦ t❤❛t ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ❄❄✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✼✳ ❚❍❊ ❆❘❘❖❲ P❖▲❨◆❖▼■❆▲
▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳
❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

A(K) = (−A−3)wr(K)[K] ∈ Z[A±1, L1, L2, ...]

✇❤❡r❡ [K] ✐s ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s✳
❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳ ✭❚❤❡ ❝♦rr❡❝✲
t✐♦♥ ❢❛❝t♦r (−A−3)wr(K) ❡♥s✉r❡s t❤❛t t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r
✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✳✮

❘❡♠❛r❦ ✸✳✶✳✸✳ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❣✐✈❡s ♥♦♥tr✐✈✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡ ❤❡✐❣❤t ✭❞❡✜♥✐t✐♦♥ ✷✳✷✳✹✮✳ ❙❡❡ ❝❤❛♣t❡r ✸✳✼✳

✻✵



✸✳✷ ■♥✈❛r✐❛♥ts ❢♦r ♣❧❛♥❛r ❦♥♦t♦✐❞s

✸✳✷✳✶ ❚❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧

❚❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ❛♥ ❡①t❡♥❝t✐♦♥ ♦❢ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ❢♦r
t❤❡ ❝❛s❡ ♦❢ ♣❧❛♥❛r ❦♥♦t♦✐❞s✳ ❚♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❚✉r❛❡✈ ♣♦❧②♥♦♠✐❛❧✱ ✐t ✐s
♥❡❝❡ss❛r② t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ▲❖❖P ❇❘❆❈❑❊❚ P❖▲❨◆❖▼■❆▲
❲❤❡♥ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ✇❤❡♥ ❛❧❧
❝r♦ss✐♥❣s ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❛r❡ s♠♦♦t❤❡❞ ✇❡ ❣❡t ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
❞✐s❥♦✐♥t ❧♦♦♣s ❛♥❞ ❛♥ ❛r❝✳
❘✉❧❡s t♦ ❝♦♥str✉❝t t❤❡ ♣♦❧②♥♦♠✐❛❧✿

✶✳ 〈K̂ = K ⊔ S1〉o = (−A2 − A−2)〈K〉o

✷✳ 〈K〉o = A〈K0〉+ A−1〈K∞〉o

✸✳ ❘♦t❛t✐♥❣ t❤❡ ❝r♦ss✐♥❣ ci ✭✐♥ t❤❡ ❝❛s❡ ✷✳✮ ✾✵ ❞❡❣r❡❡ ✇❡ ♦❜t❛✐♥
〈K〉 = A〈K0〉+ A−1〈K∞〉

✹✳ ✇❤❡r❡ β > 0 ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ ❧♦♦♣s
t❤❛t ❝♦♥t❛✐♥ t❤❡ ❛r❝✳

■❢ t❤❡ ❛r❝ r❡♠❛✐♥s ✐♥s✐❞❡ ❛ ❝✐r❝❧❡ ✐♥ S
2 ✇❡ ❝❛♥ ❛❧✇❛②s t❛❦❡ ✐t ♦✉t ❜② ♠♦✈✐♥❣

❛♥ ❛r❝ ♦❢ ❝✐r❝❧❡ ❛r♦✉♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡ ❜✉t ✐❢ ✇❡ ✇♦r❦ ✐♥ R
2 ✇✐t❤

♣❧❛♥❛r ❦♥♦t♦✐❞s✱ ✇❡ ❝❛♥♥♦t ❞♦ t❤✐s ❛♥❞ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤✐s
✐♥❢♦r♠❛t✐♦♥✳
❋♦r t❤✐s r❡❛s♦♥ ✇❡ ❛❞❞ ❛♥ ♦t❤❡r ✈❛r✐❛❜❧❡ v t♦ t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ t❤❛t
✐♥❞✐❝❛t❡s t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s❡❣♠❡♥t ✐s ✐♥s✐❞❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
❝✐r❝❧❡s✳
▲❡t K ⊂ R

2 ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭♥♦t✲♦r✐❡♥t❡❞✮✳
❚❤❡ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

✻✶



〈K〉o =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)α(s)vβ(s) ∈ Z[A±1, v]

✇❤❡r❡✿ S(K) ✐s t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✱ σ(s) ✐s t❤❡ s✉♠ ♦❢ s✐❣♥s
♦❢ ❛❧❧ s♠♦♦t❤✐♥❣s ♦❢ st❛t❡ s✱ α(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝✐r❝✉❧❛r ❝♦♠♣♦♥❡♥ts ✇❤✐❝❤
❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ❛r❝✱ v ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤
t❤❡ ❛r❝ ✐s ✐♥s✐❞❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧♦♦♣s ✭β(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❝♦♠✲
♣♦♥❡♥ts t❤❛t ❝♦♥t❛✐♥ t❤❡ ❛r❝✮✳ α(s) + β(s) = ρ(s)− 1

❚❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤✐s ♣♦❧②♥♦♠✐❛❧✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✷✳ ❚❍❊ ❚❯❘❆❊❱ ▲❖❖P ❇❆❈❑❊❚ P❖▲❨◆❖▼■❆▲
▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ R

2✳
❚❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

ĴK(A, v) = (−A−3)wr(K)〈K〉o ∈ Z[A±1, v]

✇❤❡r❡ 〈K〉o ✐s ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✳
❚❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳
✭❚❤❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r (−A−3)wr(K) ❡♥s✉r❡s t❤❛t t❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t
♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✳✮

✸✳✷✳✷ ❚❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧

❚❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ❛♥ ❡①t❡♥❝t✐♦♥ ♦❢ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❢♦r t❤❡
❝❛s❡ ♦❢ ♣❧❛♥❛r ❦♥♦t♦✐❞s✳ ❚♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✱ ✐t ✐s
♥❡❝❡ss❛r② t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸✳

▲❖❖P ❇❘❆❈❑❊❚ P❖▲❨◆❖▼■❆▲ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s
❲❤❡♥ ✇❡ s♠♦♦t❤ ❛❧❧ ❝r♦ss✐♥❣s ✇❡ ❝❛♥ ❤❛✈❡ t❤❡s❡ s✐t✉❛t✐♦♥s✿
✲ ❛♥ ❛r❝ ✇❤✐❝❤ r❡♠❛✐♥s ✐♥s✐❞❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝✐r❝❧❡s ✭❧✐❦❡ ✐♥ t❤❡ ❧♦♦♣
❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✮✱
✲ t❤❡r❡ ❛r❡ t✇♦ t②♣❡ ♦❢ ③✐❣✲③❛❣ s❡❣♠❡♥ts✱ t❤❡② ❛r❡ ❢♦r♠❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ s✉r✈✐✈✐♥❣ ❝✉s♣s ✭t❤❡ r✉❧❡s t♦ r❡♠♦✈❡ ❝✉s♣s ❛r❡ t❤❡ s❛♠❡ s❡❡♥ ✐♥ t❤❡ ❜r❛❝❦❡t
♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s✮

❚②♣❡ ✶ ❚②♣❡ ✷

✲ ❛ t②♣❡ ✶ ✭t②♣❡ ✷✮ ③✐❣✲③❛❣ s❡❣♠❡♥t r❡♠❛✐♥s ✐♥s✐❞❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝✐r❝❧❡s✳

✻✷



❘✉❧❡s t♦ ❝♦♥str✉❝t t❤❡ ♣♦❧②♥♦♠✐❛❧✿

✶❛✳

✶❜✳

✷✳

✸✳

✹❛✳

✹❜✳

✺❛✳

✺❜✳

✻✳

▲❡t K ⊂ R
2 ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

❚❤❡ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s ✐s ❣✐✈❡♥ ❜②✿

[K]o =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)α(s)vβ(s)mi(s)wj(s)p
γ(s)
l(s) q

δ(s)
h(s)

∈ Z[A±1, v,m1,m2, ...w1, w2, ..., p1, p2, ..., q1, q2, ...]

✻✸



✇❤❡r❡✿ S(K) ✐s t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠❀
σ(s) ✐s t❤❡ s✉♠ ♦❢ s✐❣♥s ♦❢ ❛❧❧ s♠♦♦t❤✐♥❣s ♦❢ st❛t❡ s❀ α(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢
❝✐r❝✉❧❛r ❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ❛r❝❀
v ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❛r❝ ✐s ✐♥s✐❞❡ ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❧♦♦♣s ✭β(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥ts t❤❛t ❝♦♥t❛✐♥ t❤❡
❛r❝✮❀
mi(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❛r❝ ♦❢ ❛ st❛t❡ ✇✐t❤ i(s) s✉r✈✐✈✐♥❣ ❝✉s♣s
t❤❛t ❝r❡❛t❡ t❤❡ t②♣❡ ✶ ③✐❣✲③❛❣❀
wj(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❛r❝ ♦❢ ❛ st❛t❡ ✇✐t❤ j(s) s✉r✈✐✈✐♥❣ ❝✉s♣s
t❤❛t ❝r❡❛t❡ t❤❡ t②♣❡ ✷ ③✐❣✲③❛❣❀
pl(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❛r❝ ♦❢ ❛ st❛t❡ ✇✐t❤
l(s) s✉r✈✐✈✐♥❣ ❝✉s♣s ✭t❤❛t ❝r❡❛t❡ t❤❡ t②♣❡ ✶ ③✐❣✲③❛❣✮ ✐s ✐♥s✐❞❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ❧♦♦♣s ✭γ(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥ts t❤❛t ❝♦♥t❛✐♥ t❤❡ ❛r❝✮❀
qh(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❛r❝ ♦❢ ❛ st❛t❡ ✇✐t❤
h(s) s✉r✈✐✈✐♥❣ ❝✉s♣s ✭t❤❛t ❝r❡❛t❡ t❤❡ t②♣❡ ✷ ③✐❣✲③❛❣✮ ✐s ✐♥s✐❞❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ❧♦♦♣s ✭δ(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥ts t❤❛t ❝♦♥t❛✐♥ t❤❡ ❛r❝✮✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✹✳ ❚❍❊ ▲❖❖P ❆❘❘❖❲ P❖▲❨◆❖▼■❆▲
▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ R

2✳
❚❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

Â(K) = (−A−3)wr(K)[K]o ∈ Z[A±1, v,m1,m2, ...w1, w2, ..., p1, p2, ..., q1, q2, ...]

✇❤❡r❡ [K]o ✐s ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s✳
❚❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳
✭❚❤❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r (−A−3)wr(K) ❡♥s✉r❡s t❤❛t t❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧
✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡✳✮

✸✳✸ ❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧

●✐✈❡♥ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K✱ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ ❦♥♦t♦✐❞✱ ✐s
❜❛s❡❞ ♦♥ ❛♥ ✐♥t❡❣❡r ❧❛❜❡❧✐♥❣ ❛ss✐❣♥❡❞ t♦ ✢❛t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭❞❡✜♥✐t✐♦♥
✷✳✺✳✶✮ ♦❢ K ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
✲ t❤❡ ❧❛❜❡❧✐♥❣ ♦❢ ❡❛❝❤ ❛r❝ ♦❢ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ♦❢ K ❜❡❣✐♥s ✇✐t❤ t❤❡ ✜rst ❛r❝
✇❤✐❝❤ ❝♦♥♥❡❝ts t❤❡ t❛✐❧ ❛♥❞ t❤❡ ✜rst ✢❛t ❝r♦ss✐♥❣✱
✲ ❛t ❡❛❝❤ ❝r♦ss✐♥❣✱ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ❛r❝s ❝❤❛♥❣❡ ❜② ♦♥❡❀ ✐❢ t❤❡ ✐♥❝♦♠✐♥❣ ❛r❝
❧❛❜❡❧❡❞ ❜② a ∈ Z ❝r♦ss❡s t❤❡ ❝r♦ss✐♥❣ t♦✇❛r❞s ❧❡❢t t❤❡♥ t❤❡ ♥❡①t ❛r❝ ✐s ❧❛❜❡❧❡❞
❜② a + 1✱ ✐❢ t❤❡ ✐♥❝♦♠✐♥❣ ❛r❝ ❝r♦ss❡s t❤❡ ❝r♦ss✐♥❣ t♦✇❛r❞s r✐❣❤t t❤❡♥ ✐t ✐s
❧❛❜❡❧❡❞ ❜② a− 1✳

▲❡t c ❜❡ ❛ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣ ♦❢ K✱ ✇❡ ❞❡✜♥❡ t✇♦ ♥✉♠❜❡rs ❛t c r❡s✉❧t✐♥❣
❜② t❤❡ ❧❛❜❡❧✐♥❣✿

✻✹



❋✐❣✉r❡ ✸✳✷✿ ■♥t❡❣❡r ❧❛❜❡❧✐♥❣ ❛t ❛ ✢❛t ❝r♦ss✐♥❣

w+(c) = a− (b+ 1) ♣♦s✐t✐✈❡ ✇❡✐❣❤t
w−(c) = b− (a− 1) ♥❡❣❛t✐✈❡ ✇❡✐❣❤t
✇❤❡r❡ a ❛♥❞ b ❛r❡ t❤❡ ❧❛❜❡❧s ❢♦r t❤❡ ❧❡❢t ❛♥❞ t❤❡ r✐❣❤t ✐♥❝♦♠✐♥❣ ❛r❝s ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✢❛t ❝r♦ss✐♥❣ c✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ✇❡✐❣❤t ♦❢ c ✐s ❞❡✜♥❡❞ ❛s

wK(c) =

{

w+(c); ✐❢ t❤❡ s✐❣♥ ♦❢ c ✐s ❛ ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣

w−(c); ✐❢ t❤❡ s✐❣♥ ♦❢ c ✐s ❛ ♥❡❣❛t✐✈❡ ❝r♦ss✐♥❣

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✳ ❚❍❊ ❆❋❋■◆❊ ■◆❉❊❳ P❖▲❨◆❖▼■❆▲
▲❡t K ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳ ❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧
♦❢ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ✐s ❞❡✜♥❡❞ ❜②✿

PK(A) =
∑

c

sgn(c)(AwK(c) − 1)

✇❤❡r❡ t❤❡ s✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s ♦❢ ❛ ❞✐❛❣r❛♠ K ❛♥❞ sgn(c)
✐s t❤❡ s✐❣♥ ♦❢ c✳

❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✱ ✐t ❝❛♥
❜❡ s❡❡♥ t❤❛t✿

Ω1✲♠♦✈❡ ❛❞❞s ❛ ❝r♦ss✐♥❣ ✇✐t❤ ③❡r♦ ✇❡✐❣❤t

w(x) = w+(x) = 0

Ω2✲♠♦✈❡ ❛❞❞s✴r❡♠♦✈❡s t✇♦ ❝r♦ss✐♥❣s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s ❜✉t ✇✐t❤ s❛♠❡

✻✺



w(x) = w−(x) = b− (a− 1) = −a+ b+ 1
w(y) = w = +(y) = (b+ 1)− a = −a+ b− 1

Ω3✲♠♦✈❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇❡✐❣❤ts ♦r s✐❣♥s ♦❢ t❤❡ t❤r❡❡ ❝r♦ss✐♥❣s ✐♥ t❤❡ ♠♦✈❡
♣❛tt❡r♥ x∗y∗z∗

w−(x) = b− c = w−(x
∗)

w+(y) = a− c = w+(y
∗)

w+(z) = b− a = w+(z
∗)

❘❡♠❛r❦ ✸✳✸✳✶✳ ❲❤❡♥ ✇❡ ❤❛✈❡ ❣✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✷✳✷✳✹ ♦❢ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦✲
t♦✐❞ ❞✐❛❣r❛♠ K ⊂ S2✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ❛ ❦♥♦t♦✐❞ ✐♥ S2 ✐s ♦❢ ❦♥♦t✲t②♣❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❤❡✐❣❤t ✐s ③❡r♦ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛ ❦♥♦t♦✐❞ ✐♥ S2 ❤❛s ♥♦♥③❡r♦
❤❡✐❣❤t ✐❢ ❛♥❞ ♦♥❧② ✐t ✐s ❛ ♣r♦♣❡r ❦♥♦t♦✐❞✳
✶✮ ❑♥♦t✲t②♣❡ ❦♥♦t♦✐❞s ❤❛✈❡ tr✐✈✐❛❧ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧✳
✷✮ Pr♦♣❡r ❦♥♦t♦✐❞s ♠❛② ❤❛✈❡ ♥♦♥③❡r♦ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧✳
⇒■❢ ❛ ❣✐✈❡♥ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❤❛s ♥♦♥③❡r♦ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧✱ t❤❡♥ t❤❡
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ r❡♣r❡s❡♥ts ❛ ♣r♦♣❡r ❦♥♦t♦✐❞✳ ■t ✐s ♦❢t❡♥ ❤❛r❞ t♦ ❝♦♠♣✉t❡
t❤❡ ❤❡✐❣❤t ✇✐t❤ ❛♥ ❛tt❡♠♣t ♦❢ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ❢♦r ✇❡ s❤♦✉❧❞ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t ❛❧❧ t❤❡ ❡q✉✐✈❛❧❡♥t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s✳
❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♣r♦✈✐❞❡s t❤❡ ❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ❤❡✐❣❤t t❤❛t ✇❡
s❡❡♥ ✐♥ t❤❡ s✉❜❝❤❛♣t❡r ✸✳✼ ✳

✻✻



✸✳✹ ❊①❛♠♣❧❡✿ ❚❤❡ ✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡

s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞ 31

❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞ 31✿

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦t✲♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ 31 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s✿

✭✉s✐♥❣ ✶✳✮

= A[A(−A2 − A−2)(−A−3) + A−1(−A3)] + A−1[A(−A3) + A−1(−A−3)] =
= [(−A4 − 1)(−A3)− A3] + [−A3 − A−5] =
= A7 + A3 − 2A3 − A−5 = A7 − A3 − A−5

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ 31 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❏♦♥❡s ♣♦❧②✲
♥♦♠✐❛❧ ✐s✿
wr(31) = −3
J31(A) = (−A−3)wr(31)〈31〉 = (−A−3)−3(A7 − A3 − A−5) = −A16 + A12 + A4

❲❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ 31 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❜r❛❝❦❡t
♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s ✐s✿

✻✼



✭s✐♠♣❧✐❢②✐♥❣ ✇✐t❤ ✭❝✶✮✱ ✭❝✷✮ ❛♥❞ ✉s✐♥❣ ✷✳✮

= A−3(−A2 −A−2) +A−1 +A−1 +A(−A2 −A−2) +A−1 +A(−A2 −A−2) +
+A(−A2 − A−2) + A3(−A2 − A−2)(−A2 − A−2) =

= −A−1 − A−5 + A−1 + A−1 − A3 − A−1 + A−1 − A3 − A−1 − A3 − A−1 +
+(−A5 − A)(−A2 − A−2) =

= −A−5 − 3A3 − A−1 + A7 + A3 + A3 + A−1 = −A−5 + A7 − A3

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❆rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s✿
wr(31) = −3
A(31) = (−A−3)wr(31)[31] = −A9(A7 − A3 − A−5) = −A16 + A12 + A4

✻✽



✸✳✺ ❊①❛♠♣❧❡✿ ❚❤❡ ✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡

♣❧❛♥❛r ❦♥♦t♦✐❞ 33

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞ 33✿

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦t✲♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ 33 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s✿

= A2(A+ A−1) + Av + A−1v − A3 + A−1v2 + A−3v =
= A3 + A+ Av + A−1v − A3 + A−1v2 + A−3v =
= A+ Av + A−1v + A−1v2 + A−3v

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ 33 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❚✉r❛❡✈ ❧♦♦♣
❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s✿
wr(33) = −1
Ĵ33(A, v) = (−A−3)wr(33)〈33〉o = −A3(A+ Av + A−1v + A−1v2 + A−3v) =

= −A4 − A4v − A2v − A2v2 − v

✻✾



❲❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ 31 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❧♦♦♣

❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❢♦r ♦r✐❡♥t❡❞ st❛t❡s ✐s✿

✭s✐♠♣❧✐❢②✐♥❣ ✇✐t❤ ✭❝✶✮✱ ✭❝✷✮ ❛♥❞ ✉s✐♥❣ ✷✳✮

= A−1v+A−3p1+A+A−1m1+Ap1+A−1p21+A3m1+A(−A2−A−2)m1 =
= A−1v+A−3p1+A+A−1m1+Ap1+A−1p21+A3m1−A3m1−A−1m1 =
= A−1v + A−3p1 + A+ Ap1 + A−1p21

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ 33 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❧♦♦♣ ❛rr♦✇
❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s✿
wr(33) = −1
Â(33) = (−A−3)wr(33)[33]o = (−A3)(A−1v + A−3p1 + A+ Ap1 + A−1p21)

= −A2v − p1 − A4 − A4p1 − A2p21

✼✵



✸✳✻ ❊①❛♠♣❧❡s ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡①

♣♦❧②♥♦♠✐❛❧

❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞ 31✿

✇❤❡r❡ ❛✱❜✱❝ ❛r❡ ❝r♦ss✐♥❣s✿ s♥❣✭❛✮= −1✱ s♥❣✭❜✮= −1✱ s♥❣✭❞✮= −1
❲❡ ❝♦♥s✐❞❡r t❤❡ ✢❛t ❦♥♦t♦✐❞ ♦❢ 31 ✇✐t❤ ✐♥t❡❣❡r ❧❛❜❡❧s✿

❲❡ ❝♦♠♣✉t❡ t❤❡ ✇❡✐❣❤t ♦❢ ❝r♦ss✐♥❣s✿
w31(a) = w−(a) = −1− (−1) = 0
w31(b) = w−(b) = −1− (−1) = 0
w31(d) = w−(d) = −1− (−1) = 0
❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

P31(A) =
∑

c∈{crossings of 31}

sgn(c)(Aw31
(c) − 1) =

= −(A0 − 1)− (A0 − 1)− (A0 − 1) = 0

❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞ 32✿

✇❤❡r❡ ❛✱❜✱❝ ❛r❡ ❝r♦ss✐♥❣s✿ s♥❣✭❛✮= +1✱ s♥❣✭❜✮= +1✱ s♥❣✭❞✮= −1
❲❡ ❝♦♥s✐❞❡r t❤❡ ✢❛t ❦♥♦t♦✐❞ ♦❢ 32 ✇✐t❤ ✐♥t❡❣❡r ❧❛❜❡❧s✿

✼✶



❲❡ ❝♦♠♣✉t❡ t❤❡ ✇❡✐❣❤t ♦❢ ❝r♦ss✐♥❣s✿
w32(a) = w+(a) = 2− 1 = 1
w32(b) = w+(b) = 1− 2 = −1
w32(d) = w−(d) = 0
❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

P32(A) =
∑

c∈{crossings of 32}

sgn(c)(Aw32
(c) − 1) =

= +(A− 1)− (A−1− 1)− (A0− 1) = A− 1+A−1− 1 = A+A−1− 2

✼✷



✸✳✼ ❍❡✐❣❤t ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s

❉❡✜♥✐t✐♦♥ ✸✳✼✳✶✳ ❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠K ⊂ S2 ✐s t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s t❤❛t ❛ s❤♦rt❝✉t ❝r❡❛t❡s ✐♥ t❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡✳ ❚❤❡
❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ k ∈ K(S2) ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❤❡✐❣❤ts ♦❢ t❤❡ ❞✐❛❣r❛♠s
♦❢ k ❛♥❞ ✐t ✐s ❞❡♥♦t❡❞ ❜② h(k) ✭✐✳❡ t❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ K ✐♥ S2 ✐s ❞❡✜♥❡❞
❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❤❡✐❣❤ts✱ t❛❦❡♥ ♦✈❡r ❛❧❧ ❡q✉✐✈❛❧❡♥t ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞
❞✐❛❣r❛♠s t♦ K✮✳
❆ ❦♥♦t♦✐❞ ✐♥ S2 ✐s ♦❢ ❦♥♦t✲t②♣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❤❡✐❣❤t ✐s ③❡r♦✱ ♦r ❡q✉✐✈❛❧❡♥t❧②
❛ ❦♥♦t♦✐❞ ✐♥ S2 ❤❛s ♥♦♥③❡r♦ ❤❡✐❣❤t ✐❢ ❛♥❞ ♦♥❧② ✐t ✐s ❛ ♣r♦♣❡r ❦♥♦t♦✐❞✳

✸✳✼✳✶ ❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢

s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s

❚❤❡♦r❡♠ ✼✳ ▲❡t k ❜❡ ❛ ❦♥♦t♦✐❞ ✐♥ S2✳ ❚❤❡ ❤❡✐❣❤t ♦❢ k ✐s ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ k✳

Pr♦♦❢✳ ▲❡t K ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ r❡♣r❡s❡♥t✐♥❣ k✳ ❲❡ ❧❛❜❡❧ t❤❡ ❦♥♦t♦✐❞
❞✐❛❣r❛♠ ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛❜❡❧✐♥❣ r✉❧❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✸✳✷✳
❊❛❝❤ ❝r♦ss✐♥❣ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❞❡t❡r♠✐♥❡s ❛ ✉♥✐q✉❡ ❧♦♦♣ ✭t❤❡ ❝♦♥t✐♥♦✉s
♣❛t❤ ♦❜t❛✐♥❡❞ ❜② tr❛✈❡rs✐♥❣ t❤❡ ❞✐❛❣r❛♠ st❛rt✐♥❣ ❛♥❞ ❡♥❞✐♥❣ ❛t t❤❛t ❝r♦ss✲
✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐❛❣r❛♠✮✳ ❚❤❡ ❧♦♦♣ ❞❡t❡r♠✐♥❡❞ ❜② ❛
❝r♦ss✐♥❣ C ✐s ❝❛❧❧❡❞ t❤❡ ❧♦♦♣ ❛t t❤❡ ❝r♦ss✐♥❣ C ❛♥❞ ✇❡ ✐♥❞✐❝❛t❡ ✐t ✇✐t❤ l(C)✳
❚❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ❧♦♦♣ ❛t ❛ ❝r♦ss✐♥❣ C ✇✐t❤ ❛ str❛♥❞
♦❢ K ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t t❤❡ str❛♥❞ ✐♥t❡rs❡❝ts
t❤❡ ❧♦♦♣ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t ♠✐♥✉s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t t❤❡ str❛♥❞
✐♥t❡rs❡❝ts t❤❡ ❧♦♦♣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳
❚❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ♦❢ ❛ ❧♦♦♣ ❛t ❛ ❝r♦ss✐♥❣ C✱ ✇✐t❤ ♦t❤❡r
str❛♥❞s ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐s ❡q✉❛❧ t♦ ❡✐t❤❡r t❤❡ ♣♦s✐t✐✈❡ ✇❡✐❣❤t ♦r t❤❡ ♥❡❣❛t✐✈❡
✇❡✐❣❤t ♦❢ t❤❛t ❝r♦ss✐♥❣✱ ❞❡♣❡♥❞✐♥❣ t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣✳

❋✐❣✉r❡ ✸✳✸✿ ❚✇♦ ♣♦ss✐❜❧❡ t②♣❡s ♦❢ ❧♦♦♣s ❛t t❤❡ ❝r♦ss✐♥❣ C✱ ♦♥❡ ✐s ♦r✐❡♥t❡❞ ✐♥
t❤❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❛♥❞ t❤❡ ♦t❤❡r ✐♥ t❤❡ ❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✳

✼✸



❚❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ ❧♦♦♣ ❛t C ✇✐t❤ t❤❡ ♣✐❡❝❡ ♦❢
str❛♥❞ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ✸✳✸✱ ❛r❡ +1 ❛♥❞ −1✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝❛♥ s❡❡
t❤❛t w−(C) = +1 ❢♦r t❤❡ ✜rst ❧♦♦♣ t❤❛t ✐s ♦r✐❡♥t❡❞ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❛♥❞
w+(C) = −1 ❢♦r t❤❡ s❡❝♦♥❞ ❧♦♦♣ t❤❛t ✐s ♦r✐❡♥t❡❞ ❝❧♦❝❦✇✐s❡✳ ■❢ t❤❡ s✉♠ ♦❢
t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ ❧♦♦♣ l(C) ❛t t❤❡ ❝r♦ss✐♥❣ C ✇✐t❤
✐♥t❡rs❡❝t✐♥❣ str❛♥❞s ✐s ❡q✉❛❧ t♦ n✱ t❤❡♥ n ✐s ❡q✉❛❧ t♦ ❡✐t❤❡r w−(C) ♦r w+(C)✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣ l(C)✳
▲❡t m ❜❡ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ k✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ ❝r♦ss✐♥❣ ♦❢ K ✇✐t❤ ✇❡✐❣❤t m✳ ■♥ ❢❛❝t✱ m ✐s t❤❡ ♠❛①✐♠❛❧ ✇❡✐❣❤t
❛♠♦♥❣ t❤❡ ✇❡✐❣❤ts ♦❢ ❝r♦ss✐♥❣s ♦❢ K✳ ▲❡t Ĉ ❜❡ ♦♥❡ ♦❢ t❤❡ ❝r♦ss✐♥❣s ♦❢ K
✇✐t❤ ✇❡✐❣❤t m ❛♥❞ l(Ĉ) ❜❡ t❤❡ ❧♦♦♣ ❛t Ĉ✳
❚❤❡ ✇❛② t♦ s♠♦♦t❤ ❛ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡

♦r✐❡♥t❛t✐♦♥ ✐s ✳
❊❛❝❤ ❝r♦ss✐♥❣ ✇❤✐❝❤ ❛r❡ ♠❡t t✇✐❝❡ ✇❤✐❧❡ tr❛✈❡rs✐♥❣ ❛❧♦♥❣ t❤❡ ❧♦♦♣ l(Ĉ)✱ ❛r❡
❛❧❧ s♠♦♦t❤❡❞ ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ s❡❧❢✲
✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❧♦♦♣ l(Ĉ) ✐s s♠♦♦t❤❡❞✳ ❙♠♦♦t❤✐♥❣ t❤❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥s
♦❢ t❤❡ ❧♦♦♣ l(Ĉ) r❡s✉❧ts ✐♥ ♦r✐❡♥t❡❞ ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡s ✭✐♥ S2✮ ❛♥❞ ❛♥ ♦r✐❡♥t❡❞
❛r❝ ❝♦♥t❛✐♥✐♥❣ t❤❡ t❛✐❧ ❛♥❞ t❤❡ ❤❡❛❞ ♦❢ K✳
❚❤❡ ❛r❝ ♠❛② ✐♥t❡rs❡❝t t❤❡ r❡s✉❧t✐♥❣ ❝✐r❝❧❡s ❛♥❞ ✐ts❡❧❢✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝✲
t✐♦♥ ♥✉♠❜❡r ♦❢ ♦♥❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝✐r❝❧❡s ✇✐t❤ t❤❡ ❛r❝ ✐s ❞❡✜♥❡❞ ❛s t❤❡ t♦t❛❧
t✐♠❡s ♦❢ t❤❡ s❡❣♠❡♥t ✐♥t❡rs❡❝ts t❤❡ ❝✐r❝❧❡ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ♠✐♥✉s t❤❡ t♦t❛❧
t✐♠❡s ♦❢ t❤❡ s❡❣♠❡♥t ✐♥t❡rs❡❝ts t❤❡ ❝✐r❝❧❡ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✳ ▲❡t IK ❞❡♥♦t❡
t❤❡ s✉♠ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝✐r❝❧❡s ✇✐t❤ t❤❡
❛r❝✳ ◆♦♥❡ ♦❢ t❤❡ ❝r♦ss✐♥❣s ♦❢ K t❤❛t ❝♦♥tr✐❜✉t❡s ♥♦♥✲tr✐✈✐❛❧❧② t♦ t❤❡ t♦t❛❧
❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r✱ ✐s s♠♦♦t❤❡❞ s✐♥❝❡ s✉❝❤ ❛ ❝r♦ss✐♥❣ ✐s ♠❡t ♦♥❧②
♦♥❝❡✳ ❆s ❛ r❡s✉❧t✱ IK ✐s ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs
♦❢ t❤❡ ❧♦♦♣ ❛t t❤❡ ❝r♦ss✐♥❣ Ĉ ✇✐t❤ t❤❡ str❛♥❞s ✐♥t❡rs❡❝t✐♥❣ l(Ĉ)✳ ❚❤✐s s❤♦✇s
t❤❛t t❤❡ s✉♠ ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ ❝✐r❝❧❡s ✇✐t❤ t❤❡ ❛r❝ ✐s
❡q✉❛❧ t♦ ❡✐t❤❡r w−(Ĉ) ♦r w+(Ĉ)✳ ❚❤✉s✱ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ Ik ✐s m✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t t❤❡ ♥✉♠❜❡r |Ik| ❝❛♥ ❜❡ ❛t ♠♦st ❛s
❧❛r❣❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❝✐r❝❧❡s t❤❛t ❛r❡ ❡♥❝❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ✭t❤❡ t❛✐❧
♦r t❤❡ ❤❡❛❞✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ |Ik| ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❝✐r❝❧❡s ✐❢ ❛❧❧
✐♥t❡rs❡❝t✐♦♥s ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❛t m ✐s ❛t ♠♦st t❤❡ ♥✉♠❜❡r ♦❢
❝✐r❝❧❡s ❡♥❝❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✳
❚❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❞✐❛❣r❛♠ ❑ ✐s ❛t ❧❡❛st ❛s ❧❛r❣❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❝✐r❝❧❡s
❡♥❝❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✱ ❜② t❤❡ ❏♦r❞❛♥ ❝✉r✈❡ t❤❡♦r❡♠✳ ❚❤❡♥ h(K) ≥ m✳ ❙♦
m t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛♥②
❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❡q✉✐✈❛❧❡♥t t♦ K✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ❝r♦ss✲
✐♥❣ ✇✐t❤ ✇❡✐❣❤t m ✐♥ ❡❛❝❤ r❡♣r❡s❡♥t❛t✐✈❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ♦❢ k✳ ❆♣♣❧②✐♥❣ t❤❡
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s❛♠❡ ♣r♦❝❡❞✉r❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❧♦♦♣s ♦❢ t❤❡ ❝r♦ss✐♥❣s ✇✐t❤
✇❡✐❣❤t m ✐♥ ❡❛❝❤ r❡♣r❡s❡♥t❛t✐✈❡ ❞✐❛❣r❛♠ ❣✐✈❡s ✉s t❤❡ ✐♥❡q✉❛❧✐t②✱ h(k) ≥ m
❢♦r ❛♥② r❡♣r❡s❡♥t❛t✐✈❡ ❝❧❛ss✐❝❛❧ ❞✐❛❣r❛♠ ♦❢ k✳

❊①❛♠♣❧❡✿

❀
◆♦✇ ✇❡ s❡❡ ❧♦♦♣ ♦❢ t❤❡ ❝r♦ss✐♥❣ D ❛♥❞ r❡s✉❧t✐♥❣ ❝✐r❝❧❡s ❛♥❞ t❤❡ ❛r❝✿

❀
❚❤❡ ❤❡✐❣❤t ♦❢ ❦♥♦t♦✐❞ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛❧❧ ❤❡✐❣❤ts ♦❢ ❞✐❛❣r❛♠s✱ ♦♥❡ ❝♦♥s❡✲
q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✐s t❤❛t ✇❡ ❝❛♥ ❣❡t t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛❧❧ ❤❡✐❣❤t
♦❢ ❞✐❛❣r❛♠s ❜② ♠❡❛♥s ♦❢ ❛ s♣✐r❛❧ ❞✐❛❣r❛♠ ✇✐t❤ ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣s✳
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❚❤❡ ❦♥♦t♦✐❞s ❡❛❝❤ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐❛❣r❛♠ ♦✈❡r❧②✐♥❣ t❤❡ ✢❛t ❞✐❛❣r❛♠s
✇✐t❤ ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣s✿

K1 K2 K3

❋✐❣✉r❡ ✸✳✹✿ ❊①❛♠♣❧❡

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧s✿
PK1

(A) = A+ A−1 − 2
PK2

(A) = A2 + A+ A−1 + A−2 − 4
PK3

(A) = A3 + A2 + A+ A−1 + A−2 + A−3 − 6✳
❚❤❡ ❤❡✐❣❤ts ♦❢ t❤❡ ❣✐✈❡♥ ❞✐❛❣r❛♠s ❛r❡ 1✱ 2 ❛♥❞ 3✱ r❡s♣❡❝t✐✈❡❧② ❜② t❤❡ ♣r❡✈✐♦✉s
t❤❡♦r❡♠✳
●❡♥❡r❛❧✐③❛t✐♦♥✿ ❚❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ r❡♣r❡✲
s❡♥t❡❞ ❜② ❛♥ n✲❢♦❧❞ s♣✐r❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❤❛s ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ An +A−n

✐❢ ❛❧❧ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❞✐❛❣r❛♠ ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡
✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ✐s n ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ s♣✐r❛❧ ❞✐❛❣r❛♠ ✐s n✳ ❇② t❤❡ ♣r❡✲
✈✐♦✉s t❤❡♦r❡♠ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❦♥♦t♦✐❞ ✐s n✳ ❚❤✐s s❤♦✇s
t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ❦♥♦t♦✐❞s ✇❤♦s❡ ❤❡✐❣❤t ✐s ❣✐✈❡♥ ❜② t❤❡ ❛✣♥❡
✐♥❞❡① ♣♦❧②♥♦♠✐❛❧✳
■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢❛t ❦♥♦t♦✐❞ K3 ✇✐t❤ C✱ D✱ E ♥❡❣❛t✐✈❡ ❝r♦ss✐♥❣s ❛♥❞ B✱
F ✱ G ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣s✱ ✐t ❤❛s tr✐✈✐❛❧ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧s✳
PK3

(A) = +(A−3−1)−(A2−1)−(A−1)−(A−3−1)+(A2−1)+(A−1) = 0
❚❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ♣r♦♣❡r ❦♥♦t♦✐❞s ✇✐t❤ tr✐✈✐❛❧ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧
s♦ t❤❛t t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ❣✐✈❡s tr✐✈✐❛❧ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❤❡✐❣❤t
♦❢ ❦♥♦t♦✐❞s✳
❙♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❣✐✈❡s tr✐✈✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❦♥♦t♦✐❞
r❡♣r❡s❡♥t❡❞✳ ❆♥ ♦t❤❡r ❦♥♦t♦✐❞ ✐♥✈❛r✐❛♥t t❤❛t ❣✐✈❡s ❛ ♥♦♥ tr✐✈✐❛❧ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ❤❡✐❣❤t ✐s t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳ ❯s✐♥❣ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✇❡
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❝❛♥ s❡❡ t❤❛t K3 ❤❛s ❤❡✐❣❤t 3✳

✸✳✼✳✷ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢ s♣❤❡r✐❝❛❧

❦♥♦t♦✐❞s

❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ ✐♥
S2✳

❘❡♠❛r❦ ✸✳✼✳✶✳ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ ✈✐rt✉❛❧ ❦♥♦t ✐s ❝♦♠♣✉t❡❞ ✐♥ ❛ s✐♠✐✲
❧❛r ✇❛② ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ✭s❡❡ t❤❡ s✉❜s❡❝t✐♦♥ ✸✳✶✳✷✮
❜✉t ✇❤❡♥ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ ✈✐rt✉❛❧ ❦♥♦t ✇❡ ❤❛✈❡ t❤❡ ✈❛r✐✲
❛❜❧❡s Ki t❤❛t ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥ts ✇✐t❤ s✉r✈✐✈✐♥❣ ❝✉s♣s ✭s❡❡
❛rt✐❝❧❡s ❬✸❪❛♥❞ ❬✹❪ ♦❢ r❡❢❡r❡♥❝❡s✮✳
■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ t✇♦ ❝✉s♣s ❢♦r♠✐♥❣ ❛ ③✐❣✲③❛❣ ❝♦♥✲
tr✐❜✉t❡s ❛s K1 t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ ③✐❣✲
③❛❣s ❢♦r♠❡❞ ❜② 2i ❛❧t❡r♥❛t✐♥❣ ❝✉s♣s✱ ❝♦♥tr✐❜✉t❡s ❛s ❛ ✈❛r✐❛❜❧❡✱ Ki t♦ t❤❡
❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳✷✳ ❆ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ 2i ✐rr❡❞✉❝✐❜❧❡ ❝✉s♣s ❝♦♥tr✐❜✉t❡s
❛s ❛ Ki✲✈❛r✐❛❜❧❡ t♦ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ ✈✐rt✉❛❧
❦♥♦t k∗ ✐s ❣✐✈❡♥ ❜②✿

A(k∗) = (−A−3)wr(k∗)[k∗] = (−A−3)wr(k∗)
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1Ki(s)

✇❤❡r❡✿ S(K) ✐s t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠✱ σ(s) ✐s t❤❡ s✉♠ ♦❢
s✐❣♥s ♦❢ ❛❧❧ s♠♦♦t❤✐♥❣s ♦❢ st❛t❡ s✱ ρ(s) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡
st❛t❡ s ✭♦♥❝❡ s♠♦♦t❤❡❞ ❛❧❧ ❝r♦ss✐♥❣s✮ ❛♥❞ Ki(s) ✐s t❤❡ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ t♦
❡❛❝❤ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ❛ st❛t❡ ✇✐t❤ i(s) s✉r✈✐✈✐♥❣ ❝✉s♣s✳
◆♦t✐❝❡ t❤❛t t❤❡ ❛❞❞❡♥❞s ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❤❛✈❡ t❤❡ ❢♦r♠✿ AmKj1

i1
Kj2

i2
...Kjn

in
✳

❚❤❡ K✲❞❡❣r❡❡ ♦❢ t❤❡ ❛❞❞❡♥❞ ✐s✿

i1 × j1 + ...+ in × jn✳
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❚❤❡ ♠❛①✐♠✉♠ K✲❞❡❣r❡❡ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡ ♠❛①✐♠✉♠ K✲❞❡❣r❡❡
♦❢ t❤❡ ❛❞❞❡♥❞s✳

❊①❛♠♣❧❡✿

k∗

A(k∗) = A2K3 + 1− A−2K1K2 − A2K1K2 + A−2K1

K✲❞❡❣r❡❡ ♦❢ t❤❡ 1◦ ❛❞❞❡♥❞ ✐s ✸ ❜❡❝❛✉s❡ 3× 1 = 3✳
K✲❞❡❣r❡❡ ♦❢ t❤❡ 2◦ ❛❞❞❡♥❞ ✐s ✵ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦t Ki✳
K✲❞❡❣r❡❡ ♦❢ t❤❡ 3◦ ❛❞❞❡♥❞ ✐s ✸ ❜❡❝❛✉s❡ 1× 1 + 2× 1 = 3✳
K✲❞❡❣r❡❡ ♦❢ t❤❡ 4◦ ❛❞❞❡♥❞ ✐s ✸ ❜❡❝❛✉s❡ 1× 1 + 2× 1 = 3✳
K✲❞❡❣r❡❡ ♦❢ t❤❡ 5◦ ❛❞❞❡♥❞ ✐s ✶ ❜❡❝❛✉s❡ 1× 1 = 1✳
❙♦ t❤❡ ♠❛①✐♠✉♠ ❑✲❞❡❣r❡❡ ✐s 3✳
✭❋♦r ♦t❤❡r ❡①❛♠♣❧❡s s❡❡ t❤❡ r❡❢❡r❡♥❝❡ ❬✶✻❪✮✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳✸✳ ❚❤❡ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛ ✈✐rt✉❛❧ ❦♥♦t✴❧✐♥❦ ✐s t❤❡
♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s ♦✈❡r ❛❧❧ r❡♣r❡s❡♥t❛t✐✈❡ ❞✐❛❣r❛♠s✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛ ✈✐rt✉❛❧ ❦♥♦t
♦r ❧✐♥❦ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ ✐♥ ✈✐rt✉❛❧ ❦♥♦t t❤❡♦r②✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✽✳ ❚❤❡ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛ ✈✐rt✉❛❧ ❦♥♦t✴❧✐♥❦ ✐s ❣r❡❛t❡r
t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ K✲❞❡❣r❡❡ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❛t
✈✐rt✉❛❧ ❦♥♦t✴❧✐♥❦✳ ✭s❡❡ r❡❢❡r❡♥❝❡s ❬✷❪✱ ❬✶✹❪ ❛♥❞ ❬✶✺❪✮

❉❡✜♥✐t✐♦♥ ✸✳✼✳✹✳ ■♥ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❤❛✈❡ t❤❡ ✈❛r✐❛❜❧❡s Li(s) t❤❛t
✐s ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❛r❝ ♦❢ ❛ st❛t❡ ✇✐t❤ i(s) s✉r✈✐✈✐♥❣ ❝✉s♣s✳ ❚❤❡ L✲❞❡❣r❡❡ ♦❢
t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ i ∈ N ❛ss✐❣♥❡❞ t♦ Li(s) ❛♣♣❡❛r✐♥❣
✐♥ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳

▲❡t K ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳
❆ ❝❧♦s❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ 2i ✐rr❡❞✉❝✐❜❧❡ ❝✉s♣s ❝♦♥tr✐❜✉t❡s ❛s ❛ Ki✲✈❛r✐❛❜❧❡ t♦
t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳
❙✐♥❝❡ ❝✐r❝✉❧❛r ❝♦♠♣♦♥❡♥ts ♦❢ ❛♥ ♦r✐❡♥t❡❞ st❛t❡ ♦❢ ❦♥♦t♦✐❞ ❛r❡ ❝✉s♣✲❢r❡❡✱ ♥♦
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Ki✲✈❛r✐❛❜❧❡s ♦❝❝✉r ✐♥ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ ❦♥♦t♦✐❞ ✐♥ S2✳
❍♦✇❡✈❡r✱ ❝❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✈✐❛ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡
♠❛♣ t✉r♥s Li✲✈❛r✐❛❜❧❡s ✐♥t♦ Ki✲✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❝❧♦s❡❞ ❝♦♠✲
♣♦♥❡♥ts ♦❜t❛✐♥❡❞ ✈✐❛ t❤✐s ❝❧♦s✉r❡✳
❯s✐♥❣ t❤✐s ✐❞❡❛✱ ✇❡ s❤♦✇ t❤❛t t❤❡ L✲❞❡❣r❡❡ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡
✉s❡❞ ❛s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❤❡✐❣❤t ♦❢ ❦♥♦t♦✐❞s ✐♥ S2✳
❙♦ ✇❡ ❤❛✈❡✿
L− degree of A(k) ≤ virtual crossing number of the virtual knot v̄(K) ✭♦✮

❊①❛♠♣❧❡✿ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❛ ❦♥♦t♦✐❞ ❛♥❞ ♦❢ ✐ts ✈✐rt✉❛❧ ❝❧♦s✉r❡
❲❡ ❝♦♠♣✉t❡ t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧s ❢♦r ♦r✐❡♥t❡❞ st❛t❡s ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠
K✳

= A2 + L1 + L1 + A−2(−A2 − A−2)L1 =
= A2 + (2 + A−2(−A2 − A−2))L1 =
= A2 + (1− A−4)L1

❈❧♦s✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ✈✐❛ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♠❛♣
✇❡ ❣❡t ❛ ✈✐rt✉❛❧ ❦♥♦t v̄(K)✳ ◆♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧s ❢♦r
♦r✐❡♥t❡❞ st❛t❡s ♦❢ ✈✐rt✉❛❧ ❦♥♦t v̄(K)✳
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= A2 +K1 +K1 + A−2(−A2 − A−2)K1 =
= A2 + (2 + A−2(−A2 − A−2))K1 =
= A2 + (1− A−4)K1

❙♦ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧s ❛r❡✿
A(K) = (−A−3)wr(K)[K] = (−A−3)2[A2 + (1− A−4)L1] =

= A−6[A2 + L1 − A−4L1] = A−4 + A−6L1 − A−10L1

A(v̄(K)) = (−A−3)wr(v̄(K))[v̄(K)] = (−A−3)2[A2 + (1− A−4)K1] =
= A−6[A2 +K1 − A−4K1] = A−4 + A−6K1 − A−10K1

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ✈✐rt✉❛❧ ❝r♦ss✐♥❣ ♥✉♠❜❡r ✐s ✶✳

❚❤❡♦r❡♠ ✾✳ ❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ K ✐♥ S2 ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡
L✲❞❡❣r❡❡ ♦❢ ✐ts ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳

Pr♦♦❢✳ ▲❡t K̃ ❜❡ ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ r❡♣r❡s❡♥t✐♥❣ K✳ ❚❤❡ ❤❡✐❣❤t
♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ h(K̃) ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s ♦❢
v̄(K̃)✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s ♦❜t❛✐♥❡❞ ❜②
❝❧♦s✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ ✈✐rt✉❛❧ ✇❛② ✐s ❡q✉❛❧ t♦ t❤❡ ❤❡✐❣❤t ♦❢
t❤❛t ❞✐❛❣r❛♠✳ ❇② ✭♦✮ ✇❡ ❣❡t✿ L− degree of A(K) ≤ h(K̃) ✳
❚❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ❤♦❧❞s ❢♦r ❛♥② ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❡q✉✐✈❛❧❡♥t t♦
K s✐♥❝❡ t❤❡ ▲✲❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ Ω✲♠♦✈❡s✳
❙♦ ✇❡ ❤❛✈❡✿

L− degree of A(K) ≤ h(K)

✇❤❡r❡ h(K) ❞❡♥♦t❡s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❦♥♦t♦✐❞ K✳

❊①❛♠♣❧❡✿ ❯s✐♥❣ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❝❛♥ s❡❡ t❤❛t K3 ✭✜❣✉r❡ ✸✳✹✮✱
✇✐t❤ C✱ D✱ E ♥❡❣❛t✐✈❡ ❝r♦ss✐♥❣s ❛♥❞ B✱ F ✱ G ♣♦s✐t✐✈❡ ❝r♦ss✐♥❣s✱ ❤❛s ❤❡✐❣❤t
3✳ ❚❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ❦♥♦t♦✐❞✿
A(K) = 1+(−A−3+A−2+A2+A6) L1 +(−2A−4−2A4+4) L2 +(−A−6+A−2+
A2 + A6) L3✳ ❚❤❡ ▲✲❞❡❣r❡❡ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s 3 s♦ ❜② t❤❡ ♣r❡✈✐✉♦✉s
t❤❡♦r❡♠✱ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❦♥♦t♦✐❞ K ✐s ❛t ❧❡❛st ✸✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡
t❤❛t t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❣✐✈❡♥ ❞✐❛❣r❛♠ ✐s ❛❧s♦ 3✳ ❚❤✉s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❦♥♦t♦✐❞
K ✐s 3✳

✽✵



✸✳✼✳✸ ❆❧t❡r♥❛t✐♥❣ ❦♥♦ts ❛♥❞ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t♦✐❞s

❉❡✜♥✐t✐♦♥ ✸✳✼✳✺✳ ●✐✈❡♥ D ❛ ❦♥♦t ❞✐❛❣r❛♠✱ t❤❡ s❡♣❛r❛t♦r ❝r♦ss✐♥❣ ✐s
❞❡✜♥❡❞✿ ✐❢ ✇❡ ❝✉t ❛ ❞✐❛❣r❛♠ ✐♥ t❤❡ s❡♣❛r❛t♦r ❝r♦ss✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡s❡ t✇♦
✇❛②s ✇❡ ❣❡t ❛ ❞✐s❝♦♥♥❡t❡❞ ❞✐❛❣r❛♠✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳✻✳ ▲❡t D ⊂ R
2 ❜❡ ❛ ❦♥♦t ❞✐❛❣r❛♠✳

D ✐s ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠ ✐❢ ❛♥❞ ♦♥❧② ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲❝r♦ss✐♥❣s ❛❧✲
t❡r♥❛t❡ ❛❧♦♥❣ D✳ D ✐s r❡❞✉❝❡❞ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡r❡ ❛r❡ ♥♦ ✐❢ t❤❡r❡ ❛r❡ ♥♦ s❡♣❛r❛t✐♥❣ ❝r♦ss✐♥❣s✱ ✐✳❡✳ D ✐s ♥♦t✿

◆♦t❡ t❤❛t✱ ✐❢ ✇❡ ♦✈❡rt✉r♥ ❆ ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❝r♦ss✐♥❣ ✳
■❢ D ✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠✱ ❛❢t❡r t❤❡ ♦✈❡rt✉r♥✐♥❣ t❤❡ ❞✐❛❣r❛♠ ✐s st✐❧❧
❛❧t❡r♥❛t✐♥❣✳ ❲❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❝r♦ss✐♥❣ ✐♥ ❜❡t✇❡❡♥ A ❛♥❞ B ❜② ❡✐t❤❡r
♦✈❡rt✉r✐♥❣ A ✐♥ t❤❡ s✉✐t❛❜❧❡ s❡♥s❡ ♦r ♦✈❡rt✉r✐♥❣ B ✐♥ t❤❡ ♦♣♣♦s✐t❡ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳✼✳ ▲❡t k∗ ⊂ R
3 ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❛❞♠✐ts

❛♥ ❛❧t❡r♥❛t✐♥❣ ❞✐❛❣r❛♠✳
■❢ k∗ ✐s ❛ ♣r✐♠❡ ❦♥♦t ✇✐t❤ c(k∗) ≤ 7⇒ k∗ ✐s ❛❧t❡r♥❛t✐♥❣ ❦♥♦t✳

❉❡✜♥✐t✐♦♥ ✸✳✼✳✽✳ ■❢ k∗ ⊂ R
3 ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ⇒ t❤❡r❡ ❡①✐sts ❛ r❡❞✉❝❡❞ ❛❧✲

t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠ D ♦❢ k∗✳
✭⇐❚❛✐t ❝♦♥❥❡❝t✉r❡✮

✭■❢ t❤❡ ❞✐❛❣r❛♠ ✐s ♥♦t ✧r❡❞✉❝❡❞✧ ✇❡ ❝❛♥ s✐♠♣❧✐❢② ✐t ❛♥❞ ❡❛❝❤ t✐♠❡ t❤❡ ♥✉♠✲
❜❡r ♦❢ ❝r♦ss✐♥❣s ❞❡❝r❡❛s❡s ❜② ♦♥❡✳ ❚❤✐s ♣r♦❝❡ss ❡♥❞s ❛♥❞ ✇❡ ❣❡t ❛ r❡❞✉❝❡❞
❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠ ❜❡❝❛✉s❡ ✇❡ ❝❛♥♥♦t ♠❛❦❡ ❛♥② ❢✉rt❤❡r r❡❞✉❝t✐♦♥s✳✮

✽✶



❉❡✜♥✐t✐♦♥ ✸✳✼✳✾✳ ❚❛✐t ❝♦♥❥❡❝t✉r❡
■❢ D ✐s ❛ r❡❞✉❝❡❞ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠ ♦❢ k∗ t❤❡♥ c(D) ✐s ♠✐♥✐♠❛❧✱ ✐✳❡✳
c(D) = c(k∗)

❉❡✜♥✐t✐♦♥ ✸✳✼✳✶✵✳ ❆ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s ❛❧t❡r♥❛t✐♥❣ ✐❢ tr❛✈❡rs✐♥❣ t❤❡
❞✐❛❣r❛♠ ❢r♦♠ t❤❡ ❤❡❛❞ t♦ t❤❡ t❛✐❧ ♦♥❡ ♠❡❡ts ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲❝r♦ss✐♥❣s ✐♥ ❛♥
❛❧t❡r♥❛t✐♥❣ ♦r❞❡r✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❆❧❧ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s ✐♥ S2 ❤❛✈❡ ❤❡✐❣❤t ✵✳

Pr♦♦❢✳ ❋♦r ❛ ❞✐❛❣r❛♠ K ♦❢ ♣♦s✐t✐✈❡ ❤❡✐❣❤t ❝♦♥s✐❞❡r t❤❡ r❡❣✐♦♥ ♦❢ S2 − K
❛❞❥❛❝❡♥t t♦ t❤❡ ❤❡❛❞ ♦❢ K✳ ❚❤✐s r❡❣✐♦♥ ✐s ♥♦t ❛❞❥❛❝❡♥t t♦ t❤❡ t❛✐❧ ♦❢ K✳
❆♥❛❧②③✐♥❣ t❤❡ ♦✈❡r✴✉♥❞❡r✲♣❛ss❡s ♦❢ t❤❡ ❡❞❣❡s ♦❢ t❤✐s r❡❣✐♦♥✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡
t❤❛t K ❝❛♥♥♦t ❜❡ ❛❧t❡r♥❛t✐♥❣✳

✽✷



✸✳✽ ❈r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s

❉❡✜♥✐t✐♦♥ ✸✳✽✳✶✳ ●✐✈❡♥ ❛ ❦♥♦t k∗ ⊂ S3✱ t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r c(k∗) ✐s t❤❡
♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ✐♥ ❛ ❦♥♦t ❞✐❛❣r❛♠ ♦❢ k∗✳
❖♥❡ ❝❛♥ ✉s❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠s t♦ ❞❡✜♥❡ t✇♦ s✐♠✐❧❛r ✐♥✈❛r✐❛♥ts c±(k

∗) t❤❛t ❜②
❞❡✜♥✐t✐♦♥ t❤❡② ❛r❡ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡rs ♦❢ ❝r♦ss✐♥❣s ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠
K s✉❝❤ t❤❛t K± = k∗✳
◆♦t❡ t❤❛t c±(k

∗) ≤ c(k∗) − 1 ❜❡❝❛✉s❡ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ♦❢ k∗ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❦♥♦t ❞✐❛❣r❛♠ ♦❢ k ✇✐t❤ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ❜②
❝✉tt✐♥❣ ♦✉t ❛♥ ♦✈❡r♣❛ss ✭✉♥❞❡r♣❛ss✮ ❝♦♥t❛✐♥✐♥❣ ♦♥❡ ❝r♦ss✐♥❣✳
■❢ ❛ ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠ ♦❢ k∗ ❤❛s ❛♥ ♦✈❡r♣❛ss ✭✉♥❞❡r♣❛ss✮ ✇✐t❤ N ≥ 2 ❝r♦ss✐♥❣s✱
t❤❡♥ c±(k

∗) ≤ c(k∗)−N ✳

❉❡✜♥✐t✐♦♥ ✸✳✽✳✷✳ ●✐✈❡♥ ❛ ❦♥♦t k∗✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❙❡✐❢❡rt s✉r❢❛❝❡ ♦❢ ❛
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ♦❢ k∗ ✐♥ t❤✐s ✇❛②✿ ❡✈❡r② ❝r♦ss✐♥❣ ♦❢ K ❛❞♠✐ts ❛ ✉♥✐q✉❡
s♠♦♦t❤✐♥❣ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✭s❡❡ ✜❣✉r❡ ✶✳✷✳✷✮ ♦❢ K ❢r♦♠ t❤❡
❧❡❣ t♦ t❤❡ ❤❡❛❞✳ ❆♣♣❧②✐♥❣ t❤❡s❡ s♠♦♦t❤✐♥❣s t♦ ❛❧❧ ❝r♦ss✐♥❣s✱ ✇❡ ♦❜t❛✐♥ ❛♥
♦r✐❡♥t❡❞ ✶✲♠❛♥✐❢♦❧❞ K̃ ⊂ S2✳
❚❤✐s K̃ ❝♦♥s✐sts ♦❢ ❛♥ ♦r✐❡♥t❡❞ ❛r❝ J ⊂ S2 ✭✇✐t❤ t❤❡ s❛♠❡ ❡♥❞♣♦✐♥ts ♦❢ K✮
❛♥❞ s❡✈❡r❛❧ ❞✐s❥♦✐♥t s✐♠♣❧❡ ❝❧♦s❡❞ ❝✉r✈❡s✳ ❚❤❡ ❝❧♦s❡❞ ❝✉r✈❡s ❜♦✉♥❞ ❛ s②st❡♠
♦❢ ❞✐s❥♦✐♥t ❞✐s❦s ✐♥ S3 ❧②✐♥❣ ❛❜♦✈❡ S2✳ ❲❡ ❛❞❞ ❛ ❜❛♥❞ J × [0, 1] ❧②✐♥❣ ❜❡❧♦✇
S2 ❛♥❞ ♠❡❡t✐♥❣ S2 ❛❧♦♥❣ J × {0} = J ✳ ❚❤❡ ✉♥✐♦♥ ♦❢ t❤❡s❡ ❞✐s❦s ✇✐t❤ t❤❡
❜❛♥❞ ❛♥❞ ✇✐t❤ ❤❛❧❢✲t✇✐st❡❞ str✐♣s ❛t t❤❡ ❝r♦ss✐♥❣s ✐s ❛ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞
♦r✐❡♥t❛❜❧❡ s✉r❢❛❝❡ ✐♥ S3 ❜♦✉♥❞❡❞ ❜② K− = k∗✳ ❚❤❡ ❣❡♥✉s ♦❢ t❤✐s s✉r❢❛❝❡ ✐s

❡q✉❛❧ t♦ g(S) =
c(K)− |K̃|+ 1

2
✇❤❡r❡ c(K) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ K

❛♥❞ |K̃| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ K̃✳

❙♦ g(k∗) ≤
c(D)− |D̃|+ 1

2

❉❡✜♥✐t✐♦♥ ✸✳✽✳✸✳ ❚✉r❛❡✈ ❝♦♥❥❡❝t✉r❡ ▼✐♥✐♠❛❧ ❞✐❛❣r❛♠s ✭✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r✮ ♦❢ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞s ❤❛✈❡ ③❡r♦ ❤❡✐❣❤t✳

❚♦ ♣r♦♦❢ t❤❡ ❚✉r❛❡✈ ❝♦♥❥❡❝t✉r❡ ✇❡ ♥❡❡❞ ♦❢ ♦♥❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t✇♦ t❤❡♦✲
r❡♠s✿

❉❡✜♥✐t✐♦♥ ✸✳✽✳✹✳ K1 < K2 ♠❡❛♥s t❤❛t K1 ✐s ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣ s♦♠❡
❝❤♦r❞s ✐♥ t❤❡ ❝❤♦r❞ ❞✐❛❣r❛♠ ♦❢ ●❛✉ss ❝♦❞❡ ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✷✳✻✳✸✮ ♦❢ K2✳ ❚❤✐s
♠❡❛♥s t❤❛t s♦♠❡ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s ♦❢ K1 ❛r❡ ♠❛❞❡ ✈✐rt✉❛❧ t♦ ♦❜t❛✐♥ K2✳

❚❤❡♦r❡♠ ✶✵✳ ✭◆✐❦♦♥♦✈✮
❚❤❡r❡ ✐s ❛ ♠❛♣ pr ❢r♦♠ ♠✐♥✐♠❛❧ ❣❡♥✉s ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠s t♦ ❝❧❛ss✐❝❛❧ ❦♥♦t
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❞✐❛❣r❛♠s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ K ✇❡ ❤❛✈❡ pr(K) < K ❛♥❞
✐❢ t✇♦ ❞✐❛❣r❛♠s K1 ❛♥❞ K2 ❛r❡ r❡❧❛t❡❞ ❜② ❛ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡ t❤❡♥ t❤❡✐r
✐♠❛❣❡s pr(K1)✱ pr(K2) ❛r❡ r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡

❚❤❡♦r❡♠ ✶✶✳ ✭▼❛♥t✉r♦✈✮
❋♦r ❡✈❡r② ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ K t❤❡r❡ ❡①✐sts ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t ❞✐❛❣r❛♠ D✱
s✉❝❤ t❤❛t D < K ❛♥❞ K ❛❞♠✐ts t❤❡ s❛♠❡ ●❛✉ss ❞✐❛❣r❛♠ ♦❢ D ✐❢ ❛♥❞ ♦♥❧② ✐❢
K ✐s ❝❧❛ss✐❝❛❧✳

Pr♦♦❢✳ ✭❚✉r❛❡✈ ❝♦♥❥❡❝t✉r❡✮ ▲❡t k ❜❡ ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ❛♥❞ ❜② ❛❜s✉r❞ ✇❡
❛ss✉♠❡ t❤❛t ✐✳❡✿ t❤❡r❡ ✐s ❛ ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠ ♦❢ k✱ K1 t❤❛t ❤❛s ❛ ♥♦♥✲③❡r♦
❤❡✐❣❤t✳
▲❡t n ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ K1✳
❚❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♦❢ K1✱ v̄(K1) ✐s ❛ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ ✇✐t❤ n ❝❧❛ss✐❝❛❧
❝r♦ss✐♥❣s ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ✈✐rt✉❛❧ ❝r♦ss✐♥❣s t❤❛t ✐s ❛t ❧❡❛st ❡q✉❛❧ t♦ t❤❡ ❤❡✐❣❤t
♦❢ K1✳ ❲❡ ❦♥♦✇ t❤❛t k ✐s ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ t❤❡♥ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♦❢ k✱
v̄(k) ✐s ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t✱ ❛♥❞ t❤❡ ✈✐rt✉❛❧ ❦♥♦t ❞✐❛❣r❛♠ v̄(K1) ❧✐❡s ✐♥ t❤❡ ✈✐rt✉❛❧
❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ v̄(k) s✐♥❝❡ t❤❡ ✈✐rt✉❛❧ ❝❧♦s✉r❡ ♠❛♣ v̄ ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♠❛♣
♦♥ t❤❡ s❡t ♦❢ ❦♥♦t♦✐❞s ✐♥ S2✳
◆♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ✐♥ t❤✐s ✇❛②✿

χ(F (K1)) = #vertices−#edges+#discks = (n+2)−(2n+1)+δ = −n+1+δ

❚❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝❧♦s❡❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜❧❡ s✉r❢❛❝❡ F (K1) ♦❜t❛✐♥❡❞ ❜② ❛t✲
t❛❝❤✐♥❣ ✷✲❞✐s❦s t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛❜str❛❝t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠
s✉r❢❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ K1 ✭t♦ ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✹❪✮ ✐s ❣✐✈❡♥ ❜②✿

g(F (K1) =
2− χ(F (K1))

2
= 1 +

(n− 1)− δ

2
= 0

✇❤❡r❡ n ✐s t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ K1 ❛♥❞ δ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ❝♦♠✲
♣♦♥❡♥ts ♦❢ t❤❡ ❛❜str❛❝t ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳ ❚❤✐s ✐s ❡q✉❛❧ ③❡r♦ ❜❡❝❛✉s❡ K1 ❤❛s
♦♥❧② ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s✳
❚❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❜str❛❝t ❦♥♦t♦✐❞
❞✐❛❣r❛♠ ✭✐✳❡ δ✮ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛♥❛r r❡❣✐♦♥s ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✷✳✶✳✼✮
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐❛❣r❛♠ K1✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts
t❤❛t ❛r❡ ❛❞❥❛❝❡♥t t♦ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K1✱ ❛r❡ ❞✐st✐♥❝t s✐♥❝❡ t❤❡ ❡♥❞♣♦✐♥ts ♦❢
K1 ❛r❡ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳
❋✉rt❤❡r♠♦r❡✱ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K1 ✈✐rt✉❛❧❧② ✇❡ ❣❡t v̄(K1) ❛♥❞ ✐t
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s ❜✉t r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢
❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ❜② ✶ ✭✐✳❡✳ δ − 1✮✮✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❛❜♦✈❡ t❤❡ ❣❡♥✉s ♦❢ t❤❡ ❝❧♦s❡❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜❧❡ s✉r❢❛❝❡
F (v̄(K1)) ♦❜t❛✐♥❡❞ ❜② ❛tt❛❝❤✐♥❣ ✷✲❞✐s❦s t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡
❛❜str❛❝t ❦♥♦t ❞✐❛❣r❛♠ s✉r❢❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ v̄(K1) ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛✿
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g(F (v̄(K1)) = 1 +
n− (δ − 1)

2
= g(F (K1) + 1 = 1

❇② ◆✐❦♦♥♦✈✬s t❤❡♦r❡♠✱ ❛♥② ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠ ♦❢ v̄(k) ❤❛s str✐❝t❧② ❧❡ss t❤❛♥
n ❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s✳ ▲❡t K̄ ❜❡ ❛♥② ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠ ♦❢ v̄(k)✱ ❛♥❞ K̄ ❤❛s m
❝❧❛ss✐❝❛❧ ❝r♦ss✐♥❣s✱ t❤❡♥ m < n✳
❚❤❡ ✐♠❛❣❡ ♦❢ K̄ ✉♥❞❡r t❤❡ ♠❛♣ α ✭❞❡✜♥✐t✐♦♥ ✷✳✷✳✸✮ ✐s ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞
❞✐❛❣r❛♠ K ✇✐t❤ m ❝r♦ss✐♥❣s✳
❚❤❡ ✉♥❞❡r♣❛ss ❝❧♦s✉r❡s ♦❢ ❦♥♦t♦✐❞s ❞✐❛❣r❛♠s K ❛♥❞ K1 ❛r❡ ✐s♦t♦♣✐❝ t♦ ❦♥♦t
v̄(k)✱ t❤✐s ✐♠♣❧✐❡s t❤❛t K ❛♥❞ K1 ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❡❛❝❤ ♦t❤❡r s✐♥❝❡ t❤❡
✉♥❞❡r♣❛ss ❝❧♦s✉r❡ ✐s ❛ ❜✐❥❡❝t✐✈❡ ♠❛♣ ♦♥ t❤❡ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞s✳
❲❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t K1 ✐s ❛ ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠ ♦❢ k✱ t❤❡♥ n < m ❛♥❞
t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✳ ❙♦✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✐s ✇r♦♥❣ ❛♥❞ t❤❡
t❤❡♦r❡♠ ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✸✳✽✳✶✳ ❚✉r❛❡✈ ❝♦♥❥❡❝t✉r❡ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿ ❚❤❡ ❝r♦ss✐♥❣
♥✉♠❜❡r ♦❢ ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ✐s ❡q✉❛❧ t♦ t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ t❤❡ ❦♥♦t
t❤❛t ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❦♥♦t♦✐❞✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛
❦♥♦t♦✐❞ ✐s ✈❡r② ❝♦♠♣❧✐❝❛t❡❞✳ ❆♥② ❞✐❛❣r❛♠ ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ✈❛❧✉❡
❜✉t ♥♦t ♠❛♥② ❧♦✇❡r ❜♦✉♥❞s ❛r❡ ❦♥♦✇♥✳

✸✳✽✳✶ ❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r

❲❤❡♥ ❞❡✜♥✐♥❣ t❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ ♥♦t✐♦♥ ♦❢ st❛t❡ ♦❢
❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ t❤❛t ✐s ❛ s✐♠♣❧❡ ❝✉r✈❡ ✐♥ S2 ♦❜t❛✐♥❡❞ s♠♦♦t❤✐♥❣ ❡❛❝❤
❝r♦ss✐♥❣ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ✐♥ ✜❣✉r❡ ✸✳✶✳ ❚❤✐s ②✐❡❧❞s ❛ s✐♥❣❧❡ ❛r❝ ✭✇✐t❤
❡♥❞♣♦✐♥ts✮ ❛♥❞ s❡✈❡r❛❧ ❞✐s❥♦✐♥t ❝✐r❝❧❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✽✳✺✳ ●✐✈❡♥ ❛ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧

〈K〉 =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1 ∈ Z[A±1]✱

t❤❡ s♣❛♥ ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ✐s ❞❡✜♥❡❞ ❜②

spn(K) = spn(〈K〉) = max exp(〈K〉)−min exp(〈K〉)

▲❡♠♠❛ ✻✳ ▲❡t K ⊂ Σ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇✐t❤ n ❝r♦ss✐♥❣s t❤❡♥✿
✶✮ max exp(〈K〉) ≤ n+ 2ρ(s+)− 2
✷✮ min exp(〈K〉) ≤ −n− 2ρ(s−) + 2
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Pr♦♦❢✳ ❚❤❡ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s 〈K〉 =
∑

s∈S(K)

Aσ(s)(−A2 − A−2)ρ(s)−1✱ s♦

max exp(〈K〉) = σ(s) + 2(ρ(s)− 1)
min exp(〈K〉) = σ(s)− 2(ρ(s)− 1)

■❢ ✇❡ ❝♦♥s✐❞❡r s ∈ S(K)✱ ✐t ✐s ❛ st❛t❡ ✇❤❡r❡ t❤❡r❡ ❛r❡ s♦♠❡ ♣♦s✐t✐✈❡❧②
s♠♦♦t❤❡❞ ❛♥❞ s♦♠❡ ♥❡❣❛t✐✈❡❧② s♠♦♦t❤❡❞ ❝r♦ss✐♥❣s✳
❲❡ ❝❛♥ ♣❛ss ❢r♦♠ st❛t❡ s t♦ st❛t❡ s+ t❤r♦✉❣❤ ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s s =
s0, s1, ..., sr = s+ ✇❤❡r❡ ✇❡ ❝❤❛♥❣❡ ♦♥❧② ♦♥❡ s♠♦♦t❤✐♥❣ ❜❡t✇❡❡♥ ♦♥❡ st❛t❡
❛♥❞ t❤❡ ♥❡①t✳
❲❡ ✐♠♠❛❣❡ t♦ ❝❤❛♥❣❡ ❛❧❧ t❤❡ ♥❡❣❛t✐✈❡ s♠♦♦t❤✐♥❣s ♦❢ t❤❡ st❛t❡ s t♦ ♣♦s✐t✐✈❡
s♠♦♦t❤✐♥❣s ♦♥❡ ❜② ♦♥❡✳
❚❤❡ s✉♠ ♦❢ s✐❣♥❡s ♦❢ si ✐s σ(si) = σ(si+1)− 2✳
❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐s ρ(si) = ρ(si+1)± 1✳
❊❛❝❤ t✐♠❡ ✇❡ r❡✈❡rs❡ ❛ s♠♦♦t❤✐♥❣✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ❝❛♥ ✐♥❝r❡❛s❡
♦r ❞❡❝r❡❛s❡ ❜② ♦♥❡✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠✉♠ ❡①♣♦♥❡♥t

σ(si) + 2ρ(si)− 2 ≤ σ(si+1) + 2ρ(si+1)− 2
t❤✐s ✐s tr✉❡ ❢♦r ❡✈❡r② st❡♣✱ t❤❡♥

σ(s) + 2ρ(s)− 2 ≤ σ(s+) + 2ρ(s+)− 2
‖

n ❚❤❡♥✱ ✇❡ ❣❡t ✶✮✳
❙✐♠✐❧❛r❧②✱ t♦ s❡❡ ✷✮ ✇❡ ❤❛✈❡ ❛ s❡q✉❡♥❝❡ ❢r♦♠ s t♦ s−✱ ✇❡ ✐♠♠❛❣❡ t♦ ❝❤❛♥❣❡
♣♦s✐t✐✈❡ s♠♦♦t❤✐♥❣s ♦❢ t❤❡ st❛t❡ s t♦ ♥❡❣❛t✐✈❡ s♠♦♦t❤✐♥❣s ♦♥❡ ❜② ♦♥❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t K ⊂ Σ ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✭t❤❛t ✐s t❤❡ ✢❛t
❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❛ss♦❝✐❛t❡❞ t♦ K ✐s ❝♦♥♥❡❝t❡❞✮✳
▲❡t s± ∈ S(K) t❤❡ ✉♥✐q✉❡ st❛t❡ ♦❢ K s✉❝❤ t❤❛t σ(s±) = ±c(K) t❤❡♥

ρ(s+) + ρ(s−) ≤ c(K) + 2✳

■❢ K ✐s ❛❧t❡r♥❛t✐♥❣ ✿ ρ(s+) + ρ(s−) = c(K) + 2

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ✿
■❢ c(K) = 0 t❤❡♥ ✇❡ ❤❛✈❡ tr✐✈✐❛❧ ❦♥♦t♦✐❞ K = ✳
■♥ t❤✐s ❝❛s❡ t❤❡ st❛t❡s s+ ❛♥❞ s− ❛r❡ ❡q✉❛❧ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦ ❛ ❝r♦ss✐♥❣s
t♦ ❜❡ s♠♦♦t❤❡❞ t❤❡♥ ρ(s+) = ρ(s−) = 1 ❛♥❞ ❤❡♥❝❡ ρ(s+) + ρ(s−) ≤ c(K) + 2
✐s tr✉❡✱ ✐t ✇✐❧❧ ❜❡ 2 ≤ 2✳
❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ c(K) > 0✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❛♥② ❝r♦ss✐♥❣ ❛♥❞ ✐ts s♠♦♦t❤✐♥❣s✳
■❢ K ✐s ❝♦♥♥❡❝t❡❞ t❤❡♥ K0 ♦r K∞ ♠✉st ❜❡ ❝♦♥♥❡❝t❡❞ ❛♥❞ ✇❡ ❝❛❧❧ t❤❡

❝♦♥♥❡❝t❡❞ ♦♥❡ K ′ = K0 ♦r K∞✳ ❲❡ ❣❡t c(K ′) = c(K) − 1 < c(K) t❤❡♥ ✇❡
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❋✐❣✉r❡ ✸✳✺✿ ❙♠♦♦t❤✐♥❣s ♦❢ ❝r♦ss✐♥❣

❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❙✉♣♣♦s❡ t♦ s♦❧✈❡ ❛❧❧ ❝r♦ss✐♥❣s ♦❢ K ′ ✐♥ ♣♦s✐t✐✈❡ ✇❛② ✭K0✮
❛♥❞ ✇❡ ❣❡t s′+✳

K ′ =











K0 ρ(s′+) = ρ(s+) , ρ(s′−) = ρ(s−)± 1

♦r

K∞ ρ(s′+) = ρ(s+)± 1 , ρ(s′−) = ρ(s−)

■❢ K ′ = K0 t❤❡♥ t❤❡ ❝r♦ss✐♥❣ ✐s ♣♦s✐t✐✈❡❧② s♠♦♦t❤❡❞✳ ◆♦✇ ✐❢ ✇❡ t❛❦❡ t❤❡ st❛t❡
✐♥ ✇❤✐❝❤ t❤❡ ♦t❤❡r ❝r♦ss✐♥❣s ❛r❡ ♣♦s✐t✐✈❡❧② s♠♦♦t❤❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❡ st❛t❡ ♦❢
K ✇❤❡r❡ ❛❧❧ t❤❡ ❝r♦ss✐♥❣s ❛r❡ ♣♦s✐t✐✈❡❧② s♠♦♦t❤❡❞ s+✳
❙♦ ✇❡ ❤❛✈❡ s′+ = s+ ❛♥❞ ρ(s′+) = ρ(s+)✳
❚❤❡r❡❢♦r❡ ✐❢ ✇❡ s♠♦♦t❤ t❤❡ ✜rst ❝r♦ss✐♥❣ ✐♥ ♣♦s✐t✐✈❡ ✇❛②✱ ✇❡ ♦❜t❛✐♥ s′− ✇❤❡r❡
t❤❡ ✜rst ❝r♦ss✐♥❣ ✐s ♣♦s✐t✐✈❡❧② s♠♦♦t❤❡❞ ❛♥ t❤❡ ♦t❤❡r ❝r♦ss✐♥❣s ❛r❡ ♥❡❣❛t✐✈❡❧②
s♠♦♦t❤❡❞✳
❚❤❡ st❛t❡ s′− ✐s ❞✐✛❡r❡♥t ❢r♦♠ s− ❜❡❝❛✉s❡ s− ✐s t❤❡ st❛t❡ ✇❤❡r❡ ❛❧❧ ❝r♦ss✐♥❣
❛r❡ ♥❡❣❛t✐✈❧② s♠♦♦t❤❡❞✳
❚♦ ♣❛ss ❢r♦♠ s′− t♦ s−✱ ✇❡ ♠✉st ❝❤❛♥❣❡ t❤❡ s♠♦♦t❤✐♥❣ ♦❢ t❤❡ ✜rst ❝r♦ss✐♥❣
❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ❜② 1✳
❙✐♠✐❧❛r❧② ✐❢ K ′ = K∞ t❤❡♥ t❤❡ ❝r♦ss✐♥❣ ✐s ♥❡❣❛t✐✈❡❧② s♠♦♦t❤✳ ❲❡ ❣❡t✿

ρ(s+)+ρ(s−) ≤ ρ(s′+) = ρ(s′−)+1 ≤ c(K ′)+2+1 = c(K)−1+2+1 = c(K)+2

■❢ K ✐s ❛❧t❡r♥❛t✐♥❣ t❤❡♥ ✭❜② ♣r♦♣♦s✐t✐♦♥ ✸ ❛♥❞ t❤❡ ❚✉r❛❡✈ ❝♦♥❥❡❝t✉r❡✮ K ✐s
❛ ❞✐❛❣r❛♠ ♦❢ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞❀ ✇❡ ❝❛♥ ❝❧♦s❡ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ❛♥❞ ✇❡
♦❜t❛✐♥ ❛♥ ❛❧t❡r♥❛t✐♥❣ ❦♥♦t ❞✐❛❣r❛♠✳
❙♦✱ ✐❢ h(K) = 0 ✇❡ ❝❛♥ ❝❧♦s❡ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✇❡ ❣❡t ❛ ❦♥♦t ❞✐❛❣r❛♠ D
❛♥❞ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✿

st❛t❡ s± ←→ ✇❤✐t❡ ❛♥❞ ②❡❧❧♦✇ r❡❣✐♦♥s ♦❢ ❛ ❝❤❡❝❦❡r❜♦❛r❞ ❝♦❧♦r✐♥❣ ♦❢ t❤❡
❞✐❛❣r❛♠ D

❲❤❡♥ ✇❡ ❞r❛✇ ❛ ❞✐❛❣r❛♠ ❛♥❞ ✇❡ t❤✐♥❦ ✐t ❛s ❛ ❣r❛♣❤ ✭♦r ✢❛t ❞✐❛❣r❛♠✮✱ ✐t
❞✐✈✐❞❡s ❛ s✉r❢❛❝❡ Σ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r❡❣✐♦♥s✳ ❆t ❡❛❝❤ ❝r♦ss✐♥❣ ✇❡ ❤❛✈❡ ✹
r❡❣✐♦♥s ❛♥❞ ✇❡ ❝♦❧♦r t❤❡♠ ♦♥❡ ②❡❧❧♦✇✱ t❤❡ ♥❡①t ✇❤✐t❡✱✳✳✳✐♥ ❛❧t❡rt❛t✐♥❣ ✇❛②✳
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❙✉♣♣♦s❡ ✇❡ ❝♦♥s✐❞❡r ✐♥ ❛♥② r❡❣✐♦♥ ❜♦✉♥❞❡❞ ❜② t❤❡ ❛❧t❡r♥❛t✐♥❣ ❞✐❛❣r❛♠ ❉ ♦❢
❦♥♦t✿

✭❆✮ ✭❇✮

■♥ t❤❡ ❋✐❣✉r❡ ✭❆✮✿ t✉r♥✐♥❣ ✐♥ ❛ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✇❛②✱ ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡
r❡❣✐♦♥ ❜❡❣✐♥s ✇✐t❤ ❛♥ ♦✈❡r♣❛ss ❛♥❞ ✐t ❡♥❞s ✇✐t❤ ❛♥ ✉♥❞❡r♣❛ss✳
■♥ ❋✐❣✉r❡ ✭❇✮✿ t✉r♥✐♥❣ ✐♥ ❛ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ✇❛②✱ ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡ r❡❣✐♦♥
❜❡❣✐♥s ✇✐t❤ ❛♥ ✉♥❞❡r♣❛ss ❛♥❞ ✐t ❡♥❞s ✇✐t❤ ❛♥ ♦✈❡r♣❛ss✳
■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥❡❣❛t✐✈❡ s♠♦♦t❤✐♥❣ ✐♥ ❛❧❧ ❝r♦ss✐♥❣ ♦❢ t❤❡ r❡❣✐♦♥ ❞✐❛❣r❛♠
✭❆✮✱ s− ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ✇❤✐t❡ r❡❣✐♦♥s ✇❤✐❧❡ s+ ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡
②❡❧❧♦✇ r❡❣✐♦♥s✳
■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣♦s✐t✐✈❡ s♠♦♦t❤✐♥❣ ✐♥ ❛❧❧ ❝r♦ss✐♥❣ ♦❢ t❤❡ r❡❣✐♦♥ ❞✐❛❣r❛♠
✭❇✮✱ s+ ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ✇❤✐t❡ r❡❣✐♦♥s ✇❤✐❧❡ s− ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡
②❡❧❧♦✇ r❡❣✐♦♥s✳
❚❤❡ ✐❞❡❛ ✐s ρ(s+) + ρ(s−) = number of white and yellow regions
◆♦✇✱ ✉s✐♥❣ t❤❡ ❊✉❧❡r t❤❡♦r❡♠ ✭❋♦r ❡✈❡r② ♣♦❧②❣♦♥❛t✐♦♥ ♦❢ S2 ✇❡ ❤❛✈❡
#{polygons} −#{edges} + #{vertices} = 2✮✱ ✇❡ ❣❡t

#{polygons} = #{regions} = ρ(s+) + ρ(s−)✱

❛♥❞ s♦

#{vertices} = #{crossings} = c(D)✳

❆t ❡✈❡r② ✈❡rt❡① t❤❡r❡ ❛r❡ ✹ ❡❞❣❡s✱ ❡✈❡r② ❡❞❣❡ ❤❛s ✷ ✈❡rt✐❝❡s t❤❡♥

#{edges} = 4#{vertices}/2 = 2#{vertices} = 2c(D)✳

❙♦ ✇❡ ❣❡t

ρ(s+) + ρ(s−)− 2c(D) + c(D) = 2✱

✽✽



❤❡♥❝❡ ρ(s+) + ρ(s−) = c(D) + 2✳

❚❤❡♦r❡♠ ✶✷✳ ▲❡t Σ ❜❡ ❛♥ ♦r✐❡♥t❡❞ s✉r❢❛❝❡✳ ❋♦r ❛♥② ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ K ⊂ Σ
✇✐t❤ n ❝r♦ss✐♥❣s✱

spn(〈K〉) = spn(JK(A)) ≤ 4n ✭⋆✮

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❛♥❞ ρ(s+) + ρ(s−) ≤ 2 + n✿

spn(K) = spn(〈K〉) = max exp(〈K〉)−min exp(〈K〉) ≤
≤ (n+ 2ρ(s+)− 2 + n+ 2ρ(s−)− 2) ≤ 4n

❘❡♠❛r❦ ✸✳✽✳✷✳ ❚❤❡ ❢❛❝t♦r (−A−3)wr(K) ♦❢ t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ❛♣♣❡❛rs
✐♥ ❛❧❧ t❡r♠s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇❤❡♥ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡
♠✐♥✉s t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡✱ t❤✐s ❢❛❝t♦r ✐s ✐rr❡❧❡✈❛♥t✳

❘❡♠❛r❦ ✸✳✽✳✸✳ ❚❤❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ❦♥♦t♦✐❞ k ✐♥ Σ✱

spn(〈K〉) ≤ 4c(k)✱

✇❤❡r❡ c(k) ✐s t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ k ❞❡✜♥❡❞ ❛s t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢
❝r♦ss✐♥❣s ✐♥ ❛ ❞✐❛❣r❛♠ ♦❢ k✳

❘❡♠❛r❦ ✸✳✽✳✹✳ span(〈K〉) = 4n ✐❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐s ❛❧t❡r♥❛t✐♥❣✳

▲❡♠♠❛ ✼✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❋❑❉ F ✱ t❤❡ ✐♥❡q✉❛❧✐t② c(F ) ≥ 2h(F ) ✐s ✈❛❧✐❞✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ c(F )✳
▲❡t c(F ) = 1✳ ❚❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ❋❑❉ F ❢♦r ✇❤✐❝❤ c(F ) = 1✱ ✐✳❡✳

✳ ❚❤❡ ❤❡✐❣❤t ♦❢ ❋❑❉ ✐s ❡q✉❛❧ t♦ ✵ t❤❡♥ c(F ) ≥ 2h(F ) ✐s ❤♦❧❞s✳
▲❡t c(F ) > 1✳
■❢ F ✐s ♥♦t ♣r✐♠❡✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
✷✳✺✳✷ ♦❢ ❛ ♣r✐♠❡ ❋❑❉ ❞♦❡s ♥♦t ❤♦❧❞✳
✭✐✮❊✈❡r② ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ♠❡❡t✐♥❣ F tr❛♥s✈❡rs❡❧② ✐♥ ❡①❛❝t❧② t✇♦ ♣♦✐♥ts ❜♦✉♥❞s
❛ ❞✐s❦ ♠❡❡t✐♥❣ F ❛❧♦♥❣ ❛ ♣r♦♣❡r ❡♠❜❡❞❞❡❞ ❛r❝ ♦r ❛❧♦♥❣ t✇♦ ❞✐s❥♦✐♥t ❡♠❜❡❞✲
❞❡❞ ❛r❝s ❛❞❥❛❝❡♥t t♦ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳
✭✐✐✮ ❊✈❡r② ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ♠❡❡t✐♥❣ F tr❛♥s✈❡rs❡❧② ✐♥ ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t ❜♦✉♥❞s
❛ r❡❣✉❧❛r ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♦♥❡ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ F ✳
❙♦✱ t❤❡r❡ ✐s ❛♥ ❡♠❜❡❞❞❡❞ ❝✐r❝❧❡ ❈ ✇❤✐❝❤ ✐♥t❡rs❡❝ts F ✐♥ ✶ ♦r ✷ ♣♦✐♥ts ❛♥❞
s✉❝❤ t❤❛t ❡❛❝❤ ❞✐s❦ ❜♦✉♥❞❡❞ ❜② ❈ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❝r♦ss✐♥❣✳ ■❢ t❤❡ ❝✐r❝❧❡

✽✾



❈ ✐♥t❡rs❡❝ts F ✐♥ ❡①❛❝t❧② ✷ ♣♦✐♥ts ✭✐✳❡✳ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❞♦❡s ♥♦t ❤♦❧❞✮ t❤❡♥
♦♥❡ ♦❢ ❞✐s❦s ❜♦✉♥❞❡❞ ❜② ❈ ✭❞❡♥♦t❡ ✐t ❜② D✮ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ❡♥❞♣♦✐♥ts
♦❢ F ✳ ❈♦♥s✐❞❡r t❤❡ ❋❑❉ F ′ ♦❜t❛✐♥✐♥❣ ❢r♦♠ F ❜② ❝♦♥tr❛❝t✐♥❣ t❤❡ ❞✐s❦ D t♦ ❛
♣♦✐♥t ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❢r❛❣♠❡♥t ✐♥s✐❞❡ D ✇✐t❤ ❛ s✐♠♣❧❡ ❛r❝
❝♦♥♥❡❝t✐♥❣ t❤❡ s❛♠❡ ♣♦✐♥t ✐♥ ∂D✳

❚❤❡♥ ✇❡ ❤❛✈❡ c(F ) > c(F ′) ❛♥❞ h(F ) = h(F ′)✳
❇② ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ c(F ) ≥ 2h(F ′)✱ ❤❡♥❝❡

c(F ) > c(F ′) ≥ 2h(F ′) = 2h(F )

■❢ t❤❡ ❝✐r❝❧❡ ❈ ✐♥t❡rs❡❝ts F ✐♥ ❡①❛❝t❧② ✶ ♣♦✐♥ts ✭✐✳❡✳ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❞♦❡s
♥♦t ❤♦❧❞✮✱ t❤❡♥ ❈ ❝✉ts F ✐♥t♦ t✇♦ ♥♦♥✲tr✐✈✐❛❧ ❋❑❉ F1 ❛♥❞ F2 ✇❤✐❝❤ ❧✐❡ ✐♥✲
s✐❞❡ ❞✐✛❡r❡♥t ❞✐s❦s ❜♦✉♥❞❡❞ ❜② ❈✳ F1 ❛♥❞ F2 ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❛ r❡s✉❧t ♦❢ ❛
❝♦♥tr❛❝t✐♥❣ ✐♥t♦ ❛ ♣♦✐♥t t❤❡ ❞✐s❦s D1 ❛♥❞ D2 r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡s❡ ❞✐s❦s t❤❡
❝✐r❝❧❡ ❈ ❝✉ts t❤❡ s♣❤❡r❡ S2✳

❚❤❡♥

c(F ) = c(F1) + c(F2)
c(F ) > c(Fi) i = 1, 2
h(F ) = h(F1) + h(F2)

❇② ✐♥❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ c(Fi) ≥ 2h(Fi)✱ i = 1, 2✱ ❤❡♥❝❡

c(F ) = c(F1) + c(F2) ≥ 2h(F1) + 2h(F2) = 2h(F )

■❢ F ✐s ♣r✐♠❡✱ t❤❡♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✶✸ t❤❡ ✐♥❡q✉❛❧✐t② c(F ) ≥ 2h(F )
✐s tr✉❡✳

✾✵



❚❤❡♦r❡♠ ✶✸✳ ■❢ F ✐s ❛ ♣r✐♠❡ ❋❑❉ t❤❡♥

c(F ) ≥ 2h(F )

❲❡ ♦♠✐t t❤❡ ♣r♦♦❢ t❤❛t ②♦✉ ❝❛♥ ✜♥❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬✶✷❪✮✳

◆♦✇✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡
❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❦♥♦t♦✐❞✳

❚❤❡♦r❡♠ ✶✹✳ ❋♦r ❛ ❦♥♦t♦✐❞ K

c(K) ≥ 2h(K)

❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❦♥♦t♦✐❞s ❢♦r ✇❤✐❝❤ t❤❡ ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s
❡q✉❛❧✐t②✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ ❦♥♦t♦✐❞K ❛♥❞ ❛ ♠✐♥✐♠❛❧ ❞✐❛❣r❛♠D ♦❢ ✐t✱ t❤❛t ✐s ❝✭D✮❂❝✭K✮✳
❈♦♥s✐❞❡r ❛ ❋❑❉ F ✭s❡❡ ❞❡✜♥✐t✐♦♥ ✷✳✺✳✶✮ t❤❛t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ D ❛s ❛ r❡s✉❧t
♦❢ ❢♦r❣❡tt✐♥❣ ♦✈❡r✴✉♥❞❡r✲❝r♦ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛❧❧ ❝r♦ss✐♥❣s✳ ❇② ❞❡✜♥✐t✐♦♥
t❤❡ ❤❡✐❣❤t ♦❢ ❦♥♦t♦✐❞ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❤❡✐❣❤t ♦✈❡r ❛❧❧ r❡♣r❡s❡♥t❛t✐✈❡
❞✐❛❣r❛♠ h(F ) ≥ h(K) ❛♥❞ ✉s✐♥❣ t❤❡ ▲❡♠♠❛ ✼✱ ✇❡ ❣❡t✿

c(K) = c(F ) ≥ 2h(F ) ≥ 2h(K)✳

✸✳✽✳✷ ❆ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛ ❦♥♦✲

t♦✐❞ ✈✐❛ t❤❡ ❡①t❡♥❞❡❞ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧

❉❡✜♥✐t✐♦♥ ✸✳✽✳✻✳ ❊❳❚❊◆❉❊❉ ❇❘❆❈❑❊❚ P❖▲❨◆❖▼■❆▲ ♦❢ ❦♥♦✲
t♦✐❞s
▲❡t K ❜❡ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ S2✳ ▲❡t a ⊂ S2 ❜❡ ❛ s❤♦rt❝✉t ❢♦r ❑✳
●✐✈❡♥ ❛ st❛t❡ s ∈ S(K)✱ ❝♦♥s✐❞❡r t❤❡ s♠♦♦t❤❡❞ ✶✲♠❛♥✐❢♦❧❞ Ks ⊂ S2 ❛♥❞ ✐ts
❛r❝ ❝♦♠♣♦♥❡♥t ks ✭t❤❡ s♠♦♦t❤✐♥❣ ♦❢ K ✐s ❡✛❡❝t❡❞ ✐♥ s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢
t❤❡ ❝r♦ss✐♥❣s ❞✐s❥♦✐♥t ❢r♦♠ a✮✳
❚❤❡♥✱ ks ❝♦✐♥❝✐❞❡s ✇✐t❤ K ✐♥ ❛ s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡t ∂ks = ∂a ✐s ❢♦r♠❡❞ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K✳
❲❡ ♦r✐❡♥t K✱ ks ❛♥❞ a ❢r♦♠ t❤❡ ❧❡❣ ♦❢ K t♦ t❤❡ ❤❡❛❞ ♦❢ K✳
▲❡t ks · a ❜❡ t❤❡ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ks ✇✐t❤ a✱ t❤❛t ✐s t❤❡
♥✉♠❜❡r ♦❢ t✐♠❡s ks ❝r♦ss❡s a ❢r♦♠ t❤❡ r✐❣❤t t♦ t❤❡ ❧❡❢t ♠✐♥✉s t❤❡ ♥✉♠❜❡r ♦❢
t✐♠❡s ks ❝r♦ss❡s a ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t ✭t❤❡ ❡♥❞♣♦✐♥ts ♦❢ ks ❛♥❞ a ❛r❡
♥♦t ❝♦✉♥t❡❞✮✳ ❙✐♠✐❧❛r❧②✱ ❧❡t K · a ❜❡ t❤❡ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢

✾✶



K ✇✐t❤ a✳
❚❤❡ ❡①t❡♥❞❡❞ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ✐s ❣✐✈❡♥ ❜②✿

〈〈K〉〉 = (−A3)−w(K)u−K·a
∑

s∈S(K)

Aσ(s)uks·a(−A2 − A−2)ρ(s)−1 ∈ Z[A±1, u±1]

▲❡♠♠❛ ✽✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ 〈〈K〉〉 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❤♦rt✲
❝✉t a ❛♥❞ ✐t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ♦♥ K✳

Pr♦♦❢✳ ❆♥② t✇♦ s❤♦rt❝✉ts ❢♦r K ❛r❡ ✐s♦t♦♣✐❝ ✐♥ t❤❡ ❝❧❛ss ♦❢ ❡♠❜❡❞❞❡❞ ❛r❝s ✐♥
S2 ❝♦♥♥❡❝t✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ K✳ ❚❤❡r❡❢♦r❡ t♦ ✈❡r✐❢② t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢
a ✐t ✐s ❡♥♦✉❣❤ t♦ ❛♥❛❧②③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❢♦r a✿
✭✶✮ ♣✉❧❧✐♥❣ a ❛❝r♦ss ❛ str❛♥❞ ♦❢ K ✭t❤✐s ❛❞❞s t✇♦ ♣♦✐♥ts t♦ a ∩K✮❀
✭✷✮ ♣✉❧❧✐♥❣ a ❛❝r♦ss ❛ ❞♦✉❜❧❡ ♣♦✐♥t ♦❢ K❀
✭✸✮ ❛❞❞✐♥❣ ❛ ❝✉r❧ t♦ a ♥❡❛r ❛♥ ❡♥❞♣♦✐♥t ♦❢ K ✭t❤✐s ❛❞❞s ❛ ♣♦✐♥t t♦ a ∩K✮✳
❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ♣r❡s❡r✈❡ t❤❡ ♥✉♠❜❡rs K · a ❛♥❞ ks · a ❢♦r ❛❧❧
st❛t❡s s ♦❢ K✳
❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✸✮ ♣r❡s❡r✈❡s ks · a−K · a ❢♦r ❛❧❧ s✳
❙♦✱ 〈〈K〉〉 ✐s ♣r❡s❡r✈❡❞ ✉♥❞❡r t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
a✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✬✉♥♥♦r♠❛❧✐③❡❞✬ ✈❡rs✐♦♥ 〈〈K, a〉〉 ♦❢ 〈〈K〉〉 ✐✳❡✳

〈〈K, a〉〉 =
∑

s∈S(K)

Aσ(s)uks·a(−A2 − A−2)ρ(s)−1

❚❤❡ ♣♦❧②♥♦♠✐❛❧ 〈〈K, a〉〉 ❞❡♣❡♥❞s ♦♥ a ❜✉t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥
♦❢ K ✭t♦ ❝♦♠♣✉t❡ ks · a ♦♥❡ ♥❡❡❞s ♦♥❧② t♦ r❡♠❡♠❜❡r ✇❤✐❝❤ ❡♥❞♣♦✐♥t ✐s t❤❡
❧❡❣ ❛♥❞ ✇❤✐❝❤ ♦♥❡ ✐s t❤❡ ❤❡❛❞✮✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ 〈〈K, a〉〉 s❛t✐s✜❡s t❤❡ r❡❧❛t✐♦♥✿

〈〈K, a〉〉= A〈〈K0, a〉〉✰A−1〈〈K∞, a〉〉

✇❤❡r❡ K0 ❛♥❞ K∞ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ K ❜② t❤❡ s♠♦♦t❤✐♥❣s ♦❢ ❛ ❝❡rt❛✐♥
❝r♦ss✐♥❣✭s❡❡ ✜❣✉r❡ ✸✳✺✮✳
〈〈K, a〉〉 ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ❛♥❞ ✐t ✐s
♠✉❧t✐♣❧✐❡❞ ❜② −A±3 ✉♥❞❡r t❤❡ ✜rst ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s✳ ❙✉❝❤ ♠♦✈❡s ♣r❡s❡r✈❡
t❤❡ ♥✉♠❜❡r K · a ❛♥❞ t❤❡r❡❢♦r❡ t❤❡② ♣r❡s❡r✈❡ 〈〈K〉〉✳ ❙✐♥❝❡ t❤❡ ♣♦❧②♥♦♠✐❛❧
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ a✱ ✐t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛❧❧ ❘❡✐❞❡♠❡✐st❡r ♠♦✈❡s ♦♥ K✳

❉❡✜♥✐t✐♦♥ ✸✳✽✳✼✳ ❚❤❡ ❆✲s♣❛♥ ❛♥❞ t❤❡ ✉✲s♣❛♥
▲❡t F ∈ Z[A±1, u±1] ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧✳

❲❡ ❝♦♥s✐❞❡r F ❛s ❛ ✜♥✐t❡ s✉♠
∑

i,j∈Z

Fi,jA
iuj✱ ✇❤❡r❡ Fi,j ∈ Z✳

■❢ F 6= 0✱ ✇❡ ❞❡✜♥❡ t✇♦ ♥✉♠❜❡rs✿
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✭✶✮spnA(F ) = i+ − i− ✇❤❡r❡ i+ ✭i−✮ ✐s t❤❡ ♠❛①✐♠❛❧ ✭t❤❡ ♠✐♥✐♠❛❧✮ ✐♥t❡❣❡r i
s✉❝❤ t❤❛t Fi,j 6= 0 ❢♦r s♦♠❡ j❀
✭✷✮ spnu(F ) = j+− j− ✇❤❡r❡ j+ ✭j−✮ ✐s t❤❡ ♠❛①✐♠❛❧ ✭t❤❡ ♠✐♥✐♠❛❧✮ ✐♥t❡❣❡r j
s✉❝❤ t❤❛t Fi,j 6= 0 ❢♦r s♦♠❡ i✳
❋♦r ❛ ❦♥♦t♦✐❞ k ✐♥ S2✱ s❡t spnA(k) = spnA(〈〈k〉〉) ❛♥❞ spnu(k) = spnu(〈〈k〉〉)✳
❇♦t❤ t❤❡s❡ ♥✉♠❜❡rs ❛r❡ ❡✈❡♥ ✭♥♦♥✲♥❡❣❛t✐✈❡✮ ✐♥t❡❣❡rs✳ ❙♦ ✇❡ ❣❡t✿

spn(k) ≤ spnA(k) ≤ 4c(k)
❛♥❞

spnu(k) ≤ 2(ks · a) = 2h(k)

✇❤❡r❡ c(k) ✐s t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❦♥♦t♦✐❞ ❛♥❞ h(k) ✐s t❤❡ ❤❡✐❣❤t ♦❢ ❦♥♦t♦✐❞✳
❙♦ ✇❡ ♦❜t❛✐♥❡❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❤❡✐❣❤t ♦❢ ❛ ❦♥♦t♦✐❞ ✈✐❛ t❤❡ ❡①t❡♥❞❡❞
❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧② t♦ ✭⋆✮✳

❇② t❤❡ t❤❡♦r❡♠ ✶✹ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t

❈♦r♦❧❧❛r② ✶✳ ❋♦r ❛ ❦♥♦t♦✐❞ K

c(K) ≥ spnu(〈〈k〉〉)

✸✳✽✳✸ ❆ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❝r♦ss✐♥❣ ♥✉♠❜❡r ♦❢ ❛ ❦♥♦✲

t♦✐❞ ✈✐❛ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❛rr♦✇

♣♦❧②♥♦♠✐❛❧

❘❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✿
❚❤❡♦r❡♠ ✼ ▲❡t K ❜❡ ❛ ❦♥♦t♦✐❞ ✐♥ S2✳ ❚❤❡ ❤❡✐❣❤t ♦❢ K ✐s ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ♦❢ K✳
❚❤❡♦r❡♠ ✾ ❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❦♥♦t♦✐❞ K ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦
t❤❡ L✲❞❡❣r❡❡ ♦❢ ✐ts ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳
❇② t❤❡ t❤❡♦r❡♠ ✶✹ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t

❈♦r♦❧❧❛r② ✷✳ ❋♦r ❛ ❦♥♦t♦✐❞ K

c(K) ≤ 2max exp(PK(A))
❛♥❞

c(K) ≤ 2max exp(A(K))

✇❤❡r❡ max exp(PK(A)) ❛♥❞ max exp(A(K)) ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♠❛①✐✲
♠✉♠ ❞❡❣r❡❡ ♦❢ t❤❡ ❛✣♥❡ ✐♥❞❡① ♣♦❧②♥♦♠✐❛❧ ❛♥❞ L✲❞❡❣r❡❡ ♦❢ t❤❡ ❛rr♦✇ ♣♦❧②✲
♥♦♠✐❛❧ ♦❢ K✳
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❈❤❛♣t❡r ✹

❑♥♦t♦✐❞s ❛♥❞ ♣r♦t❡✐♥ ❝❤❛✐♥s

❆ ♣r♦t❡✐♥ ❝❤❛✐♥ ✐s ❛ ♣♦❧②♠❡r ❢♦r♠❡❞ ❜② t❤❡ ✉♥✐♦♥ ♦❢ ❛♠✐♥♦ ❛❝✐❞s ❛♥❞ t❤❡
❜♦♥❞ ❜❡t✇❡❡♥ t✇♦ ❛♠✐♥♦ ❛❝✐❞s ✐s t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞✳ ❲❡ ❝❛♥ ✐♠❛❣✐♥❡ ❛
♣r♦t❡✐♥ ❛s ❛ ♣❡❛r❧ ♥❡❝❦❧❛❝❡ ✇❤❡r❡ ❡❛❝❤ ♣❡❛r❧ ✐s ❛♥ ❛♠✐♥♦ ❛❝✐❞✳ ✭s❡❡ ❆♣♣❡♥❞✐①
❈✮

■♥ t❤❡ ❧❛st t✇❡♥t②✲✜✈❡ ②❡❛rs ♥✉♠❡r♦✉s st✉❞✐❡s ❤❛✈❡ r❡✈❡❛❧❡❞ t❤❛t t❤❡r❡ ❛r❡
♣r♦t❡✐♥s ✇❤♦s❡ ♠❛✐♥ ❝❤❛✐♥ ❢♦❧❞ ✐♥t♦ ♥♦♥✲tr✐✈✐❛❧ t♦♣♦❧♦❣✐❡s ❛♥❞ t❤✐s ✐♠♣❧✐❡s
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❦♥♦ts ✐♥ t❤❡✐r ❝♦♥❢♦r♠❛t✐♦♥✳
❚❤❡ ♣r❡❝✐s❡ ♥❛t✉r❡ ♦❢ t❤❡ str✉❝t✉r❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡s ❝r❡❛t❡❞ ❜② t❤❡
♣r❡s❡♥❝❡ ♦❢ ❦♥♦ts ✐♥ t❤❡ ♣r♦t❡✐♥ ❜❛❝❦❜♦♥❡ ✐s ❛ s✉❜❥❡❝t ♦❢ ❤✐❣❤ ✐♥t❡r❡st ❢r♦♠
❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤✐s
♦♣❡♥ ♣r♦❜❧❡♠✱ s❡✈❡r❛❧ ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦✇❛r❞s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥s ❜❛s❡❞ ♦♥ t❤❡✐r ❦♥♦t t②♣❡✳
❆ ♣r♦t❡✐♥ ❝❤❛✐♥✱ t♦ ♣❡r❢♦r♠ ✐ts ❜✐♦❧♦❣✐❝❛❧ ❢✉♥❝t✐♦♥✱ ❤❛s t♦ r❡❛❝❤ ✜rst ✐ts
♥❛t✐✈❡ ❢♦❧❞❡❞ st❛t❡✳ Pr♦t❡✐♥s ✐♥ t❤❡✐r ♥❛t✐✈❡ ❢♦❧❞❡❞ str✉❝t✉r❡ ❛r❡ ❢r❡q✉❡♥t❧②
q✉✐t❡ r✐❣✐❞ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ❞❡❢♦r♠❛t✐♦♥ ❢r♦♠ ♣r♦t❡✐♥ ❝❤❛✐♥ t♦ ❛ str❛✐❣❤t ❧✐♥❡
✐s ♥♦t ❛❧❧♦✇❡❞✳
❙♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡✐r ❦♥♦tt❡❞♥❡ss ❤❛s t♦ ❜❡ ❞♦♥❡ ❢♦r t❤❡✐r ♦♣❡♥ ❝❤❛✐♥s ✇✐t❤
✜①❡❞ ❣❡♦♠❡tr②✳ ❆ ♣r♦t❡✐♥ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛♥ ♦♣❡♥ ♣♦❧②❣♦♥❛❧ ❝❤❛✐♥✳
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❊❛r❧② ❛♣♣r♦❛❝❤❡s t♦ t❤❡ st✉❞② t❤❡ ❦♥♦tt❡❞♥❡ss ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥ r❡q✉✐r❡❞
❝❧♦s✉r❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ♣♦❧②♣❡♣t✐❞❡ ❜❡❝❛✉s❡ ❛✈❛✐❧❛❜❧❡ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s t❤❛t
❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❦♥♦t t②♣❡ ❝♦✉❧❞ ♦♥❧② ❛♥❛❧②s❡ ❝❧♦s❡❞ ❝✉r✈❡s✳
❲✐t❤ t❤❡ ✇♦r❞ ❝❧♦s✉r❡ ✇❡ ♠❡❛♥ ❛♥ ❛rt✐✜❝✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♣❡♥ ♣♦❧②❣♦♥❛❧
❝✉r✈❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣♦❧②♠❡r ❝❤❛✐♥ t❤❛t ✇❡ ✇❛♥t t♦ st✉❞②✱ s♦ t❤❛t ✐ts ❡♥❞s
❛r❡ ❝♦♥♥❡❝t❡❞ ❛♥❞ ✇❡ ❣❡t ❛ ❝❧♦s❡❞ ❝✉r✈❡✳ ❱❛r✐♦✉s ♠❡t❤♦❞s ♦❢ ❝❤❛✐♥ ❝❧♦s✉r❡
❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ❢♦r ❡①❛♠♣❧❡✿
✭❆✮❉✐r❡❝t ❝❧♦s✉r❡✿ ❚❤❡ ♣♦❧②❣♦♥❛❧ ✐s ❝❧♦s❡❞ ❜② ❝♦♥♥❡❝t✐♥❣ ✐ts ❡♥❞s ✇✐t❤ ❛
str❛✐❣❤t ❧✐♥❡❀

✭❇✮❙t♦❝❤❛st✐❝ ❝❧♦s✉r❡✿ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ✧st❛t✐st✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢
❦♥♦tt❡❞♥❡ss✧✱ ❜② ✇❤✐❝❤ ❛ s❡t ♦❢ ❝❧♦s✉r❡s ✐s ❞❡✜♥❡❞✳ ❚✇♦ ✈❛r✐❛♥ts ♦❢ t❤✐s
s❝❤❡♠❡ ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞✿

✲✭■♥ ❜❧✉❡ ♦♥ t❤❡ ✜❣✉r❡✮❲❡ ❝♦♥s✐❞❡r ❛ s♣❤❡r❡ t❤❛t ❡♥❝❧♦s❡ t❤❡ ✇❤♦❧❡ ❝✉r✈❡ ✭t❤❡
♣r♦t❡✐♥ ❝❤❛✐♥✮✳ ❲❡ ❣❡♥❡r❛t❡ ❛ s❡t ♦❢ N ♣♦✐♥ts ri✱ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥
t❤✐s s♣❤❡r❡✳ N ❞✐✛❡r❡♥t ❝❧♦s✉r❡s ♦❢ t❤❡ ❝✉r✈❡ ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜② ❝♦♥♥❡❝t✐♥❣
❡❛❝❤ ri t♦ ❜♦t❤ ❡♥❞s✳ ❚❤✐s ❣✐✈❡s ✉s ❛ s♣❡❝tr✉♠ ♦❢ t♦♣♦❧♦❣✐❡s✱ ✐♥ ✇❤✐❝❤ t❤❡
♠♦st ♣♦♣✉❧❛r❡❞ st❛t❡ ✐s ❝❤♦s❡♥ ❛s t❤❡ t♦♣♦❧♦❣② ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥✳
■♥ t❤♦s❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ ♥♦ ❝❧❡❛r ❞♦♠✐♥❛♥t st❛t❡ ❡♠❡r❣❡s✱ ♥♦ ❦♥♦t t②♣❡ ✐s
❛ss✐❣♥❡❞✳ ❚❤❡ r❛♥❞♦♠✐③❡❞ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝❤❛✐♥ ❡①t❡♥s✐♦♥s ✐♠♣❧✐❡s t❤❛t
✐♥t❡r❢❡r❡♥❝❡ ✇✐t❤ t❤❡ ♣♦❧②♠❡r ❝❛♥ ♦❝❝✉r ✐♥ ❛ r❡❧❡✈❛♥t ♥✉♠❜❡r ♦❢ ❝❛s❡s✳
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✲✭■♥ r❡❞ ♦♥ t❤❡ ✜❣✉r❡✮ ■♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛♥t✱ ♣r♦♣♦s❡❞ ❜② ▼❛♥s✜❡❧❞✱ t❤❡
♣r♦❝❡❞✉r❡ ✐s t❤❡ s❛♠❡✱ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t N ♣❛✐rs ♦❢ ♣♦✐♥ts ri ❛r❡
❣❡♥❡r❛t❡❞ ♦♥ t❤❡ s♣❤❡r❡ t❤❛t ❡♥❝❧♦s❡s t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✳ ❊❛❝❤ ♣♦✐♥t ♦❢ t❤❡
♣❛✐r ✐s ❝♦♥♥❡❝t❡❞ ❜② ❛ str❛✐❣❤t s❡❣♠❡♥t t♦ ♦♥❡ ♦❢ t❤❡ t✇♦ ❝✉r✈❡ ❡♥❞s✱ ❛♥❞
t❤❡♥ t❤❡② ❛r❡ ❥♦✐♥❡❞ ✇✐t❤ ❛♥ ❛r❝ ♦♥ t❤❡ ❡♥❝❧♦s✐♥❣ s♣❤❡r❡✳
❆❢t❡r ❝❧♦s✉r❡✱ ❢♦r♠❡❞ ❦♥♦ts ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ✈✐❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛
❦♥♦t ♣♦❧②♥♦♠✐❛❧❀ ❛❧❧ ❦♥♦ts t❤❛t ❛r❡ ❡♥❝♦✉♥t❡r❡❞ ✇✐t❤✐♥ t❤❡ ❜❛❝❦❜♦♥❡ ♦❢ ❛
♣r♦t❡✐♥ ❛r❡ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❛♥❞ t❤✉s t❤❡② ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❜② ♣♦❧②♥♦♠✐❛❧
✐♥✈❛r✐❛♥ts ♦❢ ❦♥♦ts s✉❝❤ ❛s t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ❢♦r ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ♦❢ st♦❝❤❛st✐❝ ❝❧♦s✉r❡✿

❋✐❣✉r❡ ✹✳✶✿ ❲❡ ❝♦♥s✐❞❡r ❛ ❝❧♦s✐♥❣ ❞✐r❡❝t✐♦♥ ❛♥❞ t✇♦ r❛②s ❡①t❡♥❞✐♥❣ ✭♣❛r❛❧✲
❧❡❧✐♥❣ t♦ ❝❧♦s✐♥❣ ❞✐r❡❝t✐♦♥✮ ❢r♦♠ t❤❡ ❡♥❞s t♦ t❤❡ s♣❤❡r❡✬s s✉r❢❛❝❡ t❤❛t ❡♥❝❧♦s❡
t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✳ ❖♥ t❤❡ r✐❣❤t ♦❢ t❤❡ ✜❣✉r❡✱ ✇❡ ❝❛♥ s❡❡ t❤❡ r❡s✉❧t✐♥❣ ❦♥♦t
❞✐❛❣r❛♠✳

❲✐t❤ t❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❦♥♦t♦✐❞s ✇❡ ❤❛✈❡ ❛ ❜✐❣ ♥❡✇s✿ t❤❡
t♦♣♦❧♦❣② ♦❢ ♦♣❡♥ ❝❤❛✐♥s ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ✉s✐♥❣ ❥✉st ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡s❡ ❝❤❛✐♥s
✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ❝❧♦s❡ t❤❡♠✳
❍❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥ ✐s ❛ ❦♥♦t♦✐❞ ✇❤❡r❡ t❤❡ ◆✲t❡r♠✐♥❛❧ ♦❢
t❤❡ ❝❤❛✐♥ ✐s t❤❡ ✧t❛✐❧✧ ♦❢ ❦♥♦t♦✐❞ ❛♥❞ t❤❡ ❈✲t❡r♠✐♥❛❧ ✐s t❤❡ ✧❤❡❛❞✧ ♦❢ ❦♥♦t♦✐❞✳
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❊①❛♠♣❧❡✿

❋✐❣✉r❡ ✹✳✷✿ ❲❡ ❝♦♥s✐❞❡r ❛ ♣❧❛♥❡ ❛♥❞ t✇♦ ❜❧❛❝❦ ✐♥✜♥✐t❡ ❧✐♥❡s t❤❛t ♣❛ss t❤r♦✉❣❤
t❤❡ ◆✲t❡r♠✐♥❛❧ ❛♥❞ ❈✲t❡r♠✐♥❛❧ ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✳ ❚❤❡s❡ t✇♦ ❧✐♥❡s ❛r❡
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝❤♦s❡♥ ♣❧❛♥❡✳ ❖♥ t❤❡ r✐❣❤t ♦❢ t❤❡ ✜❣✉r❡ ✇❡ ❝❛♥ s❡❡ t❤❡
r❡s✉❧t✐♥❣ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳

✹✳✶ ❉❛t❛❜❛s❡ ❑♥♦tPr♦t ✷✳✵

❚❤❡ ❑♥♦tPr♦t ✷✳✵ ✐s ❛♥ ♦♥❧✐♥❡ ❞❛t❛❜❛s❡ t❤❛t ❝♦❧❧❡❝ts ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣r♦✲
t❡✐♥s ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❦♥♦t ❛♥❞ ❦♥♦t♦✐❞✳
❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❤♦✇ ✐t ✉s❡s t❤❡ ❦♥♦t♦✐❞ ❛♣♣r♦❛❝❤ t♦ ❛♥❛❧②s❡ ❦♥♦tt❡❞♥❡ss
♦❢ ❡♥t✐r❡ ♣r♦t❡✐♥ ❝❤❛✐♥s ❛♥❞ ♦❢ t❤❡✐r ❛❧❧ ♣♦ss✐❜❧❡ s✉❜❝❤❛✐♥s✳

✹✳✶✳✶ ❚❤❡ st✉❞② t❤❡ ❣❧♦❜❛❧ ❡♥t❛♥❣❧❡♠❡♥t ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥s

❑♥♦tPr♦t ✷✳✵ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ ❛ s♦❢t✇❛r❡ ❑◆❖❚❖✲■❉✳
◆♦✇ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s s♦❢t✇❛r❡✳
❊❛❝❤ ♣r♦t❡✐♥ ❝❤❛✐♥ ✐♥ s♣❛❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣♦❧②❣♦♥❛❧ ❝✉r✈❡✱ ✇❡ tr❛❝❡ t❤❡
❝♦♦r❞✐♥❛t❡s ♦❢ ✐ts ❡ss❡♥t✐❛❧ ❝♦♥t✐t✉❡♥ts✱ t❤❛t ✐s t❤❡ ❝❛r❜♦♥ ❛t♦♠s t❤❛t ❛r❡ ❝♦♥✲
t❛✐♥❡❞ ✐♥ t❤❡ ❛♠✐♥♦ ❛❝✐❞s t❤❛t ❢♦r♠ t❤❡ ♣r♦t❡✐♥ ✭❛❧s♦ ❝❛❧❧❡❞ Cα ❛t♦♠s✮ ✭t♦
s❡❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❛♠✐♥♦ ❛❝✐❞ ✐♥ ❛♣♣❡♥❞✐① ❈✮ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ Cα

❛t♦♠s ♦❢ t❤❡ ♣r♦t❡✐♥ ❜❛❝❦❜♦♥❡ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ ♣❞❜ ✜❧❡ ❞♦✇♥❧♦❛❞❡❞
❢r♦♠ t❤❡ P❉❇ ✭✇✇✇✳r❝s❜✳♦r❣✮✳
Pr♦t❡✐♥s ❛♣♣❡❛r ✐♥ ✈❛r✐♦✉s✱ ♦❢t❡♥ ✈❡r② ❝♦♠♣❧✐❝❛t❡❞✱ ❝♦♥❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡
st✉❞② ♦❢ t❤❡✐r t♦♣♦❧♦❣② ✐s ✈❡r② ❞✐✣❝✉❧t✳
❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥ ✐s s✐♠♣❧✐✜❡❞ ✉s✐♥❣ ❘❡✐❞❡♠❛✐st❡r ♠♦✈❡s ❛♥❞
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t❤❡ tr✐❛♥❣❧❡ ❡❧✐♠✐♥❛t✐♦♥ ✭♦r ❑▼❚ ✭❑♦♥✐❛r✐s✲▼✉t❤✉❦✉♠❛r✲❚❛②❧♦r✮ ❛❧❣♦✲
r✐t❤♠✮✿
✲ ✇❡ ❝❤♦♦s❡ ❛ ♣r♦❥❡❝t✐♦♥ ♣❧❛♥❡ ❛♥❞ t❤❡♥ ✇❡ t❛❦❡ ❝♦♥s❡❝✉t✐✈❡ tr✐♣❧❡s ♦❢ ♣♦✐♥ts
♦❢ t❤❡ ❝✉r✈❡❀
✲ ✇❡ ❝❤❡❝❦ ✐❢ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ tr✐❛♥❣❧❡ t❤❛t t❤❡ t❤r❡❡ ♣♦✐♥ts ❢♦r♠ ✐s ♣✐❡r❝❡❞
❜② ❛♥② ♦t❤❡r ♣❛rt ♦❢ t❤❡ ❝✉r✈❡ ♦r ❜② ❛♥② ♦❢ t❤❡ t✇♦ ✐♥✜♥✐t❡ ❧✐♥❡s t❤❛t ♣❛ss
t❤r♦✉❣❤ t❤❡ ❡♥❞♣♦✐♥ts✿ ✐❢ ✐t ✐s♥✬t ♣✐❡r❝❡❞✱ ✇❡ r❡♠♦✈❡ t❤❡ ♠✐❞❞❧❡ ♣♦✐♥t ♦❢ t❤❡
tr✐♣❧❡t❀
✲ ✇❡ r❡♣❡❛t t❤❡ ♣r♦❝❡ss ✇✐t❤ t❤❡ ♥❡①t tr✐♣❧❡t ❛♥❞ s♦ ♦♥✳
❚❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥ ❧✐❡s ✐♥t♦ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ s♣❤❡r❡✳ ■♥ t❤✐s ❝❛s❡ ❡❛❝❤ ♣♦✐♥t ♦❢
t❤❡ s♣❤❡r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r♦❥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥ ♦♥ ❛ s✉r❢❛❝❡ t❤❛t ❧✐❡s ♦✉ts✐❞❡
t❤❡ s♣❤❡r❡✳
❲❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✇♦ ✐♥✜♥✐t❡
❧✐♥❡s ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❑▼❚ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❝❤❛✐♥✳
❲❡ ♣r♦❥❡❝t❡ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥ ♦♥ ❛ ♣❡r♣❡♥❞✐❝✉❧❛r s♣❤❡r❡ t♦ t❤❡ ❝❤♦s❡♥ ❞✐r❡❝✲
t✐♦♥ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ s♣❡❝✐✜❝ ❦♥♦t♦✐❞✳
❊❛❝❤ ❦♥♦t♦✐❞ t②♣❡ ✐s ❛ss❡❣♥❡❞ ❛ ❝♦❧♦r ❛♥❞✱ ❤❡♥❝❡ ✇❡ ❝♦❧♦r t❤❡ ♣♦✐♥t ♦❢ t❤❡
s♣❤❡r❡✬s s✉r❢❛❝❡ t❤❛t ❝♦rr✐s♣♦♥❞s t♦ ❛ ❝❤♦s❡♥ ❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦rr✐s♣♦♥❞❡♥t
❝♦❧♦r ♦❢ t❤❡ ❦♥♦t♦✐❞ t❤❛t ✇❡ ♦❜t❛✐♥ ♣r♦❥❡❝t✐♥❣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳

❊❛❝❤ ❞✐st✐♥❝t r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥s t❤❛t ♣r♦❞✉❝❡
t❤❡ s❛♠❡ ❦♥♦t♦✐❞ t②♣❡✳
■♥ t❤❡ s❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ♣❧❛♥❛r ❛♥❞ s♣❤❡r✐✲
❝❛❧ ❦♥♦t♦✐❞s✳ ❲❡ ❝❛♥ ❢✉rt❤❡r r❡✜♥❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡ ♦❢ ❛♥ ♦♣❡♥ ♣r♦t❡✐♥
❝❤❛✐♥✱ ❜② ❢♦r❜✐❞✐♥❣ t♦ ♣✉s❤ ❛r❝s ❛r♦✉♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡ ❛♥❞ ❝♦♥s✐❞✲
❡r✐♥❣ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❝❤❛✐♥ ♦♥ ❛ ♣❧❛♥❡ ✐♥st❡❛❞✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ♣r♦❥❡❝t✐♦♥s
t❤❛t ✇❡r❡ ♣r❡✈✐♦✉s❧② ❞❡t❡❝t❡❞ ❛s ✉♥❦♥♦tt❡❞ t♦ ❡♠❡r❣❡ ❛s ♥♦♥✲tr✐✈✐❛❧ ♣❧❛♥❛r
❦♥♦t♦✐❞s✳
❋✐♥❛❧❧②✱ ❛ t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥t ✐s ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠✳
■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧ ✐s ❡✈❛❧✉❡t❡❞ ❢♦r
❝✉r✈❡ ♣r♦❥❡❝t❡❞ ♦♥ ❛ s♣❤❡r❡✱ ✇❤✐❧❡ ❢♦r ❝✉r✈❡s ♣r♦❥❡❝t❡❞ ♦♥ ❛ ♣❧❛♥❡ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r t❤❡ ❚✉r❛❡✈ ❧♦♦♣ ❜r❛❝❦❡t ♣♦❧②♥♦♠✐❛❧ ❛♥❞ t❤❡ ❧♦♦♣ ❛rr♦✇ ♣♦❧②♥♦♠✐❛❧✳
❚❤❡ ❦♥♦t♦✐❞ t②♣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡s✉❧t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
✉s✐♥❣ t❤❡ ❧✐st ❦♥♦t♦✐❞ t②♣❡s ❞✐str✐❜✉t❡❞ ✇✐t❤ ❑♥♦t♦✲■❉✳
❚❤❡ s♣❡❝tr✉♠ ♦❢ ❦♥♦t♦✐❞ t②♣❡s ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞ ✉s✐♥❣ ♣r♦❥❡❝t✐♦♥ ♠❛♣s ❣❡♥✲
❡r❛t❡❞ ❜② ❑♥♦t♦✲■❉✳

❘❡♠❛r❦ ✹✳✶✳✶✳ ❆ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ ♠❛♥② ❞✐✛❡r❡♥t
❦♥♦t♦✐❞ ❞✐❛❣r❛♠s s✐♥❝❡ ❞✐✛❡r❡♥t ♣r♦❥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥s ♠❛② ②✐❡❧❞ ❞✐✛❡r❡♥t

✾✽



❛♥❞ ♥♦♥✲❡q✉✐✈❛❧❡♥t ❞✐❛❣r❛♠s✳ ❚❤❡ ❦♥♦tt❡❞♥❡ss ♦❢ ❛♥ ❡♠❜❡❞❞❡❞ ❝✉r✈❡ ✐♥
t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❛❧❧ ♦❢ ✐ts ♣♦ss✐❜❧❡
♣r♦❥❡❝t✐♦♥s✳
❙❛♠♣❧✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ❛❧❧♦✇s ♦♥❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞♦♠✐♥❛♥t ❦♥♦✲
t♦✐❞✱ ✐✳❡✳ ✐t ✐s t❤❡ ❦♥♦t♦✐❞ t❤❛t ❛♣♣❡❛r ✇✐t❤ t❤❡ ❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t②✳
❚❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❣✐♦♥ t❤❛t ♦❝❝✉♣✐❡s t❤❡
❧❛r❣❡st ❛r❡❛ ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣✱ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ❡❛s✐❧② ✐❞❡♥t✐✜❡❞✳

❊①❛♠♣❧❡ ♦❢ ❣❡♥❡r✐❝❛❧ ♦♣❡♥ ❝✉r✈❡✿

✾✾



❖♥ ❜❡❧♦✇ ♦❢ t❤❡ ✜❣✉r❡ ✇❡ s❡❡ t❤❡ st❡r❡♦❣r❛✜❝ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s♣❤❡r❡✳
■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ✐t ✇❛s s❛♠♣❧❡❞ 10000 ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ♦♣❡♥ ❝✉r✈❡✳

■♥ t❤✐s ❝❛s❡ t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ ✐s✿ ✳

❘❡♠❛r❦ ✹✳✶✳✷✳ ❘❡❣❛r❞✐♥❣ t❤❡ s②♠♠❡tr②✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❦♥♦t♦✐❞s ✐♥ S2 ❡①❤✐❜✐t
❛♥t✐♣♦❞❛❧ s②♠♠❡tr② ✐♥ t❤❡✐r ♣r♦❥❡❝t✐♦♥ ♠❛♣s ✇❤✐❧❡ ♣❧❛♥❛r ❦♥♦t♦✐❞s ❞♦♥✬t✳
■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝❛♥ s❡❡ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s 31✱ 51 ❛♥❞
✇❡ ❞♦♥✬t s❡❡ t❤❡ s✐♠♠❡tr② ♦❢ ♣❧❛♥❛r ❦♥♦t♦✐❞ ❢♦r ❡①❛♠♣❧❡ 41

✶✵✵



◆♦✇ ✇❡ s❡❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♣r♦❥❡❝t✐♦♥ ♠❛♣s t❤❛t ✇❡ ❝❛♥ ✜♥❞ ✐♥ t❤❡
❑♥♦tPr♦t ✷✳✵✿

❉♦♠✐♥❛♥t ❦♥♦t♦✐❞✿ ❦✸✳✶

❉♦♠✐♥❛♥t ❦♥♦t♦✐❞✿ ❦✸✳✶

✶✵✶



❲❤② ✇❡ ❞♦♥✬t s❡❡ t❤❡ s②♠♠❡tr② ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s❄
❑♥♦tPr♦t ✷✳✵ ❝♦♥s✐❞❡rs t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❦♥♦t♦✐❞ t②♣❡s ♦✈❡r ✶✵✵
✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♣r♦❥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥s✱ ❛ ❧❛r❣❡r ♥✉♠❜❡r ✇♦✉❧❞ ✐♠♣r♦✈❡
♣r❡❝✐s✐♦♥✱ ❜✉t ♠❛❦❡s ❝♦♠♣✉t❛t✐♦♥s s❧♦✇❡r✳

❲❤❛t✬s t❤❡ ♦♣t✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥❄
■♥ t❤❡ ❛rt✐❝❧❡ ❬✶✵❪ ❆❣♥❡s❡ ❇❛r❜❡♥s✐ ❛♥❞ ❉✐♠♦s ●♦✉❞❛r♦✉❧✐s ❣✐✈❡ ❛♥ ❛♥s✇❡r
t♦ t❤✐s q✉❡st✐♦♥ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣t✿

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ●✐✈❡♥ t✇♦ ❦♥♦t♦✐❞s k1 ❛♥❞ k2✱ t❤❡✐r ❢♦r❜✐❞❞❡♥ ♠♦✈❡✲
❞✐st❛♥❝❡ ♦r ❢✲❞✐st❛♥❝❡ df (k1, k2) ✐s t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❢♦r❜✐❞❞❡♥ ♠♦✈❡s✱
❛❝r♦ss ❛❧❧ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ k1 ❛♥❞ k2✱ ♥❡❡❞❡❞ t♦ tr❛♥s❢♦r♠ k1 ✐♥t♦ k2✳

❈♦♥s✐❞❡r ❛ ❣❡♥❡r✐❝ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ♣r♦t❡✐♥ ❝❤❛✐♥ ♦♥ s♦♠❡ ♣❧❛♥❡ ❛♥❞ ❧❡t k
❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❦♥♦t♦✐❞✳ ■❢ ✇❡ ❝♦♥t✐♥✉♦✉s❧② ♣❡rt✉r❜ t❤❡ ♣r♦❥❡❝t✐♦♥ ❞✐✲
r❡❝t✐♦♥ ✉♥t✐❧ t❤❡ ❦♥♦t♦✐❞ t②♣❡ ❝❤❛♥❣❡s t♦ k′✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❛ ♣❛✐r ♦❢ ❦♥♦t♦✐❞s
✇✐t❤ df (k, k

′) = 1✳
❚❤❡ s♣❡❝tr✉♠ ♦❢ ❛ ♣r♦t❡✐♥ ❝❤❛✐♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s✳
❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ❢♦r r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❦♥♦t♦✐❞s ✇✐t❤
df > 1 t♦ ❛♣♣❡❛r ♥❡①t t♦ ❡❛❝❤ ♦t❤❡r✳
❙✐♥❝❡ t❤❡ ♣r❡❞♦♠✐♥❛t❡ ❦♥♦t♦✐❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❛r❣❡st r❡❣✐♦♥ ♦❢ t❤❡ ♣r♦✲
❥❡❝t✐♦♥ ♠❛♣✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❢♦❝✉s ♦♥ t❤❡ ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ r❡❣✐♦♥
♦❢ t❤❡ ♣r❡❞♦♠✐♥❛t❡ ❛♥❞ ✐ts ✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦✉rs✳

✶✵✷



❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳ ❚❤❡ s♣❡❝tr✉♠ ❙♣❡❝✭s✮ ♦❢ ❛ ♣r♦❥❡❝t✐♦♥ ♠❛♣ ✐s t❤❡ ♥✉♠✲
❜❡r ♦❢ ❞✐st✐♥❝t ❦♥♦t♦✐❞s ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❦♥♦t♦✐❞ ❞✐str✐❜✉t✐♦♥ ♦❜t❛✐♥❡❞
❝♦♥s✐❞❡r✐♥❣ s r❛♥❞♦♠✐❝ ♣r♦❥❡❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✸✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ❡rr♦r ❡r✭s✮ ❛ss♦❝✐❛t❡❞ t♦ ❛ s❛♠♣❧❡ s❡t ♦❢
s✐③❡ s ♦❢ ❛ ♣r♦❥❡❝t✐♦♥ ♠❛♣ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ r❡❣✐♦♥s t❤❛t ❛r❡
❛❞❥❛❝❡♥t t♦ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ♣r❡❞♦♠✐♥❛t❡ ❦♥♦t♦✐❞ k0 t❤❛t ❝♦rr❡s♣♦♥❞ t♦
❦♥♦t♦✐❞s ki ❢♦r ✇❤✐❝❤ df (k0, ki) > 1✱ ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧ ❛❞❥❛❝❡♥t r❡❣✐♦♥s
t♦ k0✳

❆❣♥❡s❡ ❇❛r❜❡♥s✐ ❛♥❞ ❉✐♠♦s ●♦✉❞❛r♦✉❧✐s ✇❛♥t❡❞ t♦ s❡❡ ❤♦✇ t❤❡s❡ t✇♦
❝♦❡✣❝✐❡♥ts ✇❡r❡ r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❛♥❛❧②s❡❞ ❛❧❧ t❤❡ ♣r♦t❡✐♥s ✇✐t❤ ♣r❡❞♦♠✐♥❛t❡ ❦♥♦t♦✐❞
t②♣❡ 31 ✭t❤❡r❡ ❛r❡ ✺✶✼ s✉❝❤ ♣r♦t❡✐♥s ✐♥ t♦t❛❧ ❞❡♣♦s✐t❡❞ ✐♥ t❤❡ Pr♦t❡✐♥ ❉❛t❛
❇❛♥❦✮✱ ✉s✐♥❣ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ r❛♥❞♦♠ ♣r♦❥❡❝t✐♦♥s✿ 50✱ 100✱ 500✱ 1000✱
5000 ❛♥❞ 10000 ♣r♦❥❡❝t✐♦♥s✳ ❊❛❝❤ t✐♠❡ ❡r✭s✮ ❛♥❞ ❙♣❡❝✭s✮ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r
t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦❥❡❝t✐♦♥s ♠❛♣✳
❚❤❡② ❝♦♠♣✉t❡❞ t❤❡ ❛✈❡r❛❣❡ ✐♥t❡r❢❛❝❡ ❡rr♦r ❢♦r ♦♥❡ ❡❛❝❤ ♦❢ t❤❡ s✐① ❝❛s❡s ♦❢
♣r♦❥❡❝t✐♦♥s s❛♠♣❧❡ s✐③❡✳

❇② ❣r❛❞✉❛❧❧② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s✱ r❡❣✐♦♥s ✇✐❧❧ ❜❡❝♦♠❡ ♣r♦✲
❣r❡ss✐✈❡❧② ✜♥❡r ❛♥❞ s♦ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❤❛✈✐♥❣ ♣❛✐rs ♦❢ ❛❞❥❛❝❡♥t ❝❡❧❧s ✇✐t❤
df > 1 ✇✐❧❧ ❡✛❡❝t✐✈❡❧② ❞❡❝r❡❛s❡✱ ❤❡♥❝❡ t❤❡ ❡rr♦r ❡r✭s✮ ✇✐❧❧ ❞❡❝r❡❛s❡✳
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❚❤r♦✉❣❤t 10000 ♣r♦❥❡❝t✐♦♥s t❤❡② ❤❛❞ t❤❡ ♠♦st ❛❝❝✉r❛t❡ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ t♦♣♦❧✲
♦❣② ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✳
❆♥♦t❤❡r ❛s♣❡❝t ❢♦✉♥❞ ♦✉t ❜② t❤❡ ❛✉t❤♦rs ✐s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥
r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ 5000 ❛♥❞ 10000 ♣r♦❥❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧② ✇❡r❡ ♥♦t s✐❣✲
♥✐✜❝❛♥t✱ s♦ ❛♥❛❧②s✐♥❣ ❛ ♣r♦t❡✐♥ ✇✐t❤ 5000 ♣r♦❥❡❝t✐♦♥s ♠❛② ♣r♦✈✐❞❡ t❤❡ ❜❡st
❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ❛♥❞ ❛❝❝✉r❛❝②✳

✹✳✶✳✷ ❚❤❡ st✉❞② ♦❢ t❤❡ ♣r♦t❡✐♥ s✉❜❝❤❛✐♥s

◆♦✇ ✇❡ ✇❛♥t t♦ ❦♥♦✇✿
✲❤♦✇ ❧❛r❣❡ ✐s t❤❡ ❦♥♦tt❡❞ ❝♦r❡❀

✲✐❢ ❛ ❣✐✈❡♥ ♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥ ❝♦♥t❛✐♥s s✉❜❦♥♦ts✱ ✐✳❡✳ t❤❡② ❛r❡ ❧❡ss ❝♦♠♣❧❡①
❦♥♦ts ❧♦❝❛t❡❞ ✐♥s✐❞❡ ♠♦r❡ ❝♦♠♣❧❡① ❦♥♦ts✳
❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ t❤r♦✉❣❤ ✇❤❡♥ ♦♥❡ ❛♥❛❧②s✐s ❦♥♦tt❡❞♥❡ss ♦❢
❡✈❡r② ♣♦ss✐❜❧❡ s✉❜❝❤❛✐♥ ♦❢ ❛ ❣✐✈❡♥ ♣r♦t❡✐♥✳

●✐✈❡♥ ❛ ♣r♦t❡✐♥ ❝❤❛✐♥✱ t❤❡ ❛♥❛❧②s✐s ♦❢ ❡✈❡r② s✉❜❝❤❛✐♥ ♣r♦✈✐❞❡s t❤❡ ❦♥♦t✲
t✐♥❣ ✜♥❣❡r♣r✐♥t✱ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ♣r❡s❡♥t❡❞ ✐♥ ❛ ❢♦r♠ ♦❢ tr✐❛♥❣✉❧❛r ♠❛tr✐①
✇❤❡r❡ ❡✈❡r② ♣♦✐♥t ✐♥ t❤❡ ♠❛tr✐① ✐♥❢♦r♠s ✇❤❛t ✐s t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡
❢♦r ❛ ❣✐✈❡♥ s✉❜❝❤❛✐♥✳

●✐✈❡♥ ❛ ♣r♦t❡✐♥ ❝❤❛✐♥✱ ✇❡ st❛rt st✉❞②✐♥❣ ✐ts ❧♦❝❛❧ ❡♥t❛♥❣❧❡♠❡♥t ❜❡❤❛✈✐♦✉r
❜② ❝❧✐♣♣✐♥❣ t❤❡ ❝❤❛✐♥ ♦♥❡ α✲❈❛r❜♦♥ ❛t♦♠ ❛t ❛ t✐♠❡✱ st❛rt✐♥❣ ❢r♦♠ ♦♥❡ ♦❢
❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❝❤❛✐♥✳
❊❛❝❤ t✐♠❡ ✇❡ ♦❜t❛✐♥ ❛ s❤♦rt❡r ❝❤❛✐♥✱ ✇❤✐❝❤ ✇❡ ❛♥❛❧②③❡ ✐♥ t❡r♠s ♦❢ t❤❡ ❦♥♦t♦✐❞
t❡❝❤♥✐q✉❡ t❤❛t ✐s✱ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ tr✐♠♠❡❞ ❝❤❛✐♥ ❛❧♦♥❣ r❛♥❞♦♠ ❞✐r❡❝t✐♦♥s
❛♥❞ t❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❏♦♥❡s ♣♦❧②♥♦♠✐❛❧ ♦❢ ❡❛❝❤ ♣r♦❥❡❝t✐♦♥✳
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❊①❛♠♣❧❡

✭♦♥❧② ♦♥❡ ❡♥❞ ♦❢ ♣r♦❥❡❝t❡❞ ❝❤❛✐♥ ✐s ♣r♦❣r❡ss✐✈❡❧② tr✐♠♠❡❞✮

◆♦t✐❝❡ t❤❛t ❛s ✇❡ tr✐♠ t❤❡ ❝❤❛✐♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❦♥♦t♦✐❞s t②♣❡s ❝❤❛♥❣❡✳

❊①❛♠♣❧❡ ✸❑❩◆ ♣r♦t❡✐♥ ❝❤❛✐♥✿
❚❤❡ ❦♥♦t♦✐❞ ✜♥❣❡r♣r✐♥t ♠❛tr✐① ♦❜t❛✐♥❡❞ ❢r♦♠ ❑♥♦tPr♦t ✷✳✵✿

❊❛❝❤ ♣♦✐♥t ✐♥ t❤✐s ♠❛tr✐① ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡ ❢♦r ❛
s✉❜❝❤❛✐♥ ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✳
❚❤❡ ①✲❛①✐s ❣♦❡s ❢r♦♠ ◆✲t❡r♠✐♥❛❧ t♦ ❈✲t❡r♠✐♥❛❧ ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥✱ ✇❤✐❧❡
t❤❡ ②✲❛①✐s ❣♦❡s ❢r♦♠ ❈✲t❡r♠✐♥❛❧ t♦ ◆✲t❡r♠✐♥❛❧✳
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❚❤❡ ♣♦✐♥t ✐♥ ❧♦✇❡r ❧❡❢t ❝♦r♥❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❤♦❧❡ ❝❤❛✐♥✳
▼♦✈✐♥❣ t♦ t❤❡ r✐❣❤t ❛❧♦♥❣ t❤❡ ①✲❛①✐s✱ ✇❡ ❝✉t t❤❡ ❝❤❛✐♥ st❛rt✐♥❣ ❢r♦♠ ♦♥❡
❡♥❞♣♦✐♥t ✭t❤❡ ◆✲t❡r♠✐♥❛❧✮ ✇❤✐❧❡ ♠♦✈✐♥❣ ✉♣ t❤❡ ②✲❛①✐s ✇❡ ❛r❡ ❝✉tt✐♥❣ ✈❡rt✐❝❡s
❢r♦♠ t❤❡ ♦t❤❡r ❡♥❞♣♦✐♥t ✭❈✲t❡r♠✐♥❛❧✮ ♦❢ t❤❡ ❝❤❛✐♥✳
❑♥♦tPr♦t ✷✳✵ ✉s❡ ❛ ❝♦❧♦✉r ❝♦❞❡ t♦ ✐♥❞✐❝❛t❡ t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡s ❛♣✲
♣❡❛r✐♥❣ ✐♥ t❤✐s ✜♥❣❡r♣r✐♥t ♠❛tr✐①✳
■♥ t❤❡ ✜♥❣❡r♣r✐♥t ♠❛tr✐① ✇❡ ❛❧s♦ ✐❞❡♥t✐❢② t❤❡ ✬❦♥♦tt❡❞ ❝♦r❡✬✱ ✐✳❡✳ t❤❡ s❤♦rt❡st
s✉❜❝❤❛✐♥ ✇❤♦s❡ ❦♥♦t♦✐❞ t②♣❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❦♥♦t♦✐❞ t②♣❡ ♦❢ t❤❡ ✇❤♦❧❡
❝❤❛✐♥✳ ❖♥ t❤❡ ✜❣✉r❡ t❤❡ ②❡❧❧♦✇ ❝✐r❝❧❡s ❛r❡ ❝❡♥t❡r❡❞ ♦♥ ❦♥♦tt❡❞ ❝♦r❡✳

■♥ t❤✐s ❝❛s❡ t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ ✐s 61✿ ❑♥♦tPr♦t ✷✳✵ ❣✐✈❡s ✉s t❤✐s ✐♥❢♦r♠❛✲
t✐♦♥ t❤r♦✉❣❤t t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ ✭t❤❡ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ r❡❣✐♦♥ t❤❛t ♦❝❝✉♣✐❡s t❤❡ ❧❛r❣❡st ❛r❡❛ ✐♥ t❤❡ ♠❛♣✮ ❛♥❞ t❤r♦✉❣❤t ❛ r♦✇
❞❛t❛✳
❘♦✇ ❞❛t❛✿
index❴first index❴last length frequency knotoid❴type

35 305 270 0.22 k6.1
❑♥♦tPr♦t ✷✳✵ ❣✐✈❡s ✉s ❛♥ ♦t❤❡r ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❦♥♦t♦✐❞ ✜♥❣❡r♣r✐♥t ♠❛tr✐①✿

■❢ ✇❡ ♣♦✐♥t t❤❡ ❝✉rs♦r ❛t ❛ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♦♠❡ ❦♥♦t♦✐❞✱ ❑♥♦t✲
Pr♦t ✷✳✵ s❤♦✇s ✐♥ ❛ ❜❧✉❡ ❜♦①✿ t❤❡ ①✲ ❛♥❞ ②✲❝♦♦r❞✐♥❛t❡s ♦❢ ❦♥♦t♦✐❞✱ t❤❡ t②♣❡
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❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❦♥♦t♦✐❞✳
❈♦❧♦r ❝♦rr❡s♣♦♥❞s t♦ ❞♦♠✐♥❛♥t ❦♥♦t♦✐❞ t②♣❡ ♦❢ t❤❡ s✉❜❝❤❛✐♥ ❛♥❞ tr❛♥s✲
♣❛r❡♥❝② ❝♦rr❡s♣♦♥❞s t♦ ✐ts ❢r❡q✉❡♥❝②✳
❘❡♠❛r❝❦✿❚❤❡ ❦♥♦t♦✐❞ ❞✐str✐❜✉t✐♦♥ ✉s✉❛❧❧② ✐♥❝❧✉❞❡s ♠❛♥② ❞✐✛❡r❡♥t t②♣❡s ♦❢
❦♥♦t♦✐❞s✳ ■t ✐s ♣♦ss✐❜❧❡ t❤❛t ♠❛♥② ♦❢ t❤♦s❡ t②♣❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ t♦ ❤❛✈❡
❛ ✈❡r② s♠❛❧❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣❡❛r✐♥❣ ✐♥ ❛ ♣r♦❥❡❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢
✇❡ ♣❧♦t t❤❡ ❦♥♦t♦✐❞ ♠❛tr✐① ♦❢ t❤❡ s✉❜❝❤❛✐♥ ❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛ ✈❡r② ❜✐❣
❧✐st ♦❢ ❞✐✛❡r❡♥t ❝♦❧♦rs t❤❛t ♠❛② ❜❡ ❝♦♥❢✉s✐♥❣ ♦r ♥♦t ✉s❡❢✉❧ ❢♦r t❤❛t ♣❛rt✐❝✲
✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡ ✧❦♥♦t♦✐❞ ❝✉t♦✛✧ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ t❤❛t s✐♠♣❧✐✜❡s t❤❡
✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❞❛t❛✳ ❋♦r ❡①❛♠♣❧❡ ✧❦♥♦t♦✐❞ ❝✉t♦✛✧❂0.5✿ ✇❡ ❣❡t ♦♥❧② t❤♦s❡
♣r♦❥❡❝t✐♦♥s t❤❛t ❛♣♣❡❛r ♠♦r❡ t❤❛♥ 50% ♦❢ t❤❡ t✐♠❡s✳
■❢ ✇❡ s❡t t❤❡ ❝✉t♦✛ t♦ 0.5 t❤❡ ❦♥♦t♦✐❞ ♠❛tr✐① ♦❢ t❤❡ ❡①❛♠♣❧❡ ❜❡❝♦♠❡s✿

✶✵✼



❚❤❡ ❦♥♦t ✜♥❣❡r♣r✐♥t ♠❛tr✐① ♦❢ t❤❡ ✸❑❩◆ ♣r♦t❡✐♥ ❝❤❛✐♥✿

■♥ t❤❡ ❦♥♦t ✜♥❣❡r♣r✐♥t ❛❧❧ s✉❜❝❤❛✐♥s ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥ ✇❡r❡ ❛♥❛❧②③❡❞ ✉s✐♥❣
t❤❡ st♦❝❤❛st✐❝ ❝❧♦s✉r❡ t❡❝❤♥✐q✉❡✳ ❚❤❡ ❦♥♦t ❝♦r❡ ♦♥ t❤❡ ✜❣✉r❡✱ ✐s t❤❡ s❤♦rt✲
❡st s✉❜❝❤❛✐♥ ❢♦r ✇❤✐❝❤ ❛ ❞♦♠✐♥❛♥t ❦♥♦t ✐s ❞❡t❡❝t❡❞ ✭✐✳❡✳ ❛❢t❡r ❝✉tt✐♥❣ ❛♥

✶✵✽



❛♠✐♥♦❛❝✐❞ ❢r♦♠ ❛♥② t❡r♠✐♥❛❧ ♦❢ s✉❝❤ ❛ s✉❜❝❤❛✐♥✱ ❥✉st ❛ tr✐✈✐❛❧ ❦♥♦t ✇♦✉❧❞ ❜❡
❞❡t❡❝t❡❞✮✳
■♥ t❤❡ ❦♥♦t ✜♥❣❡r♣r✐♥t ✐t ♦❜s❡r✈s t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ 61 ❞♦♠✐♥❛♥t ❦♥♦t
❢♦r♠❡❞ ❜② t❤❡ ❡♥t✐r❡ ♣r♦t❡✐♥✱ t❤❡ s♠❛❧❧❡r s✉❜❝❤❛✐♥s ❢♦r♠ 41 ❛♥❞ 31 ❦♥♦ts✳

◆♦✇ ❝♦♠♣❛r✐♥❣ t❤❡ ❦♥♦t♦✐❞ ✜♥❣❡r♣r✐♥t t♦ ❦♥♦t ✜♥❣❡r♣r✐♥t ✇❡ ♦❜s❡r✈❡
t❤❛t t❤❡ ❦♥♦t♦✐❞ ❛♣♣r♦❛❝❤ ❣✐✈❡s ✉s ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❞✐✛❡r❡♥t t♦♣♦❧♦❣✐❝❛❧
❢♦r♠s✳
❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ r❡❣✐♦♥s ♦❢ ♥♦♥✲tr✐✈✐❛❧ ❦♥♦ts ♦❢ t❤❡ ❦♥♦t ✜♥❣❡r♣r✐♥t ♦❢
♣r♦t❡✐♥ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ r❡❣✐♦♥s ♦❢ t❤❡ ❦♥♦t♦✐❞ ✜♥❣❡r♣r✐♥t✳
❚❤❡r❡ ❛r❡ ♥❡✇ r❡❣✐♦♥s ✐♥ ❦♥♦t♦✐❞ ✜♥❣❡r♣r✐♥ts t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ♥♦♥✲tr✐✈✐❛❧
♣r♦♣❡r ❦♥♦t♦✐❞s t❤❛t ❡✐t❤❡r ❜♦r❞❡r r❡❣✐♦♥s ♦❢ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞s ✭❡✳❣✳ t❤❡
r❡❣✐♦♥s ♦❢ ❦♥♦t♦✐❞ ✷✳✶ t❤❛t ❡♥❝✐r❝❧❡ t❤❡ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞ ✸✳✶✮ ♦r s❤♦✇ ✉♣
✇✐t❤✐♥ tr✐✈✐❛❧ ❦♥♦t♦✐❞s ✭t❤❡ s♠❛❧❧ s❧✐❝❡s ♦❢ ✷✳✶ ❛♥❞ ✸✳✷✮✳ ❚❤❡ ❦♥♦t♦✐❞s ❛♣✲
♣r♦❛❝❤ ♣r♦❞✉❝❡s ♠♦r❡ r❡✜♥❡❞ ✜♥❣❡r♣r✐♥ts ♦❢ t❤❡ ♣r♦t❡✐♥ ❝❤❛✐♥s✳

✹✳✶✳✸ ❈♦♠♣❛r❛t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡s ♦❢ ♣r♦t❡✐♥

❝❤❛✐♥

❲❡ ❝♦♥s✐❞❡r ✸❑❩◆ ♣r♦t❡✐♥ ❛♥❞ ✇❡ ✇❛♥t t♦ ❝♦♠♣❛r❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞s ❛♣♣r♦❛❝❤✱ t♦ t❤❡ ♦♥❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡
s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s ❛♣♣r♦❛❝❤ ❛♥❞ t♦ t❤❡ ♦♥❡ t❤❛t ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✉♥✐❢♦r♠
❝❧♦s✉r❡ t❡❝❤♥✐q✉❡✳
❲❡ ❝❛♥ s❡❡ t❤❛t✱ ❢r♦♠ ❦♥♦ts t♦ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s ❛♥❞ t❤❡♥ t♦ ♣❧❛♥❛r ❦♥♦✲
t♦✐❞s✱ ✇❡ ❤❛✈❡ ❛ ❣r❛❞✉❛❧❧② ❡♠❡r❣✐♥❣ ♦❢ ♥❡✇ r❡❣✐♦♥s✳
❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss❡s ♦❢ ♣❧❛♥❛r ❦♥♦t♦✐❞s ✐s
❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss❡s ♦❢ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s✳
❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛♥❛❧②③✐♥❣ ♦♣❡♥ ♣r♦t❡✐♥ ❝❤❛✐♥s ❛s ♣❧❛♥❛r ❦♥♦t♦✐❞s r❡✲
✈❡❛❧s ♠♦r❡ ❞❡t❛✐❧s ♦❢ t❤❡✐r t♦♣♦❧♦❣②✳
❚❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡ ❛♥❞ ♠❛♣ ❢♦r t❤❡ ✉♥✐❢♦r♠ ❝❧♦s✉r❡ t❡❝❤♥✐q✉❡✿

✶✵✾



❚❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡ ❛♥❞ ♠❛♣ ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ❦♥♦t♦✐❞s t❡❝❤♥✐q✉❡✿

✶✶✵



❚❤❡ ♣r♦❥❡❝t✐♦♥ ❣❧♦❜❡ ❛♥❞ ♠❛♣ ❢♦r t❤❡ ♣❧❛♥❛r ❦♥♦t♦✐❞s t❡❝❤♥✐q✉❡✿

◆♦t❛t✐♦♥ ♦♥ t❤❡ ✜❣✉r❡s✿ ❛ ❦♥♦t♦✐❞ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❦❳✳❨ ✇❤❡r❡✿
❳ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✐♥ q✉❡st✐♦♥✱

✶✶✶



❨ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❦♥♦t♦✐❞ ✐♥ t❤❡ t❛❜❧❡ ♦❢ ❦♥♦t♦✐❞s ✇✐t❤
t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s✱
◦ ✐♥❞✐❝❛t❡s ❛ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞✱
p ✐♥❞✐❝❛t❡s ❛ ♣❧❛♥❛r ❦♥♦t♦✐❞✱
− ❛ ❦♥♦t♦✐❞ ✇✐t❤ ✐ts ❝r♦ss✐♥❣s ✐♥✈❡rt❡❞✳
❚❤❡r❡ ✐s ♥♦ ✇r♦♥❣ ✇❛② t♦ st✉❞② t❤❡ ❣❧♦❜❛❧ ❡♥t❛♥❣❧❡♠❡♥t ♦❢ ♣r♦t❡✐♥ ❝❤❛✐♥✱ ✐t
❞❡♣❡♥❞s t❤❛t ✇❤❛t ✇❡ ✇❛♥t t♦ s❡❡✳
❙♦✱ ✇❡ ❝❛♥ t♦ ✇♦r❦ ✇✐t❤ ❦♥♦ts ✐❢ ✇❡ ❥✉st ✇❛♥t t♦ s❡❡ q✉✐❝❦❧② ✇❤❛t ✐s t❤❡
❞♦♠✐♥❛♥t ❡♥t❛♥❣❧❡♠❡♥t ❜✉t ✐❢ ✇❡ ✇❛♥t t♦ s❡❡ t❤❡ r❡❛❧ t♦♣♦❧♦❣② ♦❢ ❛ ♣r♦t❡✐♥✱
♣❧❛♥❛r ❦♥♦t♦✐❞s ✐s t❤❡ ✇❛② t♦ ❣♦ ❜❡❝❛✉s❡ ✇❡ ❣❡t t❤❡ ❢✉❧❧ s♣❡❝tr✉♠ ♦❢ ❛❧❧ ♣♦s✲
s✐❜❧❡ ❡♥t❛♥❣❧❡♠❡♥ts✳

✶✶✷



❆♣♣❡♥❞✐① ❆

❚❛❜❧❡ ♦❢ ❦♥♦t♦✐❞s ✐♥ S2

❲❡ ❝♦♥s✐❞❡r t❤❡ t❛❜❧❡ ♦❢ ❛❧❧ ❞✐st✐♥❝t ❦♥♦t♦✐❞s ✐♥ t❤❡ s♣❤❡r❡ S2 ✇✐t❤ ♠✐♥✐♠❛❧
♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✉♣ t♦ ✜✈❡ ❝r♦ss✐♥❣s✳
❚❤❡s❡ ❦♥♦t♦✐❞s ❤❛✈❡ ❜❡❡♥ ❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡ ✉s❡ ♦❢ s♦♠❡ ❦♥♦t♦✐❞s ✐♥✈❛r✐✲
❛♥ts✳
❚❤❡ ♥♦t❛t✐♦♥ ❢♦❧❧♦✇s t❤❡ ♦♥❡ ✐♥ ❬✺❪✱ t❤❛t ✉s❡s t❤❡ s❝❤❡♠❡ XY ✱ ✇❤❡r❡ X ✐s
t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ t❤❡ ❦♥♦t♦✐❞ ❛♥❞ Y ✐s t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥
❛♠♦♥❣ ❛❧❧ ❦♥♦t♦✐❞s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s✳
▲❛❜❡❧s ✐♥ r❡❞ ❝♦rr❡s♣♦♥❞ t♦ ❦♥♦t✲t②♣❡ ❦♥♦t♦✐❞s✳

✶✶✸



✶✶✹



✶✶✺



❆♣♣❡♥❞✐① ❇

❚❛❜❧❡ ♦❢ ❦♥♦t♦✐❞s ✐♥ R
2

❲❡ ❝♦♥s✐❞❡r t❤❡ t❛❜❧❡ ♦❢ ❛❧❧ ❞✐st✐♥❝t ❦♥♦t♦✐❞s ✐♥ t❤❡ s♣❤❡r❡ R2 ✇✐t❤ ♠✐♥✐♠❛❧
♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣s ♦❢ ❛ ❦♥♦t♦✐❞ ❞✐❛❣r❛♠ ✉♣ t♦ t❤r❡❡ ❝r♦ss✐♥❣s✳

✶✶✻



✶✶✼



✶✶✽



❆♣♣❡♥❞✐① ❈

❇✐♦❧♦❣✐❝❛❧ ♠❛❝r♦♠♦❧❡❝✉❧❡s

❇✐♦❝❤❡♠✐str② ✐s t❤❡ s❝✐❡♥❝❡ t❤❛t ❞❡s❝r✐❜❡s t❤❡ str✉❝t✉r❡s✱ r❡❛❝t✐♦♥s ❛♥❞ ❝❤❡♠✲
✐❝❛❧ ♣r♦❝❡ss❡s t❤❛t ❝❤❛r❛❝t❡r✐③❡ ❧✐✈✐♥❣ ♦r❣❛♥✐s♠s✳
❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t t❤❛t ❝♦♥st✐t✉t❡s t❤❡ ♦r❣❛♥✐s♠ ✐s t❤❡ ❝❡❧❧ ❀ ♠♦r❡ ❝❡❧❧s
♦r❣❛♥✐③❡ t❤❡♠s❡❧✈❡s t♦ ❢♦r♠ t✐ss✉❡s✱ ♦r❣❛♥s ✳✳✳✉♣ t♦ ♠♦r❡ ❝♦♠♣❧❡① ♦r❣❛♥✐s♠s✳
■♥s✐❞❡ t❤❡ s✐♥❣❧❡ ❝❡❧❧s t❤❡r❡ ❛r❡ ❝♦♥t✐♥✉♦✉s❧② t❤♦✉s❛♥❞s ♦❢ r❡❛❝t✐♦♥s t❤❛t ❛❧✲
❧♦✇ t♦ ♣r♦❞✉❝❡ ❡♥❡r❣② t❤❛t t❤❡ ❝❡❧❧ ✇✐❧❧ t❤❡♥ ✉s❡ ❢♦r ♦t❤❡r r❡❛❝t✐♦♥s✳
❚❤❡r❡ ❛r❡ ❢♦✉r ♠❛✐♥ ❝❧❛ss❡s ♦❢ ❜✐♦❧♦❣✐❝❛❧ ♠❛❝r♦♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ❝❡❧❧✿ ♣r♦t❡✐♥s✱
♥✉❝❧❡✐❝ ❛❝✐❞s✱ ❝❛r❜♦❤②❞r❛t❡s ❛♥❞ ❧✐♣✐❞s✳
▼❛❝r♦♠♦❧❡❝✉❧❡s ❛r❡ ♠❛❞❡ ✉♣ ♦❢ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❝❤❡♠✐❝❛❧ ❡❧❡♠❡♥ts ✭♠❛✐♥❧②
❝❛r❜♦♥ ❈✱ ♥✐tr♦❣❡♥ ◆✱ ♦①②❣❡♥ ❖✱ ❤②❞r♦❣❡♥ ❍✮ ✇❤✐❝❤ ❥♦✐♥ t♦❣❡t❤❡r t❤r♦✉❣❤
❝❤❡♠✐❝❛❧ ❜♦♥❞s❀ ♠♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ ❛❧s♦ ❢✉♥❝t✐♦♥❛❧ ❣r♦✉♣s ✇❤✐❝❤ ❛r❡ ❝❤❛r✲
❛❝t❡r✐③❡❞ ❜② ❛t♦♠s t❤❛t ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ ✇❤✐❝❤ ♦❢t❡♥ ❞❡t❡r♠✐♥❡
t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❢♦✉♥❞✳
❙♦♠❡ ❡①❛♠♣❧❡s✿

■♥ ♠❛❝r♦♠♦❧❡❝✉❧❡s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ✐s t❤❡ ♠♦♥♦♠❡r✳
❚❤❡ ✉♥✐♦♥ ♦❢ ♠♦♥♦♠❡rs ❢♦r♠s t❤❡ ♣♦❧②♠❡r✳

✶✶✾



❚♦ ♣❛ss ❢r♦♠ s✐♠♣❧❡r ♠♦❧❡❝✉❧❡s ✭♠♦♥♦♠❡rs✮ t♦ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❧❡❝✉❧❡s
✭♣♦❧②♠❡rs✮✱ ❛ t❡①t✐t ❝♦♥❞❡♥s❛t✐♦♥ r❡❛❝t✐♦♥ ✐s r❡q✉✐r❡❞ ✇❤✐❝❤ ❡❧✐♠✐♥❛t❡s ❛
✇❛t❡r ♠♦❧❡❝✉❧❡ H2O✳ ❈♦♥✈❡rs❡❧②✱ t♦ ♣❛ss ❢r♦♠ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❧❡❝✉❧❡s
t♦ s✐♠♣❧❡r ♠♦❧❡❝✉❧❡s✱ ❛ ❤②❞r♦❧②s✐s r❡❛❝t✐♦♥ ✐s r❡q✉✐r❡❞ ✇❤✐❝❤ ❛❞❞s ❛ ✇❛t❡r
♠♦❧❡❝✉❧❡ H2O✳ ❊①❛♠♣❧❡✿

❈✳✶ Pr♦t❡✐♥ ❛♥❞ ❛♠✐♥♦ ❛❝✐❞s

❚❤❡ ♣r♦t❡✐♥ ♦r ♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥ ✐s ❛ ♣♦❧②♠❡r ❢♦r♠❡❞ ❜② t❤❡ ✉♥✐♦♥ ♦❢ ❛♠✐♥♦
❛❝✐❞s ✭♠♦♥♦♠❡rs✮✳
❚❤❡ ❜♦♥❞ ❜❡t✇❡❡♥ t✇♦ ❛♠✐♥♦ ❛❝✐❞s ✐s t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞❀ ❛♠✐♥♦ ❛❝✐❞s ✐♥✲
✈♦❧✈❡❞ ✐♥ t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞ ❛r❡ ❝❛❧❧❡❞ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s✳

❉✐♣❡♣t✐❞❡

✶✷✵



■♥ t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞✱ t❤❡ ❛♠✐♥♦ ❣r♦✉♣ ♦❢ ❛♠✐♥♦ ❛❝✐❞ ✷ r❡❛❝ts ✇✐t❤ t❤❡ ❤②✲
❞r♦①②❧ ❣r♦✉♣ ✭❖❍✮ ♦❢ t❤❡ ❝❛r❜♦①②❧ ♦❢ ❛♠✐♥♦ ❛❝✐❞ ✶✳
❚❤❡ ♣❡♣t✐❞❡ ❜♦♥❞ ✐s ❢♦r♠❡❞ ❢r♦♠ t❤❡ ❝♦♥❞❡♥s❛t✐♦♥ r❡❛❝t✐♦♥ ❛♥❞ ❛ ✇❛t❡r
♠♦❧❡❝✉❧❡ ✐s r❡❧❡❛s❡❞✳
Pr♦t❡✐♥s ❛r❡ ♣♦❧②♠❡rs ❝♦♥s✐st✐♥❣ ♦❢ ❛t ❧❡❛st ✺✵ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s ✭✉♣ t♦
♦✈❡r ✶✵✵✵✮✱ ✇❤✐❧❡ ♣❡♣t✐❞❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣♦❧②♠❡r ❝♦♥s✐st✐♥❣ ♦❢ ❧❡ss t❤❛♥
✺✵ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s✳
❇❛s❡❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡♣t✐❞❡ ❜♦♥❞s ✇❡ ✇✐❧❧ ❤❛✈❡✿ ❞✐♣❡♣t✐❞❡s ✭✷ r❡s✐❞✉❡s✮✱
tr✐♣❡♣t✐❞❡s ✭✸ r❡s✐❞✉❡s✮✱ t❡tr❛♣❡♣t✐❞❡s✱ ♣❡♥t❛♣❡t✐❞❡s ❡t❝✳

■♥ ♥❛t✉r❡ t❤❡r❡ ❛r❡ ✷✵ st❛♥❞❛r❞ ❛♠✐♥♦ ❛❝✐❞s✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❝♦♠♠♦♥ str✉❝t✉r❡
t❤❛t ❞✐✛❡rs ♦♥❧② ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡✐r s✐❞❡ ❝❤❛✐♥ ✭❘ ❣r♦✉♣✮✳

❊❛❝❤ ❛♠✐♥♦ ❛❝✐❞ ❤❛s ❛ ❝❡♥tr❛❧ ❝❛r❜♦♥ ✐♥✈♦❧✈❡❞ ✐♥ ❢♦✉r ❜♦♥❞s ✇✐t❤✿
✶✲ ❆♠✐♥♦ ❣r♦✉♣
✷✲ ❈❛r❜♦①②❧ ❣r♦✉♣
✸✲ ❍②❞r♦❣❡♥ ❛t♦♠
✹✲ ●r♦✉♣ ❘ ♦r s✐❞❡ ❝❤❛✐♥ ✭✇❤✐❝❤ ❞✐✛❡r❡♥t✐❛t❡s t❤❡ ✷✵ st❛♥❞❛r❞ ❛♠✐♥♦ ❛❝✐❞s✮

✶✷✶



❚❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ❛♠✐♥♦ ❛❝✐❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❍ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ ✇❤✐❝❤ ✐t
✐s ❢♦✉♥❞✳ ❚❤❡ ♣❍ ✐♥❞✐❝❛t❡s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣r♦t♦♥s ✭♦❢ H+ ✐♦♥s✮ t❤❛t
♦❝❝✉r ✐♥ ❛ ❣✐✈❡♥ s♦❧✉t✐♦♥✳
❈♦♥s✐❞❡r✐♥❣ ❘ ♥♦♥✲✐♦♥✐③❛❜❧❡ ✭✐✳❡✳ ♦♥❝❡ ✐♥ ✇❛t❡r ❞♦ ♥♦t ♣r♦❞✉❝❡ ❛♥② ❝❤❛r❣❡✮✱
❜② ❝❤❛♥❣✐♥❣ t❤❡ ♣❍ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ❛♠✐♥♦ ❣r♦✉♣ ✇✐❧❧ ❝❤❛♥❣❡
❛♥❞ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ❝❛r❜♦①②❧ ❣r♦✉♣ ✇✐❧❧ ❝❤❛♥❣❡✱ t❤❡♥ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡
❛♠✐♥♦ ❛❝✐❞ ✇✐❧❧ ❝❤❛♥❣❡ ❛♥❞ t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ✐♥ ✇❤✐❝❤ t❤❡ ❛♠✐♥♦ ❛❝✐❞
✐s ♣r❡s❡♥t ✇✐❧❧ ❝❤❛♥❣❡✳

❆t ◆❊❯❚❘❆▲ ♣❍ ✭❛r♦✉♥❞ ✼✮ t❤❡ ❝❛r❜♦①②❧ ❣r♦✉♣ ✐s ❞❡♣r♦t♦♥❛t❡❞ ✭✐t ❧♦s❡s
❛ ♣r♦t♦♥✮ ❛♥❞ t❤❡ ❛♠✐♥♦ ❣r♦✉♣ ✐s ♣r♦t♦♥❛t❡❞ ✭✐t ❜✉②s ❛ ♣r♦t♦♥✮✿ t❤❡ ❛♠✐♥♦
❛❝✐❞ ❝❤❛r❣❡ ✐s ❜❛❧❛♥❝❡❞✱ t❤❡ ♦✈❡r❛❧❧ ❝❤❛r❣❡ ✐s ♥❡✉tr❛❧✳
❚❤❡ ❛♠✐♥♦ ❛❝✐❞ ✇✐t❤ ♥❡✉tr❛❧ ♣❍ ✐s ❝❛❧❧❡❞ ③✇✐tt❡r✐♦♥ ❛♥❞ ❝❛♥ ❜❡❤❛✈❡ ❛s ❡✐t❤❡r
❛❝✐❞ ✭♣r♦t♦♥ ❞♦♥♦r✮ ♦r ❜❛s❡ ✭♣r♦t♦♥ ❛❝❝❡♣t♦r✮✳

❆t 0 < ❆❈■❉ ♣❍ < 7 t❤❡ ❝❛r❜♦①②❧✐❝ ❣r♦✉♣ ❛♥❞ t❤❡ ❛♠✐♥♦ ❣r♦✉♣ ❛r❡ ❜♦t❤
♣r♦t♦♥❛t❡❞✿ t❤❡ ❛♠✐♥♦ ❛❝✐❞ ❝❤❛r❣❡ ✐s ♣♦s✐t✐✈❡✳

✶✷✷



❆t ❇❆❙■❈ ♣❍ > 7 t❤❡ ❝❛r❜♦①②❧✐❝ ❣r♦✉♣ ❛♥❞ t❤❡ ❛♠✐♥♦ ❣r♦✉♣ ❛r❡ ❜♦t❤ ❞❡✲
♣r♦t♦♥❛t❡❞✿ t❤❡ ❛♠✐♥♦ ❛❝✐❞ ❝❤❛r❣❡ ✐s ♥❡❣❛t✐✈❡✳

❈✳✷ ❘ ❣r♦✉♣s ♦❢ ❛♠✐♥♦ ❛❝✐❞s

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❘ ❣r♦✉♣s t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥t ♣♦❧❛r✐t②
♦❢ t❤❡ ❛♠✐♥♦ ❛❝✐❞✳
P♦❧❛r✐t② ✐s t❤❡ t❡♥❞❡♥❝② t♦ ✐♥t❡r❛❝t ✇✐t❤ ✇❛t❡r ❛t ♣❤②s✐♦❧♦❣✐❝❛❧ ✭♥❛t✉r❛❧✮ ♣❍✱
t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ❘ ❣r♦✉♣s ✐s ❤✐❣❤❧② ✈❛r✐❛❜❧❡✳

◆❖◆P❖▲❆❘✱ ❆▲■P❍❆❚■❈ ❘ ●❘❖❯P❙
❚❤❡ ❛❧✐♣❤❛t✐❝ ❘ ❣r♦✉♣s ❝♦♥t❛✐♥ ♠♦r❡ ♦r ❧❡ss ❜r❛♥❝❤❡❞ ❝❛r❜♦♥ s❡q✉❡♥❝❡s✱ t❤❡②
♥♦t ❢♦r♠ r✐♥❣✲❧✐❦❡ ❝❤❡♠✐❝❛❧ str✉❝t✉r❡s ✭❡①❝❡♣t t❤❡ Pr♦❧✐♥❡✮✳
❚❤❡s❡ ❣r♦✉♣s ❛r❡ ♥♦♥✲♣♦❧❛r✱ ❤②❞r♦♣❤♦❜✐❝✱ ✐✳❡✳ ✐♥s♦❧✉❜❧❡ ✐♥ ✇❛t❡r ✭t❤❡② ❞♦
♥♦t ✐♥t❡r❛❝t ✇✐t❤ ✇❛t❡r✮✳ ❚❤❡ ❛♠✐♥♦ ❛❝✐❞s t❤❛t ❤❛✈❡ s✉❝❤ ❘ ❣r♦✉♣s ❛r❡✿

❈✉r✐♦s✐t②✿ ❲❤❡♥ t❤❡ ♣r♦t❡✐♥ ✇r❛♣s ✐ts❡❧❢ ✐♥ s♣❛❝❡✱ ❛❝q✉✐r✐♥❣ t❤❡✐r t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡✱ t❤❡ ❤②❞r♦♣❤♦❜✐❝ ❘ ❣r♦✉♣s ❛r❡ ♣♦s✐t✐♦♥❡❞ ✐♥s✐❞❡ ✇❤✐❧❡
t❤❡ ❣r♦✉♣s t❤❛t ✐♥t❡r❛❝t ♠♦r❡ ❡❛s✐❧② ✇✐t❤ ✇❛t❡r ❛r❡ ♣♦s✐t✐♦♥❡❞ ♦✉ts✐❞❡✳ ■❢ t❤❡
♣r♦t❡✐♥ ✐s ❞❛♠❛❣❡❞ ❛♥❞ t❤❡r❡❢♦r❡ ✐ts t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡ ❝❤❛♥❣❡s ✱
t❤❡ ❤②❞r♦♣❤♦❜✐❝ ♣❛rts ✇✐❧❧ ❜❡ ♦♥ t❤❡ ♦✉ts✐❞❡✱ t❤❡♥ t❤❡ ❤②❞r♦♣❤♦❜✐❝ r❡❣✐♦♥s
♦❢ ❞❛♠❛❣❡❞ ♣r♦t❡✐♥s ✇✐❧❧ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❢♦r♠✐♥❣ t♦①✐❝ ❛❣❣r❡❣❛t❡s✱
t②♣✐❝❛❧ ♦❢ ♥❡✉r♦❞❡❣❡♥❡r❛t✐✈❡ ❞✐s❡❛s❡s✳

✶✷✸



❆❘❖▼❆❚■❈ ❘ ●❘❖❯P❙
❆r♦♠❛t✐❝ ❣r♦✉♣s ❤❛✈❡ r✐♥❣✲❧✐❦❡ ❝❤❡♠✐❝❛❧ str✉❝t✉r❡s✳

❚❤❡s❡ t❤r❡❡ ❛♠✐♥♦ ❛❝✐❞s ❛r❡ r❡❧❛t✐✈❡❧② ♥♦♥✲♣♦❧❛r ❛♥❞ ❝❛♥ ✐♥t❡r✈❡♥❡ ✐♥ ❤②✲
❞r♦♣❤♦❜✐❝ ✐♥t❡r❛❝t✐♦♥s✳ ❚②r♦s✐♥❡ ❛♥❞ tr②♣t♦♣❤❛♥ ❛r❡ ♠♦r❡ ♣♦❧❛r t❤❛♥ ♣❤❡♥②✲
❧❛❧❛♥✐♥❡✳
❈✉r✐♦s✐t②✿ ❚r②♣t♦♣❤❛♥✱ t②r♦s✐♥❡ ❛♥❞✱ t♦ ❛ ❧❡ss❡r ❡①t❡♥t✱ ♣❤❡♥②❧❛❧❛♥✐♥❡ ❛❜✲
s♦r❜ ❯❱ ❧✐❣❤t✳ ❚❤✐s ✐s ✇❤② t❤❡ ♣r♦t❡✐♥ ❤❛s ❛♥ ❛❜s♦r♣t✐♦♥ ♣❡❛❦ ❛t ✷✽✵ ♥♠✳

P❖▲❆❘✱ ❯◆❈❍❆❘●❊❉ ❘ ●❘❖❯P❙
❚❤❡s❡ ❣r♦✉♣s ❛r❡ ♥♦t ❝❤❛r❣❡❞ ♥❡✐t❤❡r ♣♦s✐t✐✈❡❧② ♥♦r ♥❡❣❛t✐✈❡❧②✱ ♠♦r❡♦✈❡r t❤❡②
✐♥t❡r❛❝t ✐♥ ❛q✉❡♦✉s s♦❧✉t✐♦♥ ❢♦r♠✐♥❣ ❤②❞r♦❣❡♥ ❜♦♥❞s ✇✐t❤ ✇❛t❡r✳

✶✷✹



❘ ●❘❖❯P❙ ❲■❚❍ P❖❙■❚■❱❊ ❈❍❆❘●❊ ✭❇❆❙■❈✮
❆♠✐♥♦ ❛❝✐❞s ✇✐t❤ t❤❡s❡ ❣r♦✉♣s ❤❛✈❡ ❛ s✐❞❡ ❝❤❛✐♥ ✇✐t❤ ❛ ♥❡t ♣♦s✐t✐✈❡ ❝❤❛r❣❡
❛t ♣❍ ✼✳✵✳
❚❤❡② ❛r❡ ♣r♦t♦♥ ❛❝❝❡♣t♦rs✳

❘ ●❘❖❯P❙ ❲■❚❍ ◆❊●❆❚■❱❊ ❈❍❆❘●❊ ✭❆❈■❉❙✮
❆♠✐♥♦ ❛❝✐❞s ✇✐t❤ t❤❡s❡ ❣r♦✉♣s ❤❛✈❡ ❛ s✐❞❡ ❝❤❛✐♥ ✇✐t❤ ❛ ♥❡t ♥❡❣❛t✐✈❡ ❝❤❛r❣❡
❛t ♣❍ ✼✳✵✳
❚❤❡② ❛r❡ ♣r♦t♦♥ ❞♦♥♦rs✳

✶✷✺



❈✳✸ Pr♦t❡✐♥ str✉❝t✉r❡

Pr♦t❡✐♥s ❛r❡ s❛✐❞ t♦ ❜❡ ♠♦♥♦♠❡r✐❝ ✐❢ t❤❡② ❛r❡ ❝♦st✐t✉✐t❡❞ ❜② ❛ ✉♥✐q✉❡
♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥✳ ■♥ t❤✐s ❝❛s❡ t❤❡② ✇✐❧❧ ❤❛✈❡✿ ♣r✐♠❛r②✱ s❡❝♦♥❞❛r② ❛♥❞ t❡r✲
t✐❛r② str✉❝t✉r❡✳
■❢ t❤❡② ❛r❡ ♠❛❞❡ ✉♣ ♦❢ s❡✈❡r❛❧ ♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥s t❤❡② ❛r❡ ❝❛❧❧❡❞♠✉❧t✐♠❡r✐❝
❛♥❞ ✇✐❧❧ ❛❧s♦ ❤❛✈❡ t❤❡ q✉❛t❡r♥❛r② str✉❝t✉r❡✳

P❘■▼❆❘❨ ❙❚❘❯❈❚❯❘❊
❚❤❡ ♣r✐♠❛r② str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦t❡✐♥ ✐s ❣✐✈❡♥ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♠✐♥♦ ❛❝✐❞s
❧✐♥❦❡❞ t♦❣❡t❤❡r ❜② ♣❡♣t✐❞❡ ❜♦♥❞s✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ st✉❞② ✐t ❜❡❝❛✉s❡✿
✶✮ ❚❤❡ ❘ ❣r♦✉♣s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛♠✐♥♦ ❛❝✐❞s t❤❛t ❢♦r♠ t❤❡ ♣r♦t❡✐♥ ❞❡t❡r✲
♠✐♥❡ ✐ts ❢✉♥❝t✐♦♥
✷✮ ❚♦ s②♥t❤❡t✐❝❛❧❧② ♣r♦❞✉❝❡ ♣r♦t❡✐♥s✱ s✉❝❤ ❛s ❤♦r♠♦♥❡s ❛♥❞ ❛♥t✐❜♦❞✐❡s✱ ✐♥
t❤❡ ❧❛❜♦r❛t♦r②✱ ✐♥ t❤✐s ✇❛② ✇❡ ✇✐❧❧ ❤❛✈❡ ❣r❡❛t❡r q✉❛♥t✐t✐❡s ❛✈❛✐❧❛❜❧❡
✸✮ ❈❤❛♥❣❡s ✐♥ t❤❡ ♣r✐♠❛r② s❡q✉❡♥❝❡ ❝❛♥ ♣r♦❞✉❝❡ ❛♥♦♠❛❧✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥
❛♥❞✴♦r ❞✐s❡❛s❡✳

❊①❛♠♣❧❡ ✶

❖①②t♦❝✐♥ ❛♥❞ ✈❛s♦♣r❡ss✐♥ ❛r❡ t✇♦ ♣❡♣t✐❞❡s ✇✐t❤ ✈❡r② s✐♠✐❧❛r ♣r✐✲
♠❛r② str✉❝t✉r❡s ❛♥❞ ✈❡r② ❞✐✛❡r❡♥t ❜✐♦❧♦❣✐❝❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✉s❡s✿

❖①②t♦❝✐♥

Pr✐♠❛r② str✉❝t✉r❡✿ ❈②s✲❚②r✲■❧❡✲●❧♥✲❆s♥✲❈②s✲Pr♦✲▲❡✉✲●❧②✲◆❍✷
❋✉♥❝t✐♦♥✿ ■t ❝❛✉s❡s ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡ ✉t❡r✉s ❛♥❞ ✐t ✐s ❛❞♠✐♥✐s✲
t❡r❡❞ t♦ ✐♥❞✉❝❡ ❝❤✐❧❞❜✐rt❤

❱❛s♦♣r❡ss✐♥
Pr✐♠❛r② str✉❝t✉r❡✿ ❈②s✲❚②r✲P❤❡✲●❧♥✲❆s♥✲❈②s✲Pr♦✲❆r❣✲●❧②✲◆❍✷
❋✉♥❝t✐♦♥✿ ■t r❡❣✉❧❛t❡s t❤❡ r❡❛❜s♦r♣t✐♦♥ ♦❢ ✇❛t❡r ❢r♦♠ t❤❡ ✉r✐♥❡
❛♥❞ ✐t ✐s ❛❞♠✐♥✐st❡r❡❞ ✐♥ t❤❡ tr❡❛t♠❡♥t ♦❢ ❞✐❛❜❡t❡s

❊①❛♠♣❧❡ ✷

❙✐❝❦❧❡ ❝❡❧❧ ❛♥❡♠✐❛
❍❡♠♦❣❧♦❜✐♥ ❝♦♥s✐sts ♦❢ ✹ ♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥s✿
2 ❝❤❛✐♥s α ♦❢ ✶✹✶ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s
✷ β ❝❤❛✐♥s ♦❢ ✶✹✻ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s
■♥ ♣❛t✐❡♥ts ✇✐t❤ s✐❝❦❧❡ ❝❡❧❧ ❞✐s❡❛s❡✱ ❛ r❡s✐❞✉❡ ♦❢ ✭♣♦❧❛r✮ ❣❧✉t❛♠✐❝
❛❝✐❞ ✐♥ t❤❡ β ❝❤❛✐♥ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ✭♥♦♥✲♣♦❧❛r✮ ✈❛❧✐♥❡ r❡s✐❞✉❡ ❞✉❡
t♦ ❛ ❣❡♥❡t✐❝ ❡rr♦r✳

✶✷✻



❙❡❝t✐♦♥ ♦❢ t❤❡ β ❝❤❛✐♥ ♦❢ ❤❡♠♦❣❧♦❜✐♥✿
◆♦r♠❛❧ ❤❡♠♦❣❧♦❜✐♥ ✳✳✳✳ ❱❛❧✲❍✐s✲▲❡✉✲❚❤r✲Pr♦✲ ●❧✉ ✲●❧②✲▲②s ✳✳✳✳
❆❜♥♦r♠❛❧ ❤❡♠♦❣❧♦❜✐♥ ✳✳✳✳ ❱❛❧✲❍✐s✲▲❡✉✲❚❤r✲Pr♦✲ ❱❛❧ ✲●❧②✲▲②s ✳✳✳✳

❆♠✐♥♦ ❛❝✐❞s ❝❛♥ ❜❡ ✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡ ✇❤♦❧❡ ♥❛♠❡✱ ✇✐t❤ t❤r❡❡ ❧❡tt❡rs ♦r ✇✐t❤
❛ s✐♥❣❧❡ ❧❡tt❡r✳

❙❊❈❖◆❉❆❘❨ ❙❚❘❯❈❚❯❘❊
❚❤❡ s❡❝♦♥❞❛r② str✉❝t✉r❡ ❞❡s❝r✐❜❡s ❤♦✇ r❡❣✐♦♥s ♦❢ t❤❡ ♣r♦t❡✐♥ ❛r❡ ❞✐str✐❜✉t❡❞
✐♥ s♣❛❝❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡② ❛r❡ ♦❢ t✇♦ t②♣❡s✿ α✲❤❡❧✐① ❛♥❞ ♣❧❡❛t❡❞ s❤❡❡t✲β✳

■♥ t❤❡ α✲❤❡❧✐① str✉❝t✉r❡✱ ❛♠✐♥♦ ❛❝✐❞s ✇r❛♣ ❛r♦✉♥❞ ❛♥ ✐♠❛❣✐♥❛r② ❛①✐s
❢♦r♠✐♥❣ ❛ ❤❡❧✐①✳ ❚❤❡ ❤❡❧✐① s❦❡❧❡t♦♥ ✐s ♠❛❞❡ ✉♣ ♦❢ ❝❛r❜♦♥ ❈ ❛♥❞ ♥✐tr♦❣❡♥ ◆
❛t♦♠s ✇❤✐❝❤ ❢♦r♠ t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞s ✇❤✐❧❡ t❤❡ ❘ ❣r♦✉♣s ❛r❡ ❧♦❝❛t❡❞ ♦✉ts✐❞❡
t❤❡ s❦❡❧❡t♦♥✳ ❚❤❡ ❤❡❧✐① ❝❛♥ ❤❛✈❡ ❛ r✐❣❤t✲❤❛♥❞❡❞ ♦r ❧❡❢t✲❤❛♥❞❡❞ ❝♦✉rs❡✳
❆ r♦✉♥❞ ♦❢ ❤❡❧✐① ✐s ✺✳✹ ❆ ✭❆♥❣str♦♠✮ ❧♦♥❣ ❛♥❞ ❝♦♥t❛✐♥s ✸✳✻ ❛♠✐♥♦ ❛❝✐❞

r❡s✐❞✉❡s✳
1A = 0.1nm = 1 ∗ 10−10m
❚❤✐s str✉❝t✉r❡ ✐s st❛❜✐❧✐③❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤②❞r♦❣❡♥ ❜♦♥❞s ❜❡t✇❡❡♥ t❤❡
♦①②❣❡♥ ❛t♦♠ ❖ ♦❢ t❤❡ ❝❛r❜♦①②❧✐❝ ❣r♦✉♣ ♦❢ t❤❡ ✜rst ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡ ❛♥❞
t❤❡ ❤②❞r♦❣❡♥ ❍ ❜♦♥❞❡❞ t♦ ♥✐tr♦❣❡♥ ◆ ✭✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣❡♣t✐❞❡ ❜♦♥❞✮ ♦❢ t❤❡
❢♦✉rt❤ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡✳
❚❤❡ α✲❡❧✐❝s ❛r❡ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥s ♦❢ t❤❡ ♣r♦t❡✐♥s✳

✶✷✼



■♥ t❤❡ str✉❝t✉r❡ ❛ s❤❡❡t✲β t❤❡ s❦❡❧❡t♦♥ ✐s ❛ ③✐❣✲③❛❣ ♣❧❛♥❡✳
❚❤❡ ❘ ❣r♦✉♣s ♣r♦tr✉❞❡ ❢r♦♠ t❤❡ ③✐❣✲③❛❣ str✉❝t✉r❡ ❛❧t❡r♥❛t✐♥❣ ❛❜♦✈❡✲❜❡❧♦✇✳

❚❤❡ s❤❡❡ts ✲β ❛r❡ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥s ♦❢ t❤❡ ♣r♦t❡✐♥s ❜❡❝❛✉s❡ t❤❡②
❛r❡ ❤②❞r♦♣❤♦❜✐❝ r❡❣✐♦♥s✳
❲❤❡♥ s❡✈❡r❛❧ s❡❣♠❡♥ts ✇✐t❤ ❝♦♥✜❣✉r❛t✐♦♥✲β ❛r❡ ❛rr❛♥❣❡❞ ♥❡①t t♦ ❡❛❝❤ ♦t❤❡r✱
t❤❡ s❤❡❡t✲β ❝❛♥ ❜❡ ❛♥t✐♣❛r❛❧❧❡❧ ♦r ♣❛r❛❧❧❡❧✳

• ❆♥t✐♣❛r❛❧❧❡❧✿ t❤❡r❡ ❛r❡ ❢♦❧❞s ♦❢ 180◦ ❢♦r♠❡❞ ❢r♦♠ ✹ ❛♠✐♥♦ ❛❝✐❞ r❡s✐❞✉❡s✳
❋♦❧❞✐♥❣s ♦❢ ❚②♣❡ ■ ✿ Pr♦❧✐♥❡ ✐s ♣r❡s❡♥t ✐♥ ♣♦s✐t✐♦♥ ✷ ♦❢ ❛♠✐♥♦ ❛❝✐❞
r❡s✐❞✉❡s✳
❋♦❧❞✐♥❣ ♦❢ ❚②♣❡ ■■ ✿ ●❧②❝✐♥❡ ✐s ♣r❡s❡♥t ✐♥ ♣♦s✐t✐♦♥ ✸ ♦❢ ❛♠✐♥♦ ❛❝✐❞
r❡s✐❞✉❡s✳

✶✷✽



❚❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡s❡ ❝✉r✈❡s ♠❡❛♥s t❤❛t ❡❛❝❤ s✉❜s❡q✉❡♥t s❤❡❡t ❤❛s
❛♥ ♦♣♣♦s✐t❡ tr❡♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s s❤❡❡t✳
❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ✐s ✼ ❆ ❧♦♥❣ ❛♥❞ t❤❡ ❤②❞r♦❣❡♥ ❜♦♥❞s ❛r❡ str❛✐❣❤t
✭✐♥ t❤❡ ✜❣✉r❡ t❤❡② ❛r❡ ❜❧✉❡✮✳

❚❤❡ ✜rst s❤❡❡t ❣♦❡s ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✭◆✲t❡r♠✐♥❛❧✱ ❈✲t❡r♠✐♥❛❧✮✱ t❤❡
♥❡①t ♦♥❡ ❣♦❡s ❢r♦♠ r✐❣❤t t♦ ❧❡❢t ✭◆✲t❡r♠✐♥❛❧✱ ❈✲t❡r♠✐♥❛❧✮✳

• P❛r❛❧❧❡❧✿ t❤❡ r❡❣✐♦♥s ❛r❡ ❛rr❛♥❣❡❞ ♣❛r❛❧❧❡❧✱ t❤❡ s❤❡❡ts ❤❛✈❡ t❤❡ s❛♠❡
tr❡♥❞✳
❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ✐s ✻✳✺ ❆ ❧♦♥❣ ❛♥❞ t❤❡ ❤②❞r♦❣❡♥ ❜♦♥❞s ❛r❡ s❧✐❣❤t❧②
❞✐st♦rt❡❞✳

✶✷✾



❚❊❘❚■❆❘❨ ❙❚❘❯❈❚❯❘❊
❚❤❡ t❡rt✐❛r② str✉❝t✉r❡ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ✇❤♦❧❡ ♣r♦t❡✐♥ ✐s ♦r❣❛♥✐③❡❞ ✐♥ s♣❛❝❡✳
❚❤❡ ♣r♦t❡✐♥ ❝❛♥ ❛ss✉♠❡ ❞✐✛❡r❡♥t t❡rt✐❛r② str✉❝t✉r❡s ❜✉t ❛ss✉♠❡ t❤❡ ♦♥❡ t❤❛t
❣✐✈❡s ✐t ♠♦r❡ st❛❜✐❧✐t② ❢r♦♠ ❛♥ ❡♥❡r❣❡t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳
❚❤❡ t❡rt✐❛r② str✉❝t✉r❡ ✐s st❛❜✐❧✐③❡❞ ❜② ❜♦♥❞s ❜❡t✇❡❡♥ ❘ ❣r♦✉♣s ♦❢ ❛♠✐♥♦ ❛❝✐❞
r❡s✐❞✉❡s t❤❛t ❛r❡ s♣❛t✐❛❧❧② ❝❧♦s❡ t♦❣❡t❤❡r✳
■❖◆ ❇❖◆❉✿ ❜❡t✇❡❡♥ ❣r♦✉♣s t❤❛t ❤❛✈❡ ❛ ♥❡t ♥❡❣❛t✐✈❡ ❝❤❛r❣❡ ✭r❡s✐❞✉❡s ♦❢ ❧②✲
s✐♥❡✱ ❛r❣✐♥✐♥❡✱ ❤✐st✐❞✐♥❡✮ ❛♥❞ ❣r♦✉♣s t❤❛t ❤❛✈❡ ❛ ♥❡t ♥❡❣❛t✐✈❡ ❝❤❛r❣❡ ✭r❡s✐❞✉❡s
♦❢ ❣❧✉t❛♠✐❝ ❛❝✐❞✱ ❛s♣❛rt✐❝ ❛❝✐❞✮✳
❍❨❉❘❖P❍❖❇■❈ ❇❖◆❉✿ t❡♥❞❡♥❝② ♦❢ ♥♦♥✲♣♦❧❛r ❘ ❣r♦✉♣s t♦ ✉♥✐t❡ ✇✐t❤ ❡❛❝❤
♦t❤❡r✳ ❊①❛♠♣❧❡✿ s✐❞❡ ❝❤❛✐♥s ♦❢ ❛❧❛♥✐♥❡✱ ✈❛❧✐♥❡✱ ❧❡✉❝✐♥❡✱ ✐s♦❧❡✉❝✐♥❡✱ ♣❤❡♥②❧❛❧❛✲
♥✐♥❡✳
❉■❙❯▲❋■❉❊ ❇❘■❉●❊✿ ❆ ❝②st❡✐♥❡ ❤❛s ❛ ✲❙❍ ❣r♦✉♣ ✐♥ ❘ ❣r♦✉♣✳
❆❢t❡r t❤❛t t❤❡ ♣r♦t❡✐♥ ❤❛s ❛ss✉♠❡❞ t❤❡ t❡rt✐❛r② str✉❝t✉r❡✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t
t✇♦ ✲❙❍ ❣r♦✉♣s ♦❢ t✇♦ ❞✐✛❡r❡♥t ❝②st❡✐♥❡s ❛r❡ s♣❛t✐❛❧❧② ❝❧♦s❡❀ t❤❡② ♦①✐❞✐③❡ ❛♥❞
t❤❡② ❢♦r♠ ❙✲❙ ❜r✐❞❣❡s✳

✶✸✵



◗❯❆❚❊❘◆❆❘❨ ❙❚❘❯❈❚❯❘❊
❚❤❡ q✉❛t❡r♥❛r② str✉❝t✉r❡ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❞✐✛❡r❡♥t ♣♦❧②♣❡♣t✐❞❡ ❝❤❛✐♥s ♦r❣❛✲
♥✐③❡ ❛♥❞ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ✐♥ s♣❛❝❡ t❤r♦✉❣❤ ❝❤❡♠✐❝❛❧ ❜♦♥❞s✳ Pr♦t❡✐♥s
❛r❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t✇♦ ♠❛✐♥ ❣r♦✉♣s✿
❋✐❜r♦s❡✿ ♣❡♣t✐❝ ❝❤❛✐♥s ❛rr❛♥❣❡❞ ✐♥ ❧♦♥❣ ❜✉♥❞❧❡s ♦r s❤❡❡ts✳
✭❊①❛♠♣❧❡s✿ ❦❡r❛t✐♥✱ ❝♦❧❧❛❣❡♥✮
●❧♦❜✉❧❛r✿ ❢♦❧❞❡❞ ❝❤❛✐♥s ✇✐t❤ s♣❤❡r✐❝❛❧ ♦r ❣❧♦❜✉❧❛r s❤❛♣❡s✳
✭❊①❛♠♣❧❡s✿ ♠②♦❣❧♦❜✐♥ ❛♥❞ ❤❡♠♦❣❧♦❜✐♥✮
❙tr✉❝t✉r❛❧ ❞✐✛❡r❡♥❝❡s✿ ✜❜r♦✉s ♣r♦t❡✐♥s ❤❛✈❡ ♦♥❧② ♦♥❡ s❡❝♦♥❞❛r② str✉❝t✉r❡
✭t❤✐s ✐s ❛❧✇❛②s ❛ α✲❡❧✐❝✮ ❛♥❞ t❤❡ t❡rt✐❛r② ♦♥❡ ✐s ✈❡r② s✐♠♣❧❡✱ ✇❤✐❧❡ t❤❡ ❣❧♦❜✉✲
❧❛r ♦♥❡s ❤❛✈❡ ❞✐✛❡r❡♥t s❡❝♦♥❞❛r② str✉❝t✉r❡s✳
❋✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥❝❡s✿ ✜❜r♦✉s ♣r♦t❡✐♥s ❞❡t❡r♠✐♥❡ t❤❡ r❡s✐st❛♥❝❡✱ ❢♦r♠ ❛♥❞
❡①t❡r♥❛❧ ♣r♦t❡❝t✐♦♥ ♦❢ ✈❡rt❡❜r❛t❡ ❝❡❧❧s✱ ✇❤✐❧❡ ❣❧♦❜✉❧❛r ♦♥❡s ❤❛✈❡ ❛ r❡❣✉❧❛t♦r②
❢✉♥❝t✐♦♥✳

✶✸✶



❘❡❢❡r❡♥❝❡s

[1] ❱✳ ❚✉r❛❡✈✱ ✧❑♥♦t♦✐❞s✧✱ ❖s❛❦❛ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✹✾✱ ✭✷✵✶✷✮

[2]❍✳❆✳ ❉②❡ ❛♥❞ ▲✳❍✳❑❛✉✛♠❛♥✱ ✧❱✐rt✉❛❧ ❈r♦ss✐♥❣ ◆✉♠❜❡r ❛♥❞ t❤❡ ❆rr♦✇
P♦❧②♥♦♠✐❛❧✧✱ ❏✳ ❑♥♦t ❚❤❡♦r②❘❛♠✐✜❝❛t✐♦♥s✱ ✶✽✱ ✭✷✵✵✾✮

[3] ◆✳ ●ü❣ü♠❝ü ❛♥❞ ▲✳ ❍✳ ❑❛✉✛♠❛♥✱ ✧P❛r✐t② ✐♥ ❑♥♦t♦✐❞s✧✱ ✭✷✵✶✾✮

[4] ◆✳ ●ü❣ü♠❝ü ❛♥❞ ▲✳ ❍✳ ❑❛✉✛♠❛♥✱ ✧◆❡✇ ✐♥✈❛r✐❛♥ts ♦❢ ❦♥♦t♦✐❞s✧✱ ❊✉✲
r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✈♦❧✳ ✻✺✱ ✭✷✵✶✼✮

[5] ❏✳ ❉♦r✐❡r ❉✳ ●♦✉♥❞❛r♦✉❧✐s ❛♥❞ ❆✳ ❙t❛s✐❛❦✳ ✧❆ s②st❡♠❛t✐❝ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
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t♦r✉s✧✱ ❙✐❜❡r✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✈♦❧✳✼✽✱✭✷✵✶✼✮
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[8] ❈❧❛✉❞✐♦ P❡r❡❣♦ ❛♥❞ ❘❛✛❛❡❧❧♦ P♦t❡st✐♦✱ ✧❈♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ✐♥ t❤❡
st✉❞② ♦❢ s❡❧❢✲❡♥t❛♥❣❧❡❞ ♣r♦t❡✐♥s✿ ❛ ❝r✐t✐❝❛❧ ❛♣♣r❛✐s❛❧✧✱ ✭✷✵✶✾✮

[9] ❉♦r✐❡r ❏✱ ●♦✉♥❞❛r♦✉❧✐s ❉✱ ❇❡♥❡❞❡tt✐ ❋ ❛♥❞ ❙t❛s✐❛❦ ❆ ✧❑♥♦t♦✲■❉✿ ❛ t♦♦❧
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